


You Already Know Calculus
for inventors and other curious folk

Reformed calculus for the 23rd century.

by Scott Robertson

…a zeroeth draft! (2011)

IMPORTANT ADDITIONS AND FINAL APOLOGY:
This really is a ZEROETH draft. It is an unfinished labor of love by
someone who probably was not cut out to be either a mathematician
or an inventor. I believe this book is full of really awesome stuff. I
could not find a calculus book or even an "easy" calculus book that
was intelligible to me. This book is intelligible. It might contain
mistakes though, because it is unfinished. I don't think it contains
important mistakes, but there are some possible inconsistencies. It is
too full of rants, but so what. I stopped working on this book about
five years ago and will never finish it, so here it is, for what it's
worth. I like to say that I wrote a book about why calculus is hard to
learn, without learning any calculus. This is essentially correct, but I
am confident that if I were to re-read my book today, I would learn
something about calculus. An engineer I know told me that when he
was in college, he didn't get calculus. Then after summer vacation, he
went back to class and found that calculus had gotten him, while he
wasn't struggling with it. Kinda nice story but should it be that way?
Why shouldn't teachers and books be able to get their point across to
more people? Anyhow, enjoy this. I enjoyed writing it.



From my notes:

I have no idea what this means but it was to be a list of things to
change while trying to turn this zeroeth draft into a first draft...
which I never got around to doing.

No doubt this list is incomplete.

corrections and additions

1. point is not first dimension because dimension means measurement, so distance is first dimension
2. change some dx etc to Dx greek letter, look for unpaired differentials and get rid of them
3. footnote all occurrences of “indefinite integral” to reference chapter 13 for correct nomenclature



AUTHOR’S NOTE

When I say “calculus” in this book I am usually referring to basic
routines that can be learned in a few minutes, that is, the kind
of calculus actually used by engineers and inventors in everyday
design work.  The other stuff is for mathematicians and it isn’t
practical calculus, it’s higher math.  Higher math is for
mathematicians and theoreticalists, they pay their bills with it.
No one else needs it.  It is on the curriculum because where do
most mathematicians have to seek jobs?  In universities.
Prequiring more math than anyone wants or needs is a vicious
cycle, self-feeding, self-perpetuating, because it makes work for
that portion of the Curriculum Committee that everyone looks to
for the answer to the question, “Just how much math do people
really need to get their job done?”  That’s like asking Ronald
McDonald to recommend a fine dining establishment.

This is not a calculus book.

It’s not even about calculus.

It’s about standing next to calculus until comfort sets in.

I’m not even going to end this book at a logical point.  I’m going
to end it when comfort sets in.

Because, you see,
I wrote this book for me,
and I’ll let you read it,
but not for free!

In closing, let me assert that what this book lacks in
organization, it makes up for in something that mathematicians
wouldn’t understand.



Now let me be clear about what I’m objecting to.  It’s not about formulas, or memorizing
interesting facts. That’s fine in context, and has its place just as learning a vocabulary
does—it helps you to create richer, more nuanced works of art. But it’s not the fact that
triangles take up half their box that matters.  What matters is the beautiful idea of
chopping it with the line, and how that might inspire other beautiful ideas and lead to
creative breakthroughs in other problems—something a mere statement of fact can never
give you.

By removing the creative process and leaving only the results of that process, you
virtually guarantee that no one will have any real engagement with the subject.  It is like
saying that Michelangelo created a beautiful sculpture, without letting me see it. How am I
supposed to be inspired by that?

…By concentrating on what, and leaving out why, mathematics is reduced to an empty
shell.  The art is not in the “truth” but in the explanation, the argument. It is the argument
itself which gives the truth its context, and determines what is really being said and
meant.  Mathematics is the art of explanation. If you deny students the opportunity to
engage in this activity—to pose their own problems, make their own conjectures and
discoveries, to be wrong, to be creatively frustrated, to have an inspiration, and to cobble
together their own explanations and proofs—you deny them mathematics itself.  So no,
I’m not complaining about the presence of facts and formulas in our mathematics classes,
I’m complaining about the lack of mathematics in our mathematics classes.

If your art teacher were to tell you that painting is all about filling in numbered regions,
you would know that something was wrong…

—Paul Lockhart
“A Mathematician’s Lament”

published by Pneumatic Options Research Library
http://www.AirCarAccess.com

NOTE: If you don’t like Part One because you want just the facts, skip
directly to Part Two where no opinions about the Curriculum Committee, the
Discouragement Fraternity, Function Notation, etc. will be registered!*

INTRODUCTION: How fast did the chicken cross the
road and why?  Or, the fear of thinking.

* Just kidding.  Part 2 doesn’t exist.  For exercises, just use the ones in any calculus book.  I suggest the “easy calculus” books
like Calculus Made Easy, Calculus for Dummies, Idiot’s Guide to Calculus, etc.  Because hard calculus books are stupid.



PART I: Diary of a Calculus Self-Teacher

CHAPTER ONE: Time fixes everything in place.
That’s why everything never stops moving.

CHAPTER TWO: Let’s get small.  The fun never ends
no matter how small you think.

CHAPTER THREE: Watch me think.  How I proved
that calculus should have been taught in
geometry class, without even knowing enough
calculus to throw a rubber chicken at.

CHAPTER FOUR: Limits?  Limit This!

CHAPTER FIVE: What’s so Right About Triangles?

CHAPTER SIX: The Chain Rule, Tangent Line
Approximation, a Facelift for Dysfunctional
Notation, and an Identity that Encompasses All
That is Calculus

CHAPTER SEVEN: The Truth about Calculus.
The Linear Equation Meets the Tangent Line
Approximation and the Fundamental Theorem
of Calculus

CHAPTER EIGHT: The Power Rule Loses its Trick
Status, and, Quippling about the Powers that Be

CHAPTER NINE: More Rules for Doing Easy Calculus

CHAPTER TEN: Exponential Growth and its Opposite,
“Exponential Decay,” which was Apparently
Named in Honor of Nuclear Waste



CHAPTER ELEVEN: What in Quippledom is a
Logarithm?

CHAPTER TWELVE: Revisiting Integral Notation,
and Staying for the Numerical Approximations

CHAPTER THIRTEEN: What does Indefinite have to do
with Integrals; Integration Rules, and the Real
Power Rule!

CHAPTER FOURTEEN: Partial Differentials, Maxima
and Minima and other Curvaceous Phenomena

EPILOG: Why Save the Best for Last?  Life’s Too
Short… How to Teach Calculus to Kindergarteners

PART II: The New Calculus, Rant-Free & Rent-Free…
calculus in a nutshell and taught right for the
first time in the history of western civilization
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This book is guaranteed to teach you (something about) REAL PRACTICAL
CALCULUS by showing you (in my opinion) what calculus is, not by
shoving it down your throat.  You will learn that calculus is the
natural language of reality, and you will learn why it seems so hard
the way it is usually taught.  You’ll gain a beginner’s intuitive
understanding of easy basic calculus as a tool just by reading this
book.  There are no exercises and little math, because calculus is so
easy.  Suit yourself: waste 8 years of your life having superfluous
nonsense blown down your shirt, or get to the guts of the tool you
need to get your work done.  And if you don’t carefully follow the math herein, you won’t learn a

damn thing, like any other math book.
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This book is dedicated to the Death Lords of Academia…Just think
of this book as “tough love”…!  (That was a joke…)  The book is
REALLY dedicated to Steve the machinist and Tom the
engineer, for breathing new life into my research.





INTRODUCTION: How fast did the chicken cross the
road and why?  Or, The Fear of Thinking.

I LIKE TO GET THE PUNCH LINE OUT OF THE WAY FIRST, SO HERE IT IS:

y = mx + b

A ROLLICKING ROMP THROUGH THE ROILING REELING RIOT OF RELATIONSHIPS

Re-imagine your first day of formal instruction in the fine art of adding 1 + 1 = 2 and
2 + 2 = 4.  What if your teacher had started the lesson with these words:

“Now children, I know you are going to hate what we will do next, because it is really,
really hard.  In fact that is why we have kept this information from you till you turned
6.  Some of you still aren’t ready for it, and you will be the ones to fail.  You might stay
in school till you’re 15, 18, or even all the way through graduate school and beyond,
but you will still be a failure.  Because adding 1 + 1 = 2 and 2 + 2 = 4 is so very hard
that some of you will just have to fake your way through life, because you’re simply
not capable of learning this topic well enough to benefit from it.”

Then the teacher spends the next 6 hours going over the finer points of a formal proof
that 1 + 1 = 2, a topic that is beyond the scope of anyone except a professional
mathematician.  When the day finally ends, several students have no intention of
returning the next day for the formal proof that 2 + 2 = 4.

In my high school, nothing past Plane Geometry With Proofs was required to graduate.
It was rumored that trigonometry and calculus were too hard for most people, and no
one had the vaguest idea, after 9 years of studying other math topics, what trig and
calc actually were or what they were good for.  The “with proofs” part of plane
geometry certainly did nothing to encourage anyone to come back for more.  The dour-
faced gentleman attempting to teach formal proofs to hormone-high 15-year-olds has
my sympathy today, but at the time I did my best to choke him with his own last
shred of sanity for taking away my intuitive respect for math.  In spite of it all, I got an
easy A in the class, but swore off math forever.  I had never been so bored in my life.

When I graduated high school a few years later, I was still an uneducated smart-ass
with an easy B average that I earned by doing the minimum, and when my parents
drove me home in my cap and gown, I still thought that an engineer is someone who
drives a train.  Well a lot of American children thought so, up to the age of 7 or 8, but
in some more progressive decades than the mid-1970s, there has been more emphasis
on studying towards some goal other than “graduating and going to college.”

Anyone who actually remembers the mid-1970s has just now raised a mental
objection about the mid-1970s to the effect that this was a very progressive time.  But



I’m talking about making progress, not fantasizing about it.  My school was using a
“model school” program so we didn’t have to learn anything if we didn’t want to.  There
were no lectures in many classes, but the better teachers ignored that program and
lectured anyway.  The main job of teachers—since there were no lesson plans—was
grading “unit tests” of about 10 questions each, whose answers we knew and
memorized five minutes before taking each test.  This was called “individualized
instruction” since we memorized test answers and passed tests at our own speed, a
process sometimes euphemized as “learning at your own speed”.  But the teachers
who had been hired to teach in that overgrown childcare center got tired of babysitting
and went back to traditional lecture-and-project style teaching right around the time I
graduated.  Not in time for me to get any good out of the return to common-sense.

So I say that truly progressive teaching is any way of teaching that works better at
helping people learn efficiently.  I’m not talking about a return to formalism, nor am I
talking about forcing people to take calculus if they don’t want to, but I am into
revamping how we educate people to make learning more intuitive and easier.  Not
easier because of less being expected, but because the way of teaching works better so
it’s easier for the student to absorb information.  Naturally there were self-motivated
people in my leaderless high school who directed their own education just fine and
went on to successful careers in university and in life.  But the eternally confused
circular thinkers and literal thinkers like me left that high school with a 12th grade
diploma and an 8th grade education.  Some people need to be instructed, despite the
macho American myth that real achievers never need to be spoon-fed.



One purpose of this book is to entertain and another is to discuss self-teaching
through a combination of new perspectives and trance-induction.  My intended target
is that shrinking class of citizen we used to call “inventors” and anyone else who has a
reason or excuse to want to learn the basics of the math that comes right after
geometry and algebra, and I can only hope that people who teach math or intend to
teach math someday will take this book sort of seriously.  These 300 pages are a sort
of digest of what I was trying to say by taking art and language classes in high school
when my interest and talent probably lay in a more technical direction: “Take your
creepy macho paws off of me and let me create something beautiful.”

I write as I learn.  When was the last time you got a question on computer or software
trouble-shooting answered by reading a manual written by an expert?  It seldom
happens.  Googling the problem is free and works better, because the guy who
answers your question is usually the one who had to figure it out for himself, is still
glowing with the joy of discovery, and inhabits internet resources, eager to advise
anyone who needs help.  While in contrast, the professional who wrote the manual on
the hardware or software is so intimately familiar with his subject that he has long
forgotten whatever was so hard about being on the learning curve.  He doesn’t know
what beginners need to hear, and maybe never will again.

Learning calculus from books has been the same way for me.  The specific reasons I
hate existing math books and notation as well as the structure of the prerequisite
system will be covered in informal, clamorous and non-rigorous detail in the pages
that follow, and in fact a good part of the book is a frenzied diatribe.  There isn’t that
much math, because the amount of calculus that a practical person like an inventor
or a self-taught mechanical designer of any kind actually needs is a fraction of what
they plan to teach us in school, if we intend to get a license to call ourselves
professional.  Maybe that’s because professional mathematicians have a lot of clout on
curriculum committees.  But I’ll save that rant for later.  I just wanted to warn the
professional mathematician, who likes the way math is being taught, that this book
will just piss him off.

As for the quizzical statement that you will be taught by trance induction, well just try
to figure that one out…I dare you!

First hint: all learning is self-teaching.

Second hint: the math in this book is never hard.  This is from someone who feels that
when a math writer says something is easy, they are usually lying, deluding
themselves, and showing off.  Sure it could have been easy, if they’d tried harder to
make it that way.

Third hint: read the damn book!  But with pencil, paper, and calculator at hand.
Some of the math looks long-winded but that’s because I show every step.

The rest of the book, where it’s just me talking, really is long-winded.  That’s because,
like I already said, this narrative is part trance induction.  And contrary to popular
belief, hypnosis is not about getting sleepy.  It’s about getting focused.





CHAPTER ONE

Time fixes everything in place.  That’s why
everything never stops moving.

If you can’t explain it simply, you don’t understand it well enough.

—Albert Einstein

If there are no stupid questions, then why is it that it’s always some stupid creep who
has all the answers?

—Uncle Aspie

CALCULUS IS NOT A SEPARATE BRANCH OF MATHEMATICS (CALCULUS TEACHES
US HOW TO THINK)

Whenever time gets involved, we are talking about a rate or speed.  Without time, we
would only be three-dimensional and the arithmetic of position would be enough.  But
if something is happening, then change is taking place.  Changes that can be
measured are a distance on a gauge or meter or scale of some kind.  A distance is a
subtraction of initial place on the scale from final place on the scale, such as p2 – p1.  A
time duration is final time minus initial time.  Any distance compared to a time
duration is a speed or rate.  And anything that changes does so at a rate.  Thus the
study of reality is the study of change per time.

Calculus also expresses how two rates change at the same time.  Even when the thing
you’re looking at is not changing, time is still changing.  So time is the ultimate
changer or one of them.  Calculus is the study of reality from its most basic attributes,
from the inside out.  That’s why it’s easy—because the nature of elements is that there
are only a few of them.  So if you can know calculus, you can know reality.  Calculus
teaches you how to think.  It is the easiest and most obvious of mathematical tools,
because it’s not really higher math.  It’s just the reporting of the obvious by those who
have learned how to see.

So unless you want a class of seers designing the technology, you’d better hide
calculus in a 900-page textbook and make it sound very, very difficult.  You’d better
make every other discipline appear to be its prerequisite.  You’d better write it in code
so beginners and other interlopers to the Craft will throw the book down in disgust.
You’d better include every imaginable sort of abstract uselessness that no one except
mathematicians could possibly care about.  So that the people who do have to use
calculus to design everyday things will calculate in a foggy state and never quite
understand it.  In this way only one class of smart person can learn how to think:
those who do everything they are told, who finish everything they start, who ignore
alternative notions to get the job done more efficiently: those who can brave the
running of the gauntlet and actually get jobs as engineers.  But at the other end of the



spectrum, there are the inventors, serious to actually comprehend each detail, driven
to change things.  Undisciplined and under-educated, they have evolved, in a
predatory world, into a breed that is a threat only to itself; the status quo need not
fear them.  They have no defense against the engineers who smirk and sneer* because
they made the grade and graduated.  Inventors nowadays are no threat to the empire
of sameness because they have forgotten how to think.

In the physical world, time is the ultimate changer, because in spite of its basic nature
of relativity it is the undeniable yet invisible cause of all effects.  If in doubt, blame
time.  If nothing happened, nothing would go right or wrong.  If nothing changed,
nothing would happen.  Change can be stopped simply by stopping time!  Go ahead,
try it!

Now what do I do—I’ve spent my whole life avoiding calculus and now I learn the joke’s
on me—it’s easier than the stuff I already learned how to do, and the boys spanking
each other down at the frat club are aware of that, so they strut around in their smart
pants knowing everything while only the naïve bother with new ideas anymore.  It’s
easy for the frat boys to auto-reject the naïve and their silly plots to save the world.
That’s how things have been set up.

The notion that education is for everyone, the idea that an engineer is just a really
smart mechanic, these things fell by the wayside between the great depression and the
end of the second world war.  Textbook styling came under the control of unknowable
forces in our society and the Prerequisite Conceit took over all curricula, becoming a
screening utility so that no matter how liberal the professors were, the students who
succeeded would be those who gave no time to dreaming.

CHANGES IN COMPRESSED AIR AS AN EXAMPLE

Compressing air changes volume, pressure, and temperature at the same time.  But in
terms of the piston compressor and other positive displacement compressors or air
squeezers, the real process that makes everything else happen is not pressurization
but volume reduction.  So the lie starts with the word “compressor” and grows from
there.  A compressor should be called a “volume reducer”.  That is its primary
function.  Pressure and heat are the result.  For that reason, all PV diagrams are built
with volume as the horizontal axis or x-axis since it is traditionally reserved for the
changer, while the changee is pressure, the result.  The result that is kept.  With no
storage traditionally made available for the other changee—temperature—the way
compressed air is commonly explained leaves no more convenient strategy than to
dispose of the heat as quickly as possible.  Sort of like making dinner and then giving
it to the dog and just eating cake.  And then pretending that the cost of dessert was
the price you paid for the meat and vegetables you gave the dog and not just the price
you paid for the cake.  Don’t wrack your brain trying to make sense of what I just said;

* If you are an engineer and this description doesn’t fit you, just remember that you and I have never met because I can’t afford
your fee, although—as an inventor—I could have made you rich a dozen times over throughout my career in brainstorming.
And remember also that with the advent of the internet, we inventors who repeatedly seek technical advice from so-called
“online forums” where technical people supposedly wait with bated breath to answer our questions objectively, have never
been treated so badly in our lives.  I have concluded that most “engineers” who are online and are accessible for free, are
incompetent and can’t get a job.



it’s just a snapshot of something that doesn’t make sense anyway, and that is the way
compressed air is made in these moldy oldy pseudo-modern times.  Nary an engineer
understands where the cost of compressing air comes from or where it’s going to.  But
try telling them that.

The standard approach to making and using compressed air in terms of energy
conservation is the one that was developed by an industrial environment that
depended on compressed air for many important things but also depended on
ignorance of compressed air to multiply energy related profiteering at an obscene rate
over what could be expected should compressed air’s secret ever get out.  No
organization in history needed compressed air more than the early industrializers of
mining, and the petroleum industry that it spawned had every reason to keep
compressed air in its place.  No more “every boy’s guide to air compressors”.
Textbooks were written to scatter the mind and belabor pointlessness.  They became a
wasteland of disconnected abstractions leading nowhere.  Patterns that any mind
could grasp became obscured by the Terse Textbook conceit, which was upheld by
rigid adherence to ordained prerequisitism.  To learn calculus—that is, to learn how to
think—we were brainwashed by the educational system to believe that we had to start
at square one and proceed step-by-boring-step though a program that would make it
possible for us to learn how to change x5 into 5x4 and y9 into 9y8.  What inventor is
going to sit on his imagination long enough to learn calculus the way engineers do?  In
30 seconds you can learn from what I just wrote (x5 becomes 5x4 and y9 becomes 9y8),
by figuring it out for yourself, more calculus than I was taught in 13 years of primary
and secondary schooling, three college classes in algebra, and two college classes in
geometry.

By extracting the most practical information from each branch of mathematics and
making its revelation subject to every imaginable prerequisite, the imaginarily separate
branch of mathematics dubbed “the calculus” has served as a scarecrow to keep able
mechanics out of engineering because they couldn’t sit still and weren’t wanted
anymore in the Profession.  The resulting cliquishness in the engineering world was
hammered into place by positioning the key to making the gears of invention mesh
predictably—simple basic calculus—at the end of a torturefest designed to turn away
all but the true devotees of those already in power.

The mother of invention is no longer necessity, it is now the mom-that-be, the self-
suckling god of everything, unchecked greed, now successfully reframed as “success”.
Motto: “Because I can.”  Consciencelessness gone rampant.

Now to whatever extent all the above might happen to be exactly true, I did say it for a
reason.  I said it to make you angry.  Angry enough to download one or more of the
“calculus made easy” courses that are available for free on the internet, angry enough
to make you sit down with a pencil, eraser, calculator, and stack of paper for as long
as it takes to prove to yourself that you the inventor can do what any status quo robot
can do.  If you want to change the world, then you need to get motivated enough to
actually take action, day after day, until you have learned how to think.



The following topics will open up to you when you finally prove on paper that you
know what you’re doing.  One percent of the skills that design nuclear power plants
and rocket ships to the moon can put you in charge of:

—compressible fluid dynamics (what happens when compressed air is caused
to move)
—wave dynamics (how to create transient events in compressed air that
accomplish things which are hard to believe).

Now I’ll tell you a story.

I taught myself to bang on a guitar as a teenager and have played at it ever since.  Up
until about 15 years ago I was utterly incapable of improvising.  That’s what jazz
players do.  Within the basic structure of a given song, they just make stuff up
spontaneously, and it works.  It sounds good.  Then one day I said, what the heck,
this mystery needs to be tackled head on.  I took some lessons and was amazed to
discover that my existing abilities just needed to be exercised in certain ways.  I found
out what it was that I didn’t know, and the whole topic of improvisation stopped
throwing me into a blind panic because I had faced the monster and stopped running
from it.  I still can’t play jazz or improvise very well, but I am a lot better at it than I
used to be and for easy stuff I can get by.  If I want to get better at it, then I know what
to do.

I assume you don’t want to design a nuclear power plant or a rocket ship to the moon.
You don’t need to get lost in deeper or higher physics.  Average engineers don’t do
that—they need plenty of time to market themselves, they have little time for first
principles, rigorous mental models, and doing things the hard way.  Manipulating air
is neither easy nor hard, but to do it on paper is perfectly safe and nearly free.  Until
you try, you won’t know what it is that you don’t know.  When you do find out what
you don’t know, then you know what book you have to study.  Without calculus, that
is the point at which you are dead in the water.  It’s not automatic, it requires an
effort.  But it won’t make your brain bleed.  Most people won’t bend over to pick up a
penny off the sidewalk.  You be different.  Enough bendings over and you’ll have the
rare gem at your command, which comes only with exercise: the ability to get the
results you want with the skill you have.

DOING CALCULUS REQUIRES SIMPLE ARITHMETIC AND EASY ALGEBRA

It is just being able to see the difference between things, and seeing the difference
between other things, and comparing how the various sets of differences affect each
other.

Differences are subtraction problems.

Comparisons are division problems, also known as fractions, ratios, proportions, or
percentages, all the same thing.



Being able to distinguish one thing from another by seeing differences and making
comparisons is a matter of being able to think.  So learning calculus is learning how to
think with precision.  Applied realistically, calculus defines reality.

They say that calculus is about rates of change.  For example, how fast does your car
accelerate depending on how long the light has been yellow (“how long” is a duration, a
change in time).  The phrase “rate of change” is hiding something.  Calculus makes
this so clear that it’s hard to see, that is why calculus cannot be learned without
thinking about it.  So think about this: rate and change mean the same thing.
Position is a value on some scale.  A statement about position can’t be made without
reference to some scale.  Even without math, words such as behind, near, at, etc. are
needed to talk about a thing’s position because it is relative to the position of other
things, or to itself at a different time.  So although position is a single value, rather
than a change as such, a difference is still implied.  For example, if your address is
334 Park drive, then that is meaningful only because it implies that you don’t live at
(for example) 336 Park drive or 249 Park drive.  “334 Park drive” identifies a scale
(Park Drive) and a position on a scale (334).  If someone tries to find your house, it
“makes a difference” how they go about it (that’s a subtraction problem), and knowing
your address (position) makes all the difference.  So all values on all scales start out as
the act of distinguishing one thing from another: the first thought in the universe is
subtraction.  By naming the position of something, you are subtracting it from the rest
of the world, singling it out.  All values on all scales are treated as a kind of position.

Since calculus is about rates of change, the next stop is to pinpoint on some scale
what happens when position changes.  The purpose of calculus is to strip away
human language, which sometimes makes obvious things harder to understand*.  My
point is that “rate” and “change” are the same thing.  Therefore “rate of change” and
“change of change” and “rate of rate” all mean the same thing.  Now to use this
information.

A change of position is a distance on whatever scale is relevant.  If you go to 336 Park
drive by mistake and the resident says no go next door, then the distance or difference
between the position of the two houses is 1 house.  So if position is p, then distance is
p2 – p1, or final position minus initial position.  Subtraction.

So in regards to dynamics, or things that change, the first change is change of
position, or distance on some scale that is of basic importance.  A hierarchy of
information has begun to form, with one bit of knowledge formed on the basis of
another bit of information.  First a value on a scale is known.  A position on the scale.
Then another value on the scale is known or asserted, and a new thought forms; the
two values are subtracted and a higher thought is about distance.  At this point we
start to compare values on one scale with values on another scale, because things and
events have more than one measurable quantity.  The purpose is to describe reality
with precision so a new idea can be pushed into the real world by making all its parts

* On the other hand, using pseudo-mathematical notation to say things that are more obvious when said with words is one of
the reasons that modern mathematical pursuits are so terrifying to most people.  Who actually reads a Wikipedia article on
math unless they already know the stuff that’s in it?  The best example of pseudo-mathematical notation used when words
would get the point across better: function notation.  Discussed throughout this book.



and processes conform precisely to the real world where things must function.  So if a
thing has three important qualities that effect each other, a process that is designed to
correctly deal with that thing has to take into account precisely how the three qualities
change together.  It’s sometimes possible to talk about these changes without
reference to the scale called “time”, but if it’s machinery we’re trying to design,
chances are the dynamics of the situation hove to be related to how everything
changes with the passage of time.  So the hierarchy that starts with position and
proceeds to distance now will be enlarged to include the most independent of
changers, the one thing in the universe that we can do nothing about, and that is
time.

When position changes, time gets involved.  Then we have speed.  To keep it simple
we’ll pretend that speed and velocity are the same thing and just say that the change
of position or Δp compared to the change of time or Δt is equal to velocity or v.  Thus
Δp/Δt = v.  The Δ (Greek capital letter delta) is not another value like x or y6 or p or t, it
just means difference or change.  The hierarchy of thought becoming calculus is now
position… distance… velocity.  Distance is final position minus initial position so
Δp/Δt = (p2 – p1)/Δt = v and Δt is just another distance on a different scale, the
difference between final time and initial time—more subtraction.  So velocity is
(p2 – p1)/(t2 – t1).  Calculus is gathering momentum at the same rate as our ability to
define precisely what things really are.  Velocity is the comparison of two changes.
How fast does position change while time changes by a certain amount?  That is
calculus.  In order to keep expanding what we know about something that’s changing
through time, velocity itself can now be compared to time, because velocity also
changes.  When something changes speed, it is acceleration or deceleration, and that
is just Δv/Δt or change of velocity compared to change of time.

Now we have a picture of how several important concepts relate to each other.
Starting with no ability to distinguish one thing from another which we’ll call the
universe or pure awareness—depending on whether you’re a scientist or a mystic—
then a position or value on some scale or quality is noticed, then another one.  A
comparison is made.  Distance is judged, time comes into it and speed is known.
Speed is judged in terms of its changing value related to time, and acceleration is
known.

When you want to cross the street, you look both ways, you see vehicles moving, you
judge their position relative to time, you guess how fast they’re going and take in any
information you can about whether they are accelerating and how much.  When you
have the knowledge you need, you know if it’s safe to cross the street and whether you
have to dash across or take it at a relaxed pace.  You arrive safely on the other side of
the street only because you already know how to do calculus in your head.  Small
children are not allowed to cross the street alone because they don’t yet know how to
think about the speed, position, and acceleration of cars.

AN EXAMPLE OF DESCRIPTIONS THAT FOG THE BRAIN



We who try hard to be mechanically inclined are well aware that speed times duration
of time is distance.  You can average 60 miles an hour, you have 120 miles to go, you
know you have to drive for 2 hours.  Speed * time = distance.

Calculus as a system for weeding out simple-minded pattern-spotters like me who find
complex schemes of notation ugly and revolting would like us to learn, somehow, that
“speed * time = distance” is really a matter of “integrating the velocity function with
respect to time”.

I don’t know about you, but by the time I figure out why those two things are the same
thing, if it’s even possible for a beginner to figure it out, I have lost my appetite for
calculus.  So I had to decide whether to write the description I wanted to read: the one
without all the jargon and scary notation; or the more moderate approach of trying to
teach calculus the easy way while at the same time trying to teach the notation-that-
be.  Now I have never been accused of lengthy bouts with moderation, and so I have
chosen what we Buddhists call “Bad Buddhism, or the Extremer Way” and I am going
to leave out bad notation, bad jargon, and teach the skill of calculus first, devoid of the
detritus imposed by a society of cliquemeisters seeking to limit their ranks.  Having
fewer engineers is good for business.  But me, I don’t care about that way of doing
business.

Here’s some jargon that was driving me crazy and I didn’t even realize it till after I was
already crazy.

“Independent variable” and “dependent variable”.  I liked these seven-to-eight syllable
jawbreakers once I got it straightened out what they were.  Until I started writing them
all the time.  If it’s a pain to write, it’s a pain to read.  From now on the “independent
variable” is usually going to be called the changer.  The “dependent variable” is usually
going to be called the changee.  Relatedly, the “function” can also be called the
equation.  We’ll emphasize the tradition of having changers (the things we change on
purpose or because we have to) on the horizontal axis of the graph, and the changees
(the things that get changed because the changers had to change) on the vertical axis.
As for the term “function”, it is thrown into every sentence spoken by mathematicians
just because it makes them sound so dang smart, and if it makes your ticker feel like
imploding to see function notation ignored in this book then just take your medicine
and get used to it, because it ain’t a-gonna change.  We’re here to teach people how to
think, not befuddle them with words and notations and codings that only state the
obvious obtusely.  I’d rather tell a couple bad jokes anyday, than to waste a bunch of
energy trying to sound smarter than the person reading my book.  So never mind
“function this” and “function that”.  Obviously, the changee is the function of the dang
variations we make in the gol-darn changer, but does that mean it has to be stated
outright every time we open our gol-darn mouth?  It violates every standard of non-
redundancy.

This strategy of using words to simply say simple stuff creates descriptions like “the
changee is a function of the changer” and “the changer changes the changee.”  That
sort of rewording kind of points out how fancy-sounding jargon makes obvious stuff
seem impenetrable, so those geniuses we technically refer to as “smart-asses” can get



a degree and make more money than those that can’t.  Traditionally in a beginner’s
description we might say y is the changee and x is the changer, so “y is a function of
x” or “the part of the equation that tells what has to be done to x to get y is the
function”.  (Example: y = 8x).  See, it’s easy to make a sentence a lot more complicated
than it has to be, just so we can use that chocolate fudge of a word, “function”.
Mathematicians are just addicted to their own intelligence, give me a break.  Thank
God I’m so stupid, it must be nice, though I’ve lost track somewhere of exactly how
awesome it must have been to be this stupid when I was young and all the beautiful
young women who flocked around me were trying to rip my clothes off but couldn’t get
my attention.



CHAPTER TWO
Let’s get small.

…if I had to design a mechanism for the express purpose of destroying a child’s natural
curiosity and love of pattern-making, I couldn’t possibly do as good a job as is currently
being done — I simply wouldn’t have the imagination to come up with the kind of
senseless, soul-crushing ideas that constitute contemporary mathematics education.

—Paul Lockhart
“A Mathematician’s Lament”

Since time is the ultimate changer and motion is basic to so much that we do, it is
convenient to use the components of motion during the onslaught of time as an
analogy for all that calculus does.  Calculus is about things changing together, and
when physical things change, it involves motion.  So motion is a good place to start.
The ideas involved will apply as analogy to many other categories of change besides
the components of physical motion in space and time.

Speed * time = distance

If you drive 30 miles per hour for 2 hours, that translates to 30 * 2 = 60 miles distance.
If you walk 3 mph for 5 minutes, that’s 3 * 5 min/60 min = 15/60 = ¼ mile.

Here are examples of pairs of values expressed in two different units that always get
multiplied together to get an answer expressed in a third class of units:

Speed * time = distance
Distance1 * distance2 = area
Area * length = volume
Pressure * volume = work

While motion in time is often the chosen set of values for taking up a study of calculus
for beginners, the analogous set of values that is used to visually prove out the simple
math is the area of a rectangle: height * width = area.  Then proceeding from the
rectangle to other shapes whose area you can find drawn by a graph.  While motion is
easy to describe in words that are easy to understand, when we go to draw pictures of
the numbers involved, we find that the areas of rectangles and other shapes are best
suited.  That’s because area is two-dimensional.  That means there are two
“dimensions” or measurements which become proportions applied to each other—that
means they are multiplied together—to get the result, “area”.

Don’t try to memorize anything in the next paragraph; it’s stuff you already
understand.  Always remember that all calculus—if correctly taught—is made up of
ideas you’ve already been exposed to and/or are totally familiar with.  The concepts
brought up in this chapter will be repeated many times in other chapters, as I don’t
believe in the rote learning or memorization made necessary by terse textbooks that



refuse to repeat important ideas.  This terseness is bad teaching, because what one
person understands one way is incomprehensible to someone else unless it is restated
again and again in different ways till a good variety of people can understand the
explanation from a variety of perspectives.  Now you are about to be exposed to the
Fundamental Theorem of Calculus, but do not be intimidated; it’s easy and it will
come up many times in this book.  I’m not going to draw a box around it with a big
black line and fill in the box with some god-awful fleshy-pink background that makes
you want to puke (textbooks may be why I hated school…), and I don’t even care if you
learn what’s in the next paragraph at this early point.  The why will be addressed
later.  I only care that you read it carefully and understand what I’m saying before
moving on to the next paragraph.  (The difference between y′ and y will be explained
shortly; for now, y′ is just a variable.)

A lot of calculus is just a matter of drawing a picture of some interacting variables and
then doing some simple arithmetic (also known as integral calculus) to figure out the
area of a part of the graph.  The answers are the same, for practical purposes, whether
you get them by calculus tricks or geometry tricks; and some calculus tricks such as
integral approximations are really just geometry tricks.  With the example of a motion
graph where velocity values are dependent on time values, the area of a shape that is
defined on one side by the graph’s curving or straight line is a value that’s the same as
the distance of the object’s motion.  Even though distance was not one of the variables
used to draw the curve!  This is the magic of integration!  In general terms, if a graph
is some value y′ plotted in terms of some value x, area under a portion of the graph
might be a picture of some x times y′, and the value of that area is some variable y that
was buried within the variables used to plot the graph, but not itself used explicitly to
do the plotting.

That is integral calculus and that is how easy calculus can be.  What’s hard about
calculus is learning it from books and teachers and worst of all “curricula” that are in
position to keep you in your place if you haven’t followed the prerequisite system of re-
education that became so popular once they figured out how easy it would be to make
the unknown seem scary to the uninitiated.  And how much this intimidation could
increase their salaries.  So they pretend we don’t know calculus while they pretend
they do, and the result is educationism at our expense, and student loans for life.

Basic calculus is not hard, but the way it is taught makes it seem hard.  It isn’t even a
separate branch of math, it should have been called relational arithmetic or something
because it is not accomplished by “doing calculus”, it is accomplished by doing simple
arithmetic or easy algebra or boring trigonometry on changing values which depend on
each other.  To know calculus is to know the arithmetic of such related and changing
values.  It’s easier than the stuff you have to muddle through in order to get
permission to study it in school, and to add insult to injury the books and teachers are
often so bad that you might quit your career plans because the course purporting to
teach you things you supposedly need to know was set up to screen people like you
out.

Nothing wrong with you, but there’s something wrong with a system that de-motivates
people more-or-less on purpose, then sits back sagely nodding at its reflection in the



mirror repeating how it’s all for the best that certain “standards” should be upheld in
who can and can’t be allowed to learn something.  Say you want to invent something—
and say you’re someone who values independence, free-thinking, and the liberty to
learn easy stuff now instead of being told to wait until you’ve been forced to pay for
umpteen useless math routines to be stuffed into your precious brain first.  Did you
know that brains don’t work as well after they are stuffed full of garbage?  By using
our brains as trash compactors while we are forced to use banks as financiers as if an
education were worth its weight in useless information, everyone is made stupid
except the bankers who are made rich and their minions in educationism who are kept
in a nice career that is more political than it is educational.

Since this book was written with uneducated inventors as its main target, here is one
of my key points.

When you find scientific papers, books, and articles that touch on your pet idea, it is
necessary to not despair just on account of you haven’t got the vaguest inkling what,
specifically, the writer is saying about the thing you’re interested in.  Math is taught



wrong in schools because curriculums and textbooks are written by mathematicians.
You don’t need to be the scientist who wrote the paper in order to use the paper.  You
don’t have to replicate all the math in the paper.  You just have to learn the
terminology, one term at a time, and as for the math, you mainly need to recognize
patterns and processes: “Oh, he’s getting a third derivative, which explains blah, blah,
blah…” etc.  You need to study the writer’s math with an eye to becoming able to know
why he said something in certain terms.  And you will eventually become able to tell
when a paper has been augmented and spruced up with advanced-looking math that
is just window-dressing and not part of any main argument.  Yes, you should become
able to perform basic calculus, but don’t discourage yourself by thinking you have to
learn it all, because you don’t.

Well all right then, let’s draw a picture of some motion and then figure out how to do
the arithmetic on it so we can predict the values of its components as things change.
Time is the great determiner of other things, the thing we can’t change, so it is the
changer.  Call it t and put it on the horizontal axis of a graph.  A graph is calculus and
calculus is a graph.  A picture of things changing together.  Paint by numbers:

0 1 2 3 4 5 6 7 8 9 10

time

Any of the time values on the timeline above could be the initial time, and any could
be the final time, in regards to something we want to define mathematically as a
function of time.

In first level technical conjecturations about motion, the most common changee to be
considered (that which is changed as a function of—or dependent on—the independent
changes of the changer) is position.  Call it p and add position as a vertical axis to the
drawing:



A pair of points on the graph represent one condition, for example (4, 7) which means
the moving thing is at position 7 when time is at the 4 mark.  For example, 7 feet along
after running 4 seconds, or 7 miles along after driving 4 minutes, or abstracting the
analogy, 7 times more pissed than you should be after waiting 4 times longer than you
should have to.  In the last example, “time” becomes how many times longer than
necessary you’ve been made to wait, and “position” becomes a position on the scale of
pissed offness.  Take note that you were already at 3 on the pissed offness scale when
the whole process began at time 0, so all else being equal, and equalizing
proportionalities of misappropriations of scalability being what they are, you should
have stayed the hell in bed.  Getting RESULTS (a changee) out of PEOPLE (a changer
that you can’t do anything about other than to try and guess its next move) is going to
be the 9th miracle of engineering if anyone ever figures out how to do it.  The curve
draws a picture of the relationship between time and position, as dictated and/or
explained by the equation or function p = 3 + t.  This is the calculus of everyday; you
know it so well that you may not know you know it, like how to blink your eyes.

The other thing you already know about the graph that you may need to be reminded
of is that, since you know the equation that draws the curve (function), and thus the
position vs time for any time on the scale, you can also determine how fast position is
changing with regard to the onslaught of time by a number of methods including
counting units on the graph, the engineer’s equivalent to counting on his fingers.
Take another peek at the same graph:

As I am going to tell you now and remind you later, the slope of the line, or the rate at
which it goes up or down compared to the rate at which it goes to the right or left, is of
utmost importance in reading results off a graph.  In a literal sense that is all about
what calculus is all about, the slope of the line IS the line; if you already have the
equation that generates the line, the starting place at time 0, and how fast the line
changes position, what else could you possibly say about it?  “Straight or curvy,” you



say?  That’s just a description of how slope changes.  While position in the graph
above is a result of time’s forward march, the actual rate of change of position with
respect to the rate of time’s changing is neither a position nor a time, but the slope of
the line (or slope of the straight curve).

A similar example of everyday calculus is how bad you get at shooting pool vs how
hard you try to aim.  Such examples abound; you can’t shake them off once you start
learning how to think.  In fact, that is why I heartily recommend that you don’t read
this book!  Because if it does for you what it is intended to do, you may learn how to
think, and then you might spend the rest of your life thinking!  What worse fate could
there be?  What dangers you could be in for! …once you know what’s going on around
you!  You might even find yourself more knowledgeable than an engineer on some
certain topic, now that could be very, very dangerous.  The discouragement fraternity
has its own police force, you know.

TIME OFF TO COMPLAIN

They have this thing called “function notation” that they use to keep original thinkers
from learning calculus so the world of engineering can be dictated from the top down.
New ideas can thus be ignored with maximum convenience.  The reason this works for
them is that function notation—or in my world, “FunkNot”—is a codified way of saying
simple stuff in a way that makes you stop, doubt your own intelligence, and consider
turning on the TV or surfing the internet instead of learning calculus.

There are those who understand FunkNot intuitively.  These are the “Typicals” and
they are not the enemy.  They just have a brain that is configured to multitasking, that
is, they can think two or three thoughts at once.  Some inventors are Typicals: Edison,
Sargent, Westinghouse?  Others were not: Tesla?  Van Gogh?  You?  Me for sure.

Since FunkNot is a code, it doesn’t read directly off the page.  If you’re not a Typical,
FunkNot goes in one ear, does a double twist, often fails to be gripped coherently by
any shred of awareness, and proceeds out the other ear, leaving an expression of
pained bemusement on the face.

The inventor of FunkNot, a Professor Zalrub Malrumple, was the second cousin once
removed of Adolf Hitler’s father’s stepsister’s dairy maid’s great uncle Bill, who was his
own grandpa.  Because of this, Prof. Malrumple had a direct knowledge of how to
make people feel stupid-and-thus-ready to accept anything they are told at face value,
in order to hopefully feel less stupid.  Prof. M’s big contribution to society was to
change a simple math expression like…

p = t2     “position equals time times time”

…which is a coherent expression in one language, to this:

p(t) = t2     “the function of time named p, equals time times time”



The latter is how the simple math problem reads in FunkNot, except that it doesn’t
simply read directly, it has to get translated, decoded, and interpreted—that is,
mentally juggled—because it is in two different languages.  To get linguistic about it,
the first statement (“position equals time times time”) is a complete sentence and a
simple finished thought.  The second statement (“the function of time named p, equals
time times time”) could arguably be stated in words more simply: the comma shouldn’t
really be there, but the whole thing becomes ambiguous if you omit said comma, etc.
etc.  Shifting engineer-speak to FunkNot was a bad move and it’s a move that had
barely gotten started in the days when many flowery foamers of foment felt free to
frivolously waste words the way I do, but it didn’t catch on till more recently when
textbook editors from hell were looking for ways to make unnaturally terse statements
more unintelligible and uninteresting than they really had to be.

Well excuuuuuse  meeeeeee!  …but I’m trying to learn mathematics!  When I get in the
mood to learn code, I’ll enroll in a class on how to write in code!

For his celebrated efforts at mucking up simple arithmetic, Prof. Malrumple was
installed (while still living) in one of the famed Cliquemeister Institution’s “deluxe-plus”
cubicles, at offices that are hidden under the sewers of what was once East Berlin,
New York, where he is now in charge of the Code Making and Breaking Department
under the Double-Secretary of Counter-Counter-Intelligence, D. DeWitt DePew.

Dissecting the expression p = t2 is easy; it is what it is.  To find position you multiply
time by itself.  A detailed exposition of FunkNot isn’t in order now because I’m not
going to use FunkNot in this book unless it’s needed and even then I will take pains to
disguise it as a sensible, straightforward expression like this: “y is a function of x”.

It’s enough to state why FunkNot is funky.  In the sense of being confusing rather
than straightforward.  In algebra we were taught to do away with multiplication
symbols so that 4 * (t + c) became 4(t+c).  But what about this: p(t).  Does that mean
p * t?  No, it means p is the changee and t is the changer.  It isn’t even math; there is
no math in that term.  It means that when t changes, it makes p change as a result.
True aficionados of FunkNot will then go so far as to use p(t) absolutely every chance
they get, till you can’t see the math for the parentheses.  And then they want to say
just “p”.  They get you used to seeing p(t) and then they just say “p”.  Typicals won’t
mind: p is just the function p.  We who are not typicals will not become confused by
asking, “But is p the function the same thing as the variable?  (Say p(t) = the variable
y.)

Getting confused already?  See, FunkNot gets me so confused that I can’t even talk
about FunkNot without getting you confused!  But it’s true: say t is the changer and p
is the changee.  Then p(t) is a function of t and p(t) = p.  So if the vertical axis of the
graph is used to plot values of y, what is p doing there???  This is all in violation of the
redundancy rule, because it is obvious when you look at p = t2 that p is a function of t.
“Obvious” means it doesn’t have to be said and said and said.  The changer t could
instead have been a function of p because if p = t2, then t = the square root of p but in
the physical world we can’t make time change by changing position*, so p is for

* Einstein could imagine it but he’s dead.



practical reasons going to be made the changee so we can talk about position as a
function of time.  To pollute every equation with the unnecessary reminder that a
value is dependent on how another value changes is redundant, it stops the mind.  It
stifles learning by literally changing the subject in another language.  Because unlike
the Typicals who skate through school by not asking too many questions, many of us
inventive types get hung up on details; nor can we chew gum and walk at the same
time.  Real inventors are bumblers.  Typicals interlope on our field from time to time
but that can’t be helped.

But we need calculus so we can put the textbooks to use, and design new solutions to
long-ignored problems.  Eventually FunkNot has to be tackled since engineers use it,
so just remember that the old ordered pair (x, y) has been changed to (x, f(x)) and
therefore y = f(x), but for now let’s learn calculus the right way, the easy way, and
leave the supposed benefits of FunkNot in the dust.

In summary, FunkNot says in notation what would be easier to understand if said in
words.  What’s wrong with saying “y is a function of x”…once!?

BACK TO THE CALCULUS

When position changes as a function of time, the relationship of the two values as they
change together is the function of position with respect to time.  Obvious no?  It’s only
a statement about what changes what: time changes postion.  Changer changes
changee.  Things get calculoidical or into the realm of relational arithmetic when you
compress algebra into a simple routine of arithmetic which keeps you from doing
algebra all day because it turns out that calculus is easier.

Here’s an example.  Let’s say p = t2.  That’s just a codependent relationship defined.
So when t = 0, p = 0 * 0 on the graph;  p = 1 * 1, etc.

When t = 2, p = 2 * 2 = 4.  The changee p is 4 when t is 2.  When t = 100, p = 100 * 100
= 10000.  The changee p is 10000 when t is 100.

Calculus is the arithmetic of the ratio between one change and another so the result
of a change can be predicted without building the model to find out if it should work.
So many things can go wrong when trying to decide how to build something, and it’s
just as easy to get the math wrong, but a lot cheaper.

Let’s say your boss just bought you a tank of gas and handed you a document that
has to arrive at a government regulatory agency in another city by noon or your boss
will have his plan rejected summarily for being late, and lose a big customer who
already gave him a big advance on the work, and you will be fired.  (These days you
might even be sued if not executed, if you work for a big company, since corporations
are now more powerful than governments.)  You know you can’t get there by noon if
you obey the speed limit, but rather than traveling at the speed limit most of the way
and then making a mad dash in the last leg of the rip, you try to spread the risk out
and come up with an average increase above the law given the fixed distance that
must be covered in a fixed time at a speed that is dictated by the changer, which is



time.  You do the calculus in your head so you can keep both hands on the wheel
while you dart around grannies, and decide to slow down a little bit and drive only a
little bit faster on the average than you normally would.  From time to time you look at
the clock, look at the speedometer, and adjust accordingly.  Seat of the pants calculus.
When you arrive five minutes before the deadline it’s because of your inborn ability to
do calculus.

To do the same thing on paper involves changing a quantity in a precise way so that
another quantity which depends on that change being right will itself come out right.

Since we’re talking about changes in time which affect changes in position, what
notions are involved?  An inventory of the values involved is in order.

 Time = tic-toc, tic-toc; this really takes a valedictorian.  Somehow, we don’t need

to think long about what time is; we’ll just call it the fourth face of God.

 Position = a value on some scale, like “within crawling distance of the nearest

saloon” or something even more specific, hopefully.  Like “1 foot” or “5 miles”.

 Change of time = duration, time elapsed, how long something takes to go from

position 1 to position 2: t2 – t1; that’s subtraction.

 Change of position = distance, how far from position 1 to position 2 = p2 – p1;

another subtraction problem.

 Speed = distance divided by duration, (p2 - p1)/(t2 – t1), the ratio of how much the

changee changes to how much the changer changes; this is the easy arithmetic

of finding an average.

 Acceleration = change of speed vs change of time = (v2 – v1)/(t2 – t1) = speed

difference divided by duration, another averaging task.

Calculus is coming on, I can feel it.

In the list above, speed and acceleration have something in common.  They are both
ratios of change vs change.  Speed is how much position changes with the march of
time.  Acceleration is how much speed changes over a duration of time.

A change of two interdependent values, compared to each other as a ratio, becomes
the process of differential calculus.  This “change per change” used to be called the
“differential coefficient,” but the name has been changed to “derivative”.  When you
differentiate a pair of co-dependent quantities, you find the derivative, or “take the
derivative”.  It’s just a wee division problem, change of y divided by change of x.
(FunkNot destroys the obviousness of this incredibly important fact, “but only in the
mind,” they argue…I respond, “Well I was trying to use my mind, if you don’t mind!”).



The purpose of finding the derivative of position with respect to time, for example, is so
that you can stay in your chair and design a machine or some process on paper
instead of building it by trial and error.  Calculus reduces reality to paper so we can
manipulate reality symbolically.  Lots of engineering can be done by people who don’t
know calculus, but what is the great determinator of possibilifications?  Time.  Time
and other independent factors can’t be controlled so their influence has to be built into
the design so it is realistic.  When an uncontrollable thing like time marches on to its
new value, it is useful to know what effect on change is going to be wrought upon its
dependents.

The process for finding derivatives, such as the change of position that will depend on
the value of a duration of time, involves simple arithmetic.  We will tackle the
arithmetic at the same time as we draw a picture of the motion.  Later you can tell
your friends, “Dudes, I tried to learn calculus today but I found out I already knew it
so part of me feels I haven’t learned anything and the rest of me feels cheated.”  Too
bad, didn’t your mama teach you to think for yourself?  Never take advice from a
mathematician!  It is their hobby to complicate everything because it leaves them
alone at the top!

Let’s draw some motion.

The graph shows the changer time on the horizontal axis, and the changee position on
the vertical axis.  Keep using the simple function or equation p = t2 for “multiply the
value of time by itself and you’ll get the value of position at that time.”  Or if you
prefer, say the same thing in FunkNot—p(t) = t2—and we’re back to “I am my own
grampaaaaaaaaw.”

First do the simple arithmetic and fill out a table of sample corresponding values.  For
p = t2 in the first 5 time units,

samples of changer time squared = t2 = position = changee
0 02 0
1 12 1
2 22 4
3 32 9
4 42 16
5 52 25

Now the picture of this kind of motion.  (A different function of time called position,
such as p = t + 3, would draw a different picture of motion.)

Connecting the dots curvaceously (the work of a four-year-old) draws a pretty picture
of this “function of t called p”.  Position is changing on the vertical scale, depending on
the dependably forward march of time depicted as progress on the horizontal scale.



Earlier we showed an even easier function and the result was, instead of a curve, a
straight line, diagonal, or slanted up as it moved to the right.  By always starting at
the exact beginning with the most boring stuff (like set notation and number systems,
yuck) the first act of most math books is to put students to sleep, then pile knowledge
upon prerequisite knowledge, creating a top heavy tower that is ready to topple.
Whose foundation is boring yucky stuff.  When most of what is to follow is common
sense anyway.  Boring yucky stuff is for professional mathematicians, and contrary to
popular belief, most engineers don’t need to be professional mathematicians any more
than they need to play the accordion, especially in the day of computers.  I suspect
that since basic calculus is so easy from start to finish, I could safely start in the
middle or anywhere that feels OK, because I don’t think my readers are idiots,
dummies, or utterly confused, as writers of so-called “easy calculus” books suggest in
their books’ titles.  It is the prerequisite system of education that has made idiots out
of all of us, and if I think giving info in unexplained terse truisms disguised as vast
abstract unapproachable Keys to the Kingdom is going to cut most of my audience off
at the brainstem, then I’ll start in the middle of this teeny tiny topic and let it flow, and
hope that you enjoy the show.

It’s almost infinitely impossible to learn something, easy or hard, until you yourself
become your own teacher, and that will never happen till you get interested in it.
Then you’ll be gulping it down willingly and looking for more just like it.  You may be
disappointed to learn that calculus as a practical tool for designing useful stuff is not a
very big topic.  In the meantime, Professor Joe Blow the textbook writer might try to
shove the same thing down your throat in nasty little foul unrelated mega-bites with
meanings folded in upon meanings, and if you know what’s good for you, you’ll throw
that prof out the window and tell him to stop scratching at your door.  But it’s called
“throwing the baby out with the bathwater” when you give up on calculus just because
of the idiot who’s supposedly trying to teach it to you.



Here’s the next thing you already know.

When you go up a hill, the steepness of your climb is very simple to figure out using
very simple arithmetic.  Look again:

For each unit you move, on the curve, to the right (time change) you move up a certain
number of units (position change) in order to stay on the curve.  We are tracking some
object, a real object in the real world, that is moving through time and from place to
place.  We aren’t necessarily talking about the object moving “up”; just moving along
any numbered scale such as miles away from Detroit if Detroit is p=0 or the starting
place.  As you proceed as far as you can get away from Motor City, the curve climbs
higher because the big numbers mean big distances away from the starting place.  If
the curve climbs faster, as this one does in moving farther to the right, it means you
are moving faster on the ground or in the air.  Something is changing faster.

This slowness or fastness of motion is of course “speed,” which is called positive or
negative “velocity” in engineering but let’s just keep it simple, move in a straight line
and positive direction which is not back toward Detroit (the starting place ) but away
from it.

To find the ratio of position change vs time change, you figure out the distance and the
duration if you don’t already know them, and divide distance by duration.  That is
speed.  It is the procedure you already know for finding an average: if six customers
crawl into the saloon in five minutes, and four more crawl in during the next five
minutes, and twelve more crawl in during the next five, what is the average influx of
crawlers in that 15 minutes?  Change of crawler population (22) divided by how long it
took for all 22 of them to get inside (time change 15 min = 22/15 = 1.47 crawlers per
minute on the average.  More accuracy could be obtained by finding the average of
each block of five minutes separately.  The intention behind calculus is the same, it’s
the simple arithmetic of finding averages, but applied on a scale that simply tricks



infinitesimally accurate (= very very very small) changes into giving up their secrets.
So if we know the function that defines how two things change together, we can
predict where the values will land at any place upon the scales of changes.

On the same graph we will now add some upright rectangloids of infinitely small
thinness, with the top end curved and the curve defined by the curve of the graph at
that point.  The picture just shows some vertical lines drawn between the curve and
the horizontal axis, so just imagine that these few lines are infinitely close together, in
the area shown, between about 2.5 and 3.75.  Now if you could draw them that way
and see them that way, the top of the rectangle formed by the curve would be no more
curved than a straight, horizontal line, because the two vertical lines are infinitely
close together.  But because the tall, skinny rectangles are infinitely narrow, the
difference between a real rectangle with four straight square sides and these
rectangloids with a curved top is infinitely small, thus negligible.  By filling a
predecided part of the graph with these tall, thin thin thin thin strips, we have made it
possible to think about finding the area of an irregular shape, a shape with one curved
side.  This will be our infinitesimally small cross to bear later in this program and we
will call it integral calculus, but for now I’m just making another point for your
consideration.  Obviously, and you don’t need a calculus teacher to tell you, to find the
area of the whole shape under the graph (shown here between about 2.5 and 3.75),
you just add up the small areas to get the area of the whole irregular shape.  Adding
the many small things gets a total for the big unknown thing.  Integral calculus does
that.

Just look at the picture.

If we measure a jillion different vertical lines between x=2.5 and x=2.5000001, add
their length and divide by a jillion, then try the same thing between 2.75 and 2.95,
and the same between 3 and 3.75, we’ll have average values for position that apply to



different spans of time on the scale.  The smallest one (time 2.5 to time 2.5000001)
will be the most accurate.  Since we aren’t going to finish the discussion of integral
calculus till later, just remember that the work of doing it involves addition,
subtraction, multiplication…that kind of thing.  “Doing” calculus in its basic, practical
form is often a matter of doing simple arithmetic.

Differential alculus is a simple way of dealing with averages so that instead of saying
“that’s just the average value” we can now say “exact” value because the duration
we’re talking about is so small and the measurements so many.  In this case, the
infinitely average value of the slope of the curve/equation/function is easy to find in
the equation that generates the curve.  In the equation p = t2, the slope at a particular
value of t is found by evaluating the function at its derivative or p′ = 2t.  This is our
first derivative.  The slope and the derivative are specific and general words for the
same thing, and you can see in this example that, since the slope generating equation
p′ = 2t contains the independent variable t, then for every value of t there will be a
different slope p′.  It’s easier than finding average change of p per change of to, or
(p2 – p1)/(t2 – t1).  Some of us can even multiply 2 by some number without a calculator!
Call it calculus if you want; I call that arithmetic!

Which means that calculus finds the exact slant of any point on the curve and this
slant, technically called “slope,” is the exact same value as vertical change divided by
corresponding infinitesimally small horizontal change, the same value as
distance/duration.  They’re all the same thing.  This makes the picture of motion
infinitely valuable.  Calculus is the simple ploy that makes the answer to the un-
doable thousand measurements riddle easily accessible via simple arithmetic.

For example, consider the case of the time duration t2 – t1 = 0.000000001 seconds,
during which duration a position change takes place—a distance is covered—which we
want to study.  Make a chart.  We’re still using the function p = t2.

consecutive
points on the

time scale

consecutive
points on the
position scale

current time
difference from

initial time

current position
difference from
initial position

ave. Δ position/
time, based on
dist. /duration

derivative of p and t based on
the function p = t2

t p = t2 duration from
time=2

distance from
position=4

Δp/Δt =
(p2 - p1)/(t2 - t1)

p' = 2t

2.00 4.00 - - - - - - - - - 4.000000000000000

3.00 9.00 1.00 5.00 5.00 6.000000000000000

4.00 16.00 2.00 12.00 6.00 8.000000000000000

5.00 25.00 3.00 21.00 7.00 10.000000000000000

6.00 36.00 4.00 32.00 8.00 12.000000000000000

7.00 49.00 5.00 45.00 9.00 14.000000000000000

8.00 64.00 6.00 60.00 10.00 16.000000000000000

9.00 81.00 7.00 77.00 11.00 18.000000000000000

10.00 100.00 8.00 96.00 12.00 20.000000000000000

11.00 121.00 9.00 117.00 13.00 22.000000000000000

12.00 144.00 10.00 140.00 14.00 24.000000000000000

sum 55.00 605.00 11.00 154.000000000000000

sum /10 = average 5.50 60.50 11.00 14.000000000000000



At this degree of magnification the graph of the curve looks like a straight line.  What
this boils down to is that the effect of a real but infinitely small change of the changer
time is no longer an ever-changing curve to figure out its slope or rate of change of
changee/rate of change of changer.  The slope is almost constant at this small span
and that leads to the point of this discussion: the purpose of differential calculus is to
find the real slope of a function at a single point.  This is the instantaneous value of
the slope as opposed to an average value, but the instantaneous value is an average of
changes so small that its accuracy is complete.  Not just approximate but totally
accurate.  Because the smallness of the changes accounted for by calculus is infinite.
Calculus makes average values accurate at all points throughout a change of value.
The span covered by the change for which the slope is found is so small that we prefer
not to use simple arithmetic in the old way to find this average; instead we use simple
arithmetic in a new way to find the slope at a point on a curve; this new way of doing
simple arithmetic is called “calculus”, not purposely to make it sound scary, but
because it was discovered long after addition and subtraction had already been
mastered, so they needed a new name for it.

What’s all this fuss about “slope of a curve” and all that?

The derivative IS the slope!  The word “derivative” is not just four meaningless
syllables.  These four meaningless and rather frightening syllables refer to ALL the real
things that happen all around us all the time.  When anything changes, it does so at a



certain rate, and that rate can be compared to other changes that cause this change or
that are themselves dependent on it for their value.  If you invent something that does
something, it achieves an intended or desired change in the physical universe.  It
needs to take place at a certain rate with respect to something else, such as the
purposeful change upon which it is dependent.  If it doesn’t, you might not get paid for
your invention.  People will laugh at you, because your invention will not work.  They
might throw you in jail.  Toss stones.  Feed you to the lions.

The curve is just a picture of two things changing together, the changer and the
changee.  The slope of the curve is just the rate at which the changee changes with
respect to the changer.  If a curve is not straight, but actually curved, then the slope
changes all the time.

The distinction between a curve’s slope and a curve’s derivative—that is, the derivative
of the equation that defines the curve—is that the whole curve is generated by one
equation and has one derivative.  This one derivative, which is just another
mathematical expression like 3 or 3t or 33x9 or 369z4 – 7, tells us what the slope is, at
any point on the curve, no matter how curvaceous the curve is.  It is the almighty
power of calculus to tell us how to do this derivationing* with simple arithmetic (for
simple equations) and with a little wave of algebra or maybe a puff of trigonometry for
more interesting functions.

The derivative is a function that accurately tells us, as a generalization that can be
applied to any number of different instants, moments, or conditions, how fast the
changee changes when the changer changes.  The slope is the value of the derivative
at a specific point or condition or moment or instant.  For example, “when time = 7,
the slope is 49, but when time = 9, the slope is 81 instead”.  The same derivative gives
both answers.  Calculus helps determine the instantaneous (corresponding to a
specific moment) slope of something that doesn’t sit still to have its picture taken, that
is, a constantly changing slope.  The purpose of the last graph, where the curved curve
looks straight because the change is so small compared to the domain of the picture,
is to show a rough approximation of what calculus does, by showing why a small
change is the thing to look at if you want to know an instantaneous slope, or rate of
change per change.

* I just wanted to point out that “derivative” is a calculus rate change ratio but “derivation” is not calculus.  One equation is
derived from another, like 2 = 1 * 2 and 1 = 2/2.  That’s “derivation”.  On the other hand, “derivative” is a special use of the
root word but is unrelated to the original meaning of “derive”.  So instead of saying “derive” when doing differential calculus,
it’s better to say “take the derivative” which just means “find the derivative”.  As for those who try to tell you that a derivative
is not a real ratio, ignore them.  These are Rigorists, and they just want to confuse you so you won’t try to interlope on their
field.  This topic will be taken up later.



Consider this example based on the graph segment above.

consecutive points
on the time scale

consecutive points
on the position

scale

current time
difference

from initial
time

current position
difference from
initial position

slope or rate of
changes, based

on
distance/dura-

tion

derivative of p and t based on
the function p = t2

t p = t2

duration
starting at
time = 2

distance from
position = 4

dp/dt = (p2 -
p1)/(t2 - t1)

dp/dt = p' = 2t

2.0000000000 4.0000000000 - - - - - - - - - 4.0000000000

2.0000000001 4.0000000004
0.0000000001

00000008
0.00000000040

0000033
4.000000000 4.0000000002

2.0000000002 4.0000000008
0.0000000002

00000016
0.00000000080

0000066
4.000000000 4.0000000004

2.0000000003 4.0000000012
0.0000000003

00000024
0.00000000120

0000099
4.000000000 4.0000000006

2.0000000004 4.0000000016
0.0000000004

00000033
0.00000000160

0000132
4.000000000 4.0000000008

2.0000000005 4.0000000020
0.0000000005

00000041
0.00000000200

0000165
4.000000000 4.0000000010

2.0000000006 4.0000000024
0.0000000006

00000049
0.00000000240

0000198576890
4.000000000 4.0000000012

2.0000000007 4.0000000028
0.0000000007

00000057
0.00000000280

0000231673040
4.000000000 4.0000000014

2.0000000008 4.0000000032
0.0000000008

00000066
0.00000000320

0000264
4.000000000 4.0000000016

2.0000000009 4.0000000036
0.0000000009

00000074
0.00000000360

0000297
4.000000000 4.0000000018

2.0000000010 4.0000000040
0.0000000010

00000082
0.00000000400

0000330
4.000000000 4.0000000020

sum
0.0000000055

00
0.0000000220000

01820
4.000000000 44.0000000110

/10 = ave.
0.0000000005

50000045
0.00000000220

0000182
4.000000000 4.0000000010

Don’t let the charts scare you.  We’re not going to analyze the details, we’re just
glossing over, comparing the two charts, and trying to spot patterns.  I am showing you
that the derivative of a function defines the slope of a curve with exact precision by the
same simple arithmetic as averaging some numbers.  To brush up if necessary, here’s
how you average some numbers: in each case you add the numbers and divide by how
many numbers there are:

1 + 3 + 5 = 9 9/3 = 3 3 is the average of 1, 3, and 5
5 + 20 + 22 + 60 = 107 107/4 = 26.75 26.75 is the average of 5, 20, 22, and 60

101 + 112 + 62 + 94 + 12000
= 18041

18041/5 = 3608.2 3608.2 is the average of 101, 112, 62, 94, and 12000

In our case we want to find the derivative of the function p = t2 because it tells us the
slope of the curve at any point.  That’s pretty amazing, especially considering how easy
it is to find the derivative, because this single magic number has to give a different
answer for every point on something that is different everywhere you look.  If the curve
was a straight line, the derivative would provide the same answer for every point on
the line since the slope is constant for a straight line.



Our other goal is to shine our little light of lucid love into calculus to behold the
simplicity of it as a way of finding the average value of an infinitely small
change…which is my favorite description of the derivative.

On the first chart a few pages back, some sample values for the changer, time, that
generate a curve defined by p = t2, were listed in order.  Everything else in the chart
was output automatically by spreadsheet formulas.  (You don’t have to use
spreadsheets but it makes everything easier and more fun, especially if you’re senile
like me.)  The first two columns are the ordered pairs that generate the curve on the
graph, such as (2, 4) and (3, 9) etc.

The next column is the change in position from the starting position, which was
4, so the distance when p = 16 would be 16 – 4 = 12.  This is  distance, or p2 – p1.

We know that slope is vertical change/horizontal change so in our case that’s distance
divided by duration = rate of change or slope or speed, at the point on the curve where
the changes are measured.  That is exactly the same procedure when figuring out
averages in the last chart.

So far all seems well but the difference between the two charts is that, in the first
chart, the time changes input to the first column are big changes, and because of that
the last two columns—“average change” and “derivative”—are completely different from
each other.  The math is right, but the notation dp/dt would have been wrong because
dp/dt is supposed to be the same as p’; these are two notations for the derivative or
the ratio of how fast distance changes while time is moving on the smallest bit.  So in
this chart I changed it to Δp/Δt which still means “distance divided by duration”, but
in this case it isn’t calculus because the changes aren’t very small, much less infinitely
small.  So Δp means “change of position”, while dp means “infinitesimally small change
of position” or “wee increment of position change.”  That little triangle is just a Greek
letter D or “delta”, and I forbid you to be intimidated by Greek letters in notation.  If
you see one you don’t instantly know what to do with, just seek out the meaning and
use it like any other variable.  Often they have no special meaning, especially in old
textbooks written before certain standard usages came to be widely shared.  But in the
case of these two symbols and a few others we will learn, Δ and d are not variables;
they both refer to a kind of change.

At the bottom of three columns are sums and averages, and with an average slope of
11 which is not equal to the derivative 14, because the changes weren’t small so the
averages are just ordinary averages and not approximations of the derivative.

The last column shows the derivative of p = t2, which is the correct value of dp/dt
a.k.a. p′ and just so happens to be equal to 2t for all points on the curve.  The trick for
finding the derivative of p = t2 and other simple functions will be given a little later (It’s
too easy to bother with right now and it isn’t really the point, or the heart of calculus).
Oh by the way, did you ever wonder why spreadsheets don’t do calculus?  Because
calculus is not a separate branch of mathematics, spreadsheets do basic calculus by
doing simple arithmetic, same as anyone else.



The main point is now to compare this first chart, which shows various slopes at very
different parts of the curve, which means various speeds at different points in time
and space, with the chart below it.  The spreadsheet formulas are identical; only the
times plugged into the first column are different, and that changes everything.

This time I put a series of moments very close together on the time scale in column
one.  Now the resulting average change is very close to the precise derivative found by
p′ = 2t.  The last two columns are very close.  In fact the values are very very very very
very close since the changes are so small.  The reason that the approximate slope
found this way is a little different from the real derivative found by dp/dt = p′ = speed =
slope = 2t  is that the changes were not infinitely small.

Calculus solves the problem of having to do all these approximations by giving us
tricks that find the derivative directly and exactly.  The derivative of p = t2 is v = 2t.
Velocity is v, that is, the speed or the change of position divided by the change of time.
You can find the approximate slope at any known point of the curve by dividing the
distance traveled by the changee by the duration of the changer during which the
distance is traveled; that’s the approximate slope at that point, if you use points that
are very close together.  But with calculus you can find the derivative directly and it
will quickly tell you the exact slope for any point on a function’s curve.

As a helpful reminder and motivational spurring, I repeat once again, this abstract
information is all about that machine you have been trying to invent for 35 years.  The
parts of it you think you don’t understand.  How far you move that magic lever before
enough pixie dust falls on the human spirit to relieve it of the creeping crud and
thereby save the earth and other endangered species from sure peril.  By which I mean
to say: this is important.  You need to know what the textbooks are talking about so
you can use them.  If left to the devices of textbooks writer—who are mostly all about
the same and already busy serving the status quo—we inventors might as well keep on
throwing in the towel as we’ve been doing ever since they made us stupid eighty years
ago when textbooks stopped teaching.

Here are some definitions and distinctions:

Function: an equation where the changee (the result, or “dependent variable”) is found
by doing something to the changer (the cause, or “independent variable”), and the
equation tells you what it is that has to be done.  Thus, p = t2: the value of p depends
on the value of t because t has to be squared to get p.  If you don’t know t you have to
choose a value as a sample to see what p would be if t were the value you guessed.  If
you’re talking about the real world, you can do research or experimentation to find
realistic values for your independent variable or changer.

Slope: the ratio of the change of the changee to the change of the changer, or dp/dt for
a function of position with respect to time.  More generically, dy/dx, with the
convention that x is usually the independent variable plotted on the horizontal axis of
the graph, and y is usually the dependent variable plotted on the vertical axis of the
graph.  Slope is found by dividing change of changee by change of changer.  This gives
relative rate of change of both variables together, and defines the dependency within



the relationship.  If you use a large change, the answer is just an average; if a very
small change, it is both an average and an approximate value of the derivative.  The
slope of a curve keeps changing while the slope of a straight line is constant.  The
slope of a horizontal line is zero because the numerator of dy/dx isn’t changing so dy
= 0.  Slope represents rate or speed of change with regard to something else that has
its own rate of change, so when the equation is about change of position with regard to
time, slope is speed* itself, they’re the same thing.  In the same way, if velocity is the
changee and time the changer, the slope of the graph is the rate at which velocity per
time is changing, a.k.a. acceleration.  Those are just two examples of slope on a real
graph, it is always the dy/dx or rate of change in the dependent relationship.

Tangent is a straight line that approaches a curve, touches the curve only at one point,
and then heads away from the curve.  The slope of a point on a curved curve is its
tangent line.  More on this later.  Do not fear the terminology of trigonometry.  Trig is
easier than geometry, that’s why they teach geometry first.  I’ll teach it to you in 45
minutes, but first I have to learn it, and it will take me an hour or two to learn it
because you’re smarter than me.

Differentiation is the process for which the derivative is the solution.  It heads a
collection of easy tricks called differential calculus.

Derivative is an expression of changer per change.  It can be written different ways,
such as dp/dt = p′ = v = 2t that gives you the derivative of position as a function of time
in this example, which is also velocity, if you will just multiply the time by 2.  So at
time = 4 the speed will be 4 * 2 = 8 position units.  That could be 8 meters after 4
seconds of crawling or 8 miles after 4 minutes of driving, or whatever the units are.
Derivative applies to the whole curve since there’s only one derivative for a function.
Derivative gives slope at any point but unless the slope is constant, the derivative and
the slope aren’t the same exact thing.

Integral calculus, flipside of differential calculus—adding up and averaging
infinitesimally small pieces of area to find total area of shapes on graphs that are the
sam value as answers.  For example, a use of integral calculus in compressed air
calculations is to determine the area of a shape on the pressure * volume graph,
because that area is the work required to achieve the pressure and volume change
depicted by the graph.

NOW FOR THE MOMENT OF TRUTH: HOW TO FIND THE DERIVATIVE.

The letter d is not a factor or a variable, it is a symbol for a process and it means
infinitesimal change of whatever variable it’s attached to.  So dy/dx refers to how much
y changes when x changes.  This is a proportion, a ratio, a fraction, a percentage, and
a division problem.  The gist of the rigorists’ argument against using these
“infinitesimals” or “differentials” or “infinitely small numbers” to describe calculus is
that we can’t write them.  There are many reasons why they are actually valid, beside
the fact that they get the right answer as they did for Leibnitz and Newton, the

* Actually, speed is a scalar quantity and velocity is a vector quantity.  Speed doesn’t take direction into account and velocity
does.  But in this book the problem doesn’t come up so the terms are used interchangeable.



supposed inventors of calculus.  Currently my favorite pro-infinitesimals argument is
that, since dy/dx is an actual number, dy and dx both have to be actual numbers too.
That’s meant to be an intuitive, rather than a rigorous argument.

And y′ (“the derivative of y with regards to…something…”) means the same thing but
assumes you know what the changer is, such as x.  In regards to motion, which
involves position, time, and velocity, dp/dt = p′ = v when t is the changer.  And p′′ = v′ =
a for acceleration; acceleration is dv/dt when t is the changer.  Obviously the
independent variable is silently built into some of these notations, which is why a
mathematical expression like p′ is inherently scary for the uninitiated; the mind tells
us we don’t have enough information to break the code, but the mind doesn’t realize
how easy it would be to find out, because the mind specializes in freaking out,
assuming that the unknown is always going to be a prerequisite we missed when we
quit college three years early.  Wrong again; quitting college was also an uninformed
decision but practically speaking, we didn’t miss much except a greater pileup of
student loans.

Here’s the Trick* for directly differentiating simple
expressions.  Notice the pattern is the same for all
the examples:

Func-
tion

derivative of function**

y = x = x1 dy/dx = y′ = 1 * x0 = x0 = 1
y = x2 dy/dx = y′ = 2 * x1 = 2x
y = x3 dy/dx = y′ = 3 * x2 = 3x2

y = x4 dy/dx = y′ = 4 * x3 = 4x3

y = x5 dy/dx = y′ = 5 * x4 = 5x4

y = x100 dy/dx = y′ = 100 * x99 =
100x99

THE NATURE OF THE DERIVATIVE AND WHERE IT COMES FROM

We are often warned by Rigorists to not mistake this Trick for the nature of the
derivative, as if “it’s just a trick and has to come from a series of operations that prove
its veracity.”  Despite the inaccuracy of the Rigorists’ claims, let’s prove its veracity on

* The Trick is actually called The Power Rule of Differential Calculus, if you prefer that term.
** In case you’ve forgotten, anything to the power of 0 is 1, and any number to the power of 1 is that same number.  For
example, Bugs Bunny to the power of 0 = 1, and Elmer Fudd to the power of 1 is Elmer Fudd.



a pragmatic level now, using a line, a square rectangular area and a cube to show the
“power rule” in action.

In later chapters, the routines will be given for several differentiation tricks when the
expression to be differentiated is not this simple.  We will also devote an interesting
chapter to refute the boring, repetitive, and unsupported claims of the Rigorists.

INTERLUDE FOR SELF-EXAMINATION

“…Integration…is the reverse of differentiation.  We may be given a rate of
change and we need to work backwards to find the original relationship to
(or equation) between the two quantities…”

—Murray Bourne, www.intmath.com

Writing the preceding material got me high, because it is new information and being
able to say something new makes my little heart go pitter-patter.  But suddenly, with
the whole of calculus waiting to be explained, I was attacked by doubts: who am I to
try to explain calculus to anyone?  I am just a beginner, a raw neophyte.  The answer,
in advance, is that a beginner is the perfect person to describe something to beginners,
if he knows how to describe things in general, because compared to the kinds of
experts who usually write textbooks, the beginner is intimately familiar with what it is
about the existing descriptions that needs to be improved.

Back to the question…who am I to…?

I set off across the internet on one of those surfing ventures we all know and love,
wherein one can expect to meet up with all kinds of scary monsters, good Samaritans,
false prophets, weary travelers, and an occasional grudging mentor.  Of the calculus
explainers I ran into, I only found one who I thought would avoid pissing me off.

In great excitement, based on the many testimonials he had on his page, I copied all
his pages onto my hard drive in case the internet should suddenly be outlawed by our
current or next benevolent dictatorship, and finally after due procrastination got sat
down with my coffee and started reading.  So far so good, the introductory material
had me convinced that the writer was going to draw a clear, simple picture of my new
pet topic, The Calculus.

I clicked on to the first lesson and instant headache.  Everywhere as I scrolled up and
down the page, it was all slimed with FunkNot!  This very capable writer and
experienced teacher had set out to do what to him would be impossible; as a paid-up
member of the educationist clique, he could not threaten his reputation by sending
function notation to the 9th sub-basement of hell where it belongs.  He had to
obfuscate the obvious; even after mentioning that f(x) = y, he had to make things
difficult by using f(x) instead of y.  I considered trying to slog through the added layers
of obfuscutility to get the material learned, but my rebel heart skipped a beat at the
very thought.



And I have returned once more to this heady diatribe, renewed in righteousness and
pissed enough to continue.

THE NATURE OF THE DERIVATIVE (CONTINUED)

Constant slope is when the curve expressing a function is a straight line.  Remember
what the curve and the slope represent.  The curve is a picture of the changes made to
the changee by the changing of the changer.  It’s a picture of the function.  The slope
of the curve is the rate of change of the variables with respect to each other at a
certain point or condition.  For the purpose of predicting the effect of design decisions,
for example.  “If I make the widget this much fatter, how much stronger will it be?” etc.

Regarding a linear equation which is depicted on the graph as a straight line with
constant slope, it intuitively seems as if the line and its slope are going to be the same
thing.  Well that’s a good guess but it’s more interesting than that.  But still super
easy.  The first thing to do is to take the mystery out of the term “linear equation”, in
case your last algebra class was as long ago as mine.

The shape of the curve of a linear equation is always a straight line, thus “linear”.  The
equation itself will have no exponents, or more accurately, the independent variable
(changer) will always be to the power of 1, and x1 = x.

The slope of the linear equation is easy to pick out of it, because it is always the
coefficient by which the independent variable is multiplied.  So in the equation…

y = 2x1 – 4

…x is the independent variable (changer; cause), y is the dependent variable (changee;
result), 2 is the slope, and –4 is the starting place on the y-axis or vertical axis of the
graph, also called the y-intercept.  Slope is constant (always the same) in a linear
equation because it’s a straight line; it goes up or down at an unchanging rate.  All
this makes sense once you think about it, and if you do think about it, then by golly,
you might remember it, or if you’re senile like me, you might remember having once
remembered it, which will help a little bit next time you wake up from a nap having
forgotten where you live, as well as what the heck is a linear equation.

In a linear equation, y is the distance up or down on the graph, so (if you think about
it) it’s apparent that the added or subtracted constant like –4 in the example doesn’t
affect the shape of the curve (its straightness or its slope), because it only changes y.
The shape of the curve is dictated by the other term, the one with the independent
variable in it.  So 2x1 is the shape of the curve.  So it’s like this in real words:

y = 2x1 – 4 in words:
y is a curve that…

—is straight (because of the exponent 1)
—slopes upward (because 2x is not negative)
—changes upwardly 2 units for every one unit that it moves forward
(because the slope 2 = 2/1); and



—the curve thus defined as 2/1 * x1 is shifted down as a whole, four
units so it will intercept the y-axis at –4.

So –4 sends the whole thing, its shape already defined by 2x, down 4 notches on the y
scale from where it would otherwise be; if there was no added or subtracted constant
then the curve would have intercepted the vertical axis (y-intercept) at 0 because the
added constant is + 0 which can be left out.  Always remember y = mx + b.

A slope of 2 means 2 up and 1 over, because 2 is short for 2/1.  In the same way, a
slope of 7 is 7/1, or 7 units up and 1 unit over.  A slope of 99 is 99/1, or 99 up for one
over.  A slope of –3 is –3/1, or 3 units down (since it’s negative) and 1 unit over.  A
slope of 17/32 is 17 units up and 32 units over.  A slope of 0.375 is 0.375 units up
and 1 unit over, and a slope of 3/8 is 3 units up and 8 units over.  Since I happen to
know that 3/8 and 0.375 are the same number, I can guess that if I multiply 0.375/1
by 8/8 or 1, the result is 3/8.  This brings us back around to the perspective I want
you to keep, which is that slope is a fraction, a ratio, a division problem, a percentage
AND the derivative.  And the derivative is also a fraction, a ratio, a division problem, a
percentage: that’s why dy/dx is a good way to notationalize derivatives, because it
helps you keep that perspective.  Many people who use calculus every day have no
idea what it means, and for inventors I don’t recommend a lack of perspective.

With that in mind I waste many words here to provide a lot of padding between new
ideas because I am not so much your teacher as your enabler, and by keeping your
conscious mind as engaged as possible with extra philosophy and plenty of bad jokes,
I expect it to be kept out of the way so that your unconscious mind can find the
breathing room to teach you the calculus you already know when you manage, time
after time, to cross a busy street without getting run over.

In other words, I am hypnotizing you into teaching yourself the calculus that you
already know.  That’s why this book was so cheap: you already know calculus.

Getting back to the co-dependent components of motion, p is still position, the
changee, since it depends on t, the changer time.  So in a function where p is the
dependent variable (changee), p goes on the left side of the equal sign, and the right
side of the equation will spell out a rule naming what has to be done to t in order to get
p as the answer.

p = ?t1 + ? is the template for a straight line graph, the linear equation.

What can we say about the most minimal of linear equations?  How does this fit the
above template:

y = x

Just expand it to fit the template by adding template members that don’t change its
value:

y = (1/1 * x1) + 0



Now we know that the function  y = x has a slope of 1 (1 up and 1 over: it will climb at
a 45 degree angle); we know it is a straight line (because x is to the power of 1), and we
know that the line crosses the y-axis at 0, the starting place.

One example from real life should remove any remaining mystery from this most
elegant of definitions for “line on a graph at a certain angle”.

A dog escapes from his people’s back yard and starts running at a constant speed, a
mile a minute, that’s 60 mph or 88 feet per second.  It is very exciting to escape from
one’s prison, there is no greater adrenalin rush not involving sex or violence.  He runs
all the way to the capitol (these folks live in Washington D.C.).  The house he escapes
from is already halfway to the capitol, which is 4 miles from the river on the same
street.  We are interested in knowing something about how fast the dog is leaving the
river behind, because the river is where his current adoptive people had found him,
after he jumped out of his former owner’s boat when his owner, who was listening to
the news on the radio, commanded the dog to go bite the President on the knee for not
keeping his campaign promises.  The dog’s purpose in now running toward the capitol
is that he still wants to find the President and bite him on the knee.  Ignoring
extraneous verbiage (which is the secret of success in working word problems), we
have these conditions:

—The house is halfway to the capitol from the river, so the house is 2 miles from the
river and the capitol is 2 miles from the house;
—the dog starts at the house and heads for the capitol;
—the dog runs at a constant speed of 60 mph which is 60/(60 * 60) miles per second
or 0.0166 mi/sec.
—the origin point for the graph is the river, so the river = position 0.

Since the dog runs at a constant speed, the graph will be a straight line.  This is
because the slope on a position vs time graph is speed.  That is because speed is the
ratio of the change of position to the change of time, or distance/duration. The speed
then will be 0.0166/1 and since slope is the derivative, we already know the calculus;
the derivative is dp/dt = 0.0166.  Now we add the starting place or 2 miles from the
river, and we can build the linear equation:

p = 0.0166t + 2

Now for example, if we want to know how far from the river the dog has gotten after 19
seconds of running, just substitute 19 into the equation for the independent variable t:

p = (0.0166 * 19) + 2
p = 2.03154 miles away from the river after running for 19 seconds

Now to do the trick of differentiating.  We know that the shape of the line is described
by the first term 0.0166t, while the second term + 2 just shifts the finished line up 2
notches since 2 is the starting place.  The added variable in this and all expressions
like it will not have any effect then, on the calculus feat of “taking the derivative”,



because the line’s shape is described completely by the independent variable and its
multiplied constant.  With that in mind, and following the Trick instructions from
above, the derivative then turns out to be the constant slope dp/dt = p′ = velocity = v =
slope = 0.0166.

Double check with the ratio technique.

dp/dt = distance divided by duration = (2.03154 – 2)/19 = 0.0016

There now, I just solved the world’s problems with easy arithmetic posing as calculus,
and if I can do it then so can you.

QUADRATIC EQUATION

We just learned that the multiplied constant of the independent variable in a linear
equation is always the slope.  This is borne out by the process of differentiation itself.
For example take a look at the process of differentiating the linear equation y = 2x + 9:

—the exponent of the changer in linear equations is always 1: y = 2x1 + 9
—the constant * the changer * the changer’s exponent always equals the constant *
the changer because multiplying by 1 doesn’t change anything: 1 * 2x = 2x
—the result of then putting the changer to the power of 0 changes the changer into 1,
which as a multiplier just goes away: x0 = 1, so x0 * 2 = 2
—the added/subtracted constant also goes away; leaving as the derivative only the
original multiplied constant: y′ = 1 * 2x0 = 2
—this constant had been the constant slope of the original function and is all there is
of the function’s derivative: y = 2x + 9 differentiates to dy/dx = y′ = 2.

What if this was not a linear equation, and the exponent had been 2 instead of 1?
Then its power in going down 1 would be 2 − 1 =1, and the resulting derivative would
contain the changer to the first power: if y = x2 − 7, then y’ = 2x1 = 2x.  The Trick for
finding the derivative of such a 2nd degree function is the same as the Trick for finding
the derivative of a linear (first degree) equation.  But the slope of the derivative of a 2nd

degree function is not constant, so we know that the curve is not a straight line,
because for each value of x, the derivative 2x names a different slope for the original
equation.  Instead of always drawing a line, a 2nd degree function always draws a curve
called the parabola.

Looking from the perspective of the function that is the derivative, the original function
or founding function that it came from is called the anti-derivative or the primitive.
We’ll get back to that.

A function whose changer is to the power of 2 is also called a quadratic equation.  You
studied this friendly beast in algebra, but might have forgotten, like me.  You had to
factor thousands of examples.  Remember?  If you see something like…

y = (x + 2)(x + 3)…



you do the FOIL multiplication (First, Outside, Inside, Last) to get…

y = x2 + 3x + 2x + 6
= x2 + 5x + 6

That’s all I can say about algebra without revealing how much of it I have forgotten,
and that is all you need in order to understand this section.  In order to actually use a
lot of calculus, you will have to remember a lot more algebra than that, not because
the calculus itself demands it, but because the facts of life demand it.  But I’ll leave
your algebraic skill level up to you.  If you graduate from this book to the 100-year-old
classic Calculus Made Easy by Silvanus P Thompson, you will have to use a lot of
algebra to work the exercises.  But all basic calculus is easy, it’s the algebra and
trigonometry it comes embedded in that will force you to review your basic
mathematics beyond simple arithmetic.

For our purposes at this point, the quadratic equation includes the changer squared, a
multiplied constant applied to the change of any value including 1 but not 0, and an
added constant of any value including 0.  Here are some examples of quadratic
equations that you already know how to differentiate:

z = 1x2 + 0 = x2

r = 4x2 + 9
g = t2

Here are the steps to differentiate the simplest of these things, that is the ones where
there is only one occurrence of the changer (unlike p = t2 + 3t – 5, which I haven’t
talked about yet, but it’s just as easy to differentiate).

First, the multiplied constant just stays and continues to be a multiplied constant of
the changer in the derivative.  So the derivative of 12x2 will just be 12 times the
derivative of x2:

quadratic
equation

deriva-
tive

p = x2 + 13 p′ = 2x
p = 12x2 p′ = 24x
p = 12x2 + 13 p′ = 24x

Second, while a linear equation has no terms of a second order, a quadratic equation
has a 2nd power in it.  While the linear equation is drawn by a line on a graph since it
has a constant slope, a quadratic equation describes a curvy curve; it is always drawn
by a parabola on a graph, that’s a certain shape of curve.  Only the 2nd order term is
obligatory:

quadratic
equation

derivative

y = 5x2 + 3x + 8 y′ = dy/dx  = 10x +
3



z = 5x2 + 3x z′ = dz/dx = 10x + 3
q = 5x2 q′ = dq/dx = 10x
s = x2 s′ = ds/dx = 2x

We know how to find the derivative in the second column using the Trick, and given
the reminder that added constant numbers are irrelevant to the change so not part of
the derivative.  Also there is the rule that when differentiating an equation containing
two or more added or subtracted terms involving the changer, like y and z above, the
terms are differentiated individually and the derivatives added as shown in the first
and second example above.  Rules like this will be covered later in a separate section.

WHY THE BASIC DIFFERENTIATION TRICK WORKS

Basically then, to repeat the Trick by example, the derivative of x2 = 2x, the derivative
of y2 = 2y, the derivative of 0.5x2 = 2 * 0.5 * x1 = x, etc.

Here’s the reason why this is true:

y = x2 = area of a square

Grow the square by an infinitesimally small amount so that the new side length =
x + dx and the new area = (x + dx)2.  The second drawing shows both squares but with
the quantity dx exaggerated just so you can see it; it is still a real but infinitely small
increase.



The area of the bigger square minus the area of the smaller square is the change in
area, and area is the changee since its change depends on a change of the square’s
side length.  So side length x is the changer.

Since the goal is to find out why the derivative of x2 = 2x, let’s do the math and find
out:

dy/dx = y′ = [(x + dx)2 – x2]/dx

The equation means that the derivative of the area equation y = x2 is equal to the ratio
of area change to side change.  This works because dx is not as shown, but infinitely
small.

side length area as a function of side length derivative of area vs side length

origi-
nal

x y = x2
dy/dx = (y2 – y1)/(x2 – x1) =

[(x + dx)2 – x2]/dxfinal x + dx y = (x + dx)2

Working out the derivative one step at a time:

dy/dx = [(x + dx)2 – x2]/dx

= [(x + dx)(x + dx)  – x2]/dx

= x2 + 2x(dx) + (dx)2  – x2/dx

= [2x(dx) + (dx)2]/dx

= [2x(dx)]/dx

= 2x

The term (dx)2 is dropped because it’s the infinitely small part of an infinitely small
part, thus has no value above zero that can be accounted for.  It is pictured on the
second square as the tiny box in the corner, but remember that the picture
exaggerates the size of dx just so it can be visualized.  Since they are infinitesimally
small, these incremental quantities can’t be seen with any microscope that humans



are capable of making.  To see these things accurately as they exist in nature, magic
would be helpful.  Basic calculus would have to be reinvented if these small quantities
were to be dealt with in any other way than to be discarded.  Of course the modern
textbook has tried to invent magic called “limits”—in terms of which calculus has been
redefined—and discarded infinitesimals completely.  That’s why these textbooks are
100 times harder than this book; you don’t have to already understand this book in
order to read it.  And when Newton & Leibnitz pulled calculus out of the dust of the
earth and increased its standing so much that they were given credit for inventing it,
they used infinitesimals—also known as differentials—to describe their find.

Looking at the derivatives of geometric shapes is the most common way of visualizing
what calculus does to a function, and the dropping of quantities that are small-by-
small or high degrees of smallness is crucial to understanding the derivative of
geometric shapes.  Several examples of geometric shapes will be derivativized,
sometimes one from the other, later on.

A CHALLENGE TO MY READERS…(JUST KIDDING!)

Not that making it easy to learn easy stuff should be the goal of teaching… um…
errr…well…OK, come to think about it, what on God’s Green Earth could possibly be
wrong with teachers and schools getting more interested in getting the material taught
and less interested in screening out atypicals by making multitasking, team sports,
and the ability to read social signals and learn the unwritten rules—in short, joining
cliques and playing politics—the main challenge in favor of just getting a skill learned?
Maybe if more losers could get a flippin’ job, there’d be less losers running around
trying to figure out where they can sleep tonight without getting arrested.

No, this challenge is to the competition: what a dirty rotten shame that an uneducated
frog like me has to take it upon himself to teach calculus to the unwitting masses,
because teachers are so stuck in the snob program which is academia that the
quickest way to learn a usable skill is to get as far away from any school as possible.

My challenge to math teachers everywhere: do better than I can.  Explanations simpler
and more obvious and universal.  Motivations more appealingly effective.  Better jokes.
Streamline the learning process without ripping the heart out of it by way of the
terseness conceit.  Put notation in second place and teach the topic first, stop making
notational conventions a stumbling block and use it as a tool instead.  Get the
essential information lodged between ears in such a way as to make it want to stay
there.  Then, with students already able to differentiate and integrate the nth part of
the dark side of the moon with one hand tied behind their backs, teach the notational
conventions that the educationists are currently stuck on.  After it’s too late for
symbolic baggage to stifle the joy of discovery.

First and foremost, teach math with words and alternate perspectives of repeated
themes, patterns, applications and examples, and minimum notation.  Second, get off
the prerequisite/specialism high horse and teach the skill of doing math as early as
possible.  Calculus is not a separate branch of mathematics.  It is currently being kept
a secret from unsuspecting students that they already can do calculus in their sleep



and are learning how to do calculus on paper when they study arithmetic, algebra and
geometry.

Here’s an exercise for students who are stuck at some point.  Get a copy of Calculus
Made Easy by Silvanus P. Thompson—first published over 100 years ago and still in
print for many reasons—and open it to any chapter and read it for fun.  When you find
yourself having too much fun and can’t contain your enthusiasm, do some of the
exercises.

The key to my exercise is to dash the prerequisite system of ever-growing intimidation
against its own Jagged Cliffs of Tyranny.  Obviously some things have to be learned in
a certain order, but a large part of the reason people think calculus is hard is that it is
traditionally saved for last and then choked with difficulties having nothing to do with
the calculus itself.

Try reframing it this way: calculus has been saved for last because it’s BEST.  It is the
best way to use arithmetic, algebra, and trigonometry.  While other kinds of math go
from abstraction to example, the uniqueness of calculus is its usefulness, its
application to reality.  Calculus started as the undeniable drive to know how the
physical world could possible achieve its everyday miracles, proceeded through the
fervent desire to create new miracles in the physical sciences, and resulted in
differentiation and integration, how to predict the effect of changes.  My interest in
calculus came as a result of having specific physical systems in mind and nothing
standing between me and the how-to of accomplishing my design goals except a lack
of the head-on tackling of reality’s conventions that is calculus.

OK, what about the competition?  The other “easy calculus” writers, the ones who
aren’t me?

There’s the guy that wrote a calculus book that’s supposed to be easy.  One of his
strategies was to use the same example over and over, chapter upon dreaded chapter.
What was he smoking?  As a mathematician he cannot be expected to know the
difference between easy and boring.  When he set out to “make” calculus easy, he
betrayed a lack of belief in his own thesis: calculus is already easy.  By forcing the
obvious he undermined it and made it boring.

There’s the guy that made the first half of his book easy, then lost interest in the
project and made the rest of the book look like an abc from hell, all symbols and
notation, little explanation.  The terseness conceit is something he picked up by
enduring university and engineering school, and it’s a rare individual whose
imagination and spark survives such an ordeal.  It’s like, “I gave you yer chance to
have it easy, now get yer damn nose to the grindstone and learn it the way I had to!”

Then there’s the guy whose challenge from me, before I would consider buying his
book, was to take a peek at the classic in the “easy calculus” field by Silvanus
Thompson, and compare it with his own approach.  I was shocked to learn he had
never looked at Thompson.  I bought his book anyway, out of pity (my credit card
company loves me) and again I was shocked.  His so-called easy calculus book was



absolutely filthy with FunkNot!  I asked him what for and he emailed me, his words
highlighted in bright scarlet, that I would have to Bite the Bullet!  So I asked him if it
wasn’t true that p′(t) wasn’t the same thing as the fraction dp/dt, and he said he
thought so but he wasn’t sure.  So much for biting bullets.

Then there was the guy whose philosophical and poetical book on calculus was
supposed to really clue everyone in and based on the usual testimonials (“Your book
changed my mathematical life!”) I downloaded the damn thing and the guy was
obviously in the throes of delirium tremens.  I couldn’t understand anything he said
and there was no indication that it was about any branch of mathematics, including
the reviled sub-branch of simple arithmetic usually mistaken for calculus.  I mean, the
guy was so stuck on his every thought, it was worse that the diatribe you’re reading
right now, but without the bad jokes and constant complaining!  I can’t stand poets
that are pissed-drunk when they should be pissed-angry!

I made a statement earlier that when you learned arithmetic, geometry, and algebra,
you learned calculus; but this information was kept from you by the tacit agreement of
the educationist community to prevent just plain folk from learning the greatest aid to
understanding the physical world and how to do something about it.  I mean, we can’t
have ordinary citizens building space shuttles in their back yards or time machines in
their garages.  Not without wee letters after their names.  And by the time someone
gets some of those, they’re sick with debt and ready to do what they’re told.

Not me.  I mean I got more than my share of student loans in a start-stop-start-stop
cycle that had me taking the same classes over every few years.  I was a freshman in
college so many times, I—I—well, I can’t think of anything clever to say about that.
The only letters after my name are huh!  duh!  what-the…!

So they teach you the formula for the area of a circle.

They teach you the formula for the circumference of a circle.

They teach you the formula for the volume of a sphere.

They teach you the surface area of a sphere.

They fail to inform you of the exquisite beauty with which these formulas are
connected to each other, inextricably woven into each other, folding in and out of each
other like a butterfly from a bug, perfect reflections of each other and of patterns that
extend to infinity in all directions.

I already showed that the formula for finding an average…

(y2 – y1)/(x2 – x1) = average y per x

…is damn near the very heart of differential calculus.  You learned it in elementary
school, and Nobody Told You.  This is a brazen omission, especially since it is the
dream of schoolchildren to get average grades, marry the average girl, get an average



job, have an average career, and die an average death.  I can’t understand why, in a
society where we insist on electing average people to make our decisions for us, the
importance of this averaging formula was not mentioned to us in elementary school.

Now that you know the Trick to differentiating simple expressions, you can follow
these proofs yourself.  Four of the great gray bricks that make up the Great Wall of
Geometry are listed above.  These loose building blocks of all that is geometrical were
thrown at you as if they were unconnected factoids, unrelated to each other or to
anything else.  Yes, throwing loose stones at children, imagine that!

Any threat of a tendency for naïve young would-be teachers to lay the connections on
you—the real connections that glue all of math into something coherently self-
evident—was probably beaten out of them in teacher school.  That’s where the
inherent need of some talented young people to share and help their fellow humans
was deflated with daily drubbing by the Educationism Committee—that vast network
of nobodies who somehow manage to publish unreadable tomes about nothing—and
the single-pointed knife in the back of all that is interesting and curiosity provoking,
the Prerequisite System.

No, I don’t believe in mush schooling, that one was practiced on me too, for four years
of experimental high school, in the early 1970s when “Do What You Want” was going
to be the unfortunate religion of the decade.  Discipline = learning and without an
organized effort, nothing happens because human inertia combined with teenage
volcanism synergize a greater force than any amount of well-intentioned
permissiveness, when it comes to selecting a motivational strategy.  Let’s face it, our
high school teachers in the early 1970s were stoned.

But did anyone bother to tell you that the circumference of a circle is the derivative of
the circle’s area with respect to its radius?

And did anyone mention that the surface area of a sphere is the derivative of the
sphere’s volume vs it radius?

Go ahead, do the math, you already know how.  The proofs are hidden in many
calculus books, but how many geometry books are there that provide us with the
Mortar of Meaningfulness that we could use to build a wall of understanding with the
loose facts we are expected to memorize, if ever we want to hang that paper on our
wall.

“Ooooh, that’s calculus, don’t say that in geometry class!”  Where once we had a
chance to learn, we now have a disconnected mess tied together by meaningless
abstractions that wander alone, their egress to nowhere unimpeded by teachers whose
minds are occupied by “publish or perish”, second mortgages, and student loans of
their own to worry about.  Everything in life can be traced back to the fact that
politicians—which includes university officers—can’t add two plus two, while things
that should be connected—like student and teacher, volume and area, me and that
girl I was afraid to ask out because I was twice her age when we were both college



freshmen—are ripped asunder.  The big grimy monster of conventionality stands
between potential and reality.

These areas and volumes and such could just end up being more disconnected
factoids except that once the initial connections are made, the chain of connections
keeps growing under its own power.  Now the curious seeker after calculus is in
serious danger of getting a handle on the meat of it, and if this should happen, God
forbid, before he “learns” calculus the rigorous way (by faking it, unless he’s a born
mathematician!) the ordinary McGenius is apt to end up using the ultimate in
arithmetic as his personal tool, and not just the psychos creeping through the
corridors with pocket protectors and briefcases who love to study and the harder the
better.

Today in my search on the internet for what part of a sphere’s anatomical
consideration I should include in the next section’s exposition of the derivatives of
geometric shapes, I ran into different “math teachers” who were creeping along
through a perfectly semi-intelligible description that the reader might hope to someday
figure out when the description came to a screeching halt.  The teacher pauseth, and
writeth thusly:

“I have to skip over this next part.  You’re not ready for it.  It involves calculus.”

OOOOOhhhh, noooooooooo, not CALCULUS!!!

I seriously wondered if they really do take grad students or teaching license examinees
aside and threaten to poison their goldfish or send Jehovah’s Witnesses to their house
or something, should they ever be caught breathing a word of yon stultified

“The Calculus”

into the environs of basic mathematics where its grace and beauty could be shared
with all who seek an education.

And the Calculus spoke, and She said, “Lo, behold my innocence restored!”  A
beaming grin, and, “…so let’s play!”





CHAPTER THREE

Some Calculus that should have been
Taught in Geometry Class.

School boards do not understand what math is, neither do educators, textbook authors,
publishing companies, and sadly, neither do most of our math teachers.  The scope of the
problem is so enormous, I hardly know where to begin. Let’s start with the “math reform”
debacle.  …Quite apart from the self-serving interest paid to reform by the textbook
industry (which profits from any minute political fluctuation by offering up “new” editions
of their unreadable monstrosities), the entire reform movement has always missed the
point.  The mathematics curriculum doesn’t need to be reformed, it needs to be scrapped.

—Paul Lockhart
“A Mathematician’s Lament”

“Limits” is a way of tricking yourself into thinking that you’re not just shootin’ the bull
over infinitely small potatoes.  It is doubletalk.  And Function Notation is the deification of
redundancy.

—Uncle Aspie

What classes did you take instead of trigonometry and calculus in high school?  I took
art, Latin, and Russian.  My! how those topics have come in handy in my subsequent
lifelong yearning to study, understand, repair, and invent useful and unique
mechanical devices!  How grateful I feel to the dozens of teachers who knew my name
and had no idea what I was good at, what I was interested in, or what I wanted to do
with my life!  “So much for the clueless…let ‘em slide!”  Is that what school should be
like?

I know, it’s not the teachers’ fault.  They are overworked and underpaid, and more to
the point, there are too many students in a class and the textbook was written by a
math monkey and not a writer.

I am a pattern-spotter.  I didn’t say I was any good at it; but it is a compulsion of
mine.  If I see several phenomena to look at within a particular study, it seems more
important than anything to see the connections among those several phenomena.  The
educationists in the Curriculum Committee love to justify the existence of their
overglorified positions by laboriously separating interwoven complexities of related
information into apparently unrelated factoids.  The system of specialization then
keeps related things apart and it’s completely up to the individual to make any sense
of anything.  In this way we never get to see the big picture because if you’re a
specialist, the pay’s better, so where’s the profit in learning anything you don’t
absolutely have to?  What is this holistic connectivity nonsense anyway, I have a
student loan to pay off, I don’t have time to learn stuff!



While attempting to skate through basic calculus topics as quickly as possible, to
prove how easy calculus is, I instead keep getting bogged down for weeks at a time in
how interesting some parts of calculus are.  Here is the biggie right now.

I love it when things develop in layers or stages that grow out of each other.  In
calculus we have this very beautiful thing called “the derivative” which grows out of
this other thing that they call the anti-derivative, really in plain terms, the source
thing is just the function that the derivative grew out of: the function (caterpillar) that,
when differentiated, yields the derivative (butterfly).  So far, interesting enough, but
what really got to me was when I learned that the progression can keep going, with the
derivative itself being differentiated too.  As if a butterfly could go back into another
cocoon and come out as a fairy; then into another cocoon and come out as a genie.
That kind of grabbed at my interest but what really made me put down my calculus
books and start learning by thinking was when I found that velocity is the derivative of
position, acceleration is the derivative of velocity, “jerk” is the derivative of
acceleration…all with respect to the same changer: time.  As time changes, position
changes, and the rate of position’s change is velocity.  As time changes, velocity
changes, and the rate of velocity’s change is acceleration.  If acceleration changes, its
derivative with respect to time is jerk.

Now having seen this progression from position to derivative of position = velocity, to
derivative of velocity = acceleration, my next question as a compulsive wonderer was,
“Are there other similar progressive unfoldings like this?”  And then one day I found
out that the derivative of a circle’s area is its circumference; that the derivative of a
sphere’s volume is its surface area; and it was off to the races.  I had to know: what



about the other geometric shapes, does one lead to another through a chain of
differentiations?  How far does the chain go before it breaks?  What is the reason for
the connection, the explanation?  I couldn’t believe it would be a coincidence, but if
not, why had two integrally related things such as the circumference and area of a
circle been so carefully taught as two unrelated things, when the act of differentiating
one to the other is so easy?

I was at it for days, trying to find the book with the answer, even posting the question
on internet forums.  Finally, after I had set it on the back burner where the best brews
are made, a lecture by Professor Michael Starbird briefly hit on this topic and the cat
was out of the bag: the derivative of a geometric shape is the rate at which it changes!

…uh…isn’t that…er…isn’t that what derivatives are anyway?  Without all the
searching, joy of discovery, blah, blah, blah?

THE DERIVATIVE OF A CIRCLE’S AREA IS THE CIRCLE’S CIRCUMFERENCE

OK so get a grip, here is a wee journey through what your geometry teacher could have
told you, that would have made you a practiced hand at what it is that calculus really
means to say, deep down in its heart, that he didn’t bother to tell you, because the
prerequisite system sits on our curiosity and helps prevent us from getting interested
in anything.  Do you make a kindergartener learn how to make his own crayons before
he is allowed to actually use his coloring book?

a = area of a circle = πr2

a′ = da/dr = 2πr
and

2πr is the circumference of the circle.

When the area of a circle grows, the rate at which the area grows vs the rate at which
the radius grows:

da/dr = 2πr = the circle’s circumference.



The reason for this correspondence, which is not obvious at first, is simple, and is a
model for all the examples to follow.  (Yes, I am still a pattern-spotter; my initial hunch
was right, that there is no coincidence involved and other geometric shapes follow the
same pattern.)

The secret factor that makes it make sense is that infinitesimally small factor we keep
talking about, the one that can’t be quantified directly, but without which we would
have no such thing as basic calculus.  The wee increment, the added or subtracted
His/Her Weeness of Change.

The first picture shows a thin black line around the circle, that is its circumference.
Actually, the line should have zero thickness, because it is one-dimensional, having
only length.  So the thin black line is really just a picture of circumference; it’s
infinitely too fat to be the real thing, but at least I put it in the right place, on the outer
edge of the circle.  Now look at the second picture.

This circle is supposed to be larger than the last one to an  infinitesimally small
degree, and to represent the increase, I have made a grossly exaggerated picture of
said increase by showing a visually obvious added width to the outer edge.  What
really changed (the changer) is the radius of the circle, but I made the edge line look
fatter to represent the effect of the added radius.  Remember, the thin black line on
the first circle was just a 1-dimensional length, the circle’s circumference; that’s just a
length.  The new fat black line, on the other hand, represents added area, which is in
fact a 2-dimensional thing, although it should be too small to see.

This new fatter line represents a real area or a two-dimensional measurement equal to
its

length
(= the original circumference of the circle)
(= the derivative of the circle’s area with respect to its radius)
(= the rate at which the area changes when the radius changes)

x the added radius dr.

This added area could be stretched out straight and it would then be length * width,
roughly a rectangle.  Because the added radius (the width of the added area) is
infinitely small, the imprecision introduced by measuring its area as if it were a real
rectangle is infinitely small, making this ploy immeasurably accurate.

Try to visualize this.  I find that adding sound effects helps.  The circle is growing,
almost imperceptibly, but powerfully; you can almost hear it creaking and groaning as
it stretches.  Its radius is getting longer, and its frontier is expanding in all directions,
because the area it contains is expanding.  Obviously the two rates are inextricably
linked, the rate of the radius changing because we tell it to, and the rate of the area is
changing because it has to, in order to accommodate the longer radius.  Now that you
see it, you can’t help but feel deep in your heart of hearts that the change of radius
and the change of area are the same thing.  Just watch it get bigger.  Become silent



inside, stop reading this drivel, and watch the circle stretch.  Grrrrrr… rowwwwww…
aaaawwaaarrrr…See what I mean?  The radius and the area getting bigger at the same
time are the same thing, really two descriptions of the same event.  What if we could
describe the two things with a single term?  We can!  That’s the derivative, da/dr!
Watch again, and this time pay special attention to the circumference.  See that?  The
stretching circumference defines the relationship between the radius and the area.
Literally, because what is the added area?  Change of radius times the circumference:

da = dr * 2πr

…or in words:

added area = added radius * circumference

…or in general terms:

change of changee = change of changer * derivative.

As a reality check, simple algebra tells all…

…if da/dr = 2πr, then da = dr * 2πr.*

One pattern I noticed in going through several shapes or attributes of geometric
shapes is that the derivative is one dimension less multi-dimensional than the original
function.  In our example, the area of a circle is two dimensional; like any area, its
units are square units.  The equation for area—πr2—is a 2nd degree function; the
changer is to the 2nd power (r2).  This is true of all the shapes, for example, a sphere’s
volume formula includes r3 but the derivative of the sphere’s surface area includes
only r2.

Someone like me who knows absolutely nothing about calculus and darn little about
geometry should not be noticing these patterns and then finding them not mentioned
in books.  I should have already been warned of these synchronistic repeating
manifestations back when I took geometry, because it would have been a fantastic
excuse for the geometry teacher to teach a little calculus so that people would take
calculus for granted instead of fearing it.  But that is not what our educationists want
for us.  (That’s the Curriculum Committee and their Masters who make school loans
for ever-increasing tuition and books.)  I should say “want for themselves.”  As the
organizers of religion well understand, generating fear is profitable.  Generating more
fear is more profitable.  As in my former chiropractor’s famous last words, “We’re not
through with you yet!”  (What is the flippin’ derivative of that???)

We were talking about a disappearing dimension.  Yikes, is calculus a vampirical time
machine, or what?  You have a 2-dimensional circle, it’s area, you differentiate its

* Like I said before, you must ignore those Rigorists who claim that da/dr is not a ratio.  They will use all kinds of doubletalk
to purvey the perspective that you can “sometimes pretend” that derivatives are ratios “if you’re careful.”  They still apologize
for this point of view because deep down inside they cannot justify replacing an easy, direct model (ratios) with a hard, mind-
twisting model (limits).  If dz/db is an actual number, then dz and db are also actual numbers!



equation, and you get a 1-dimensional length, the circle’s circumference.  What if the
derivative itself is actually out there eating dimensions???  I’m serious, this happens
consistently, I learned it on my own without knowing enough calculus to throw a
rubber chicken at, now why can’t I find this in a book?  Because no one is gonna get
rich off it?  Maybe it actually is in a book, but one so deeply coded in notation that
only the prerequisite-rich are allowed to behold its naked beauty.

I can think of two directions for research spawned by this unfortunate discovery of
mine.  One, would any sense grow from a reverse process, that of watching a new
dimension bloom out of anti-differentiation or finding the anti-derivative, which is the
opposite of differentiation?  And two, if differentiating a 2-d shape’s equation eats a
dimension and yields a 1-d shape, what if I then differentiate the 1-d shape?  Surely
another dimension must be eaten but what is a non-dimensional shape?  Not a shape
at all, but what would you call it?

Let’s try it.

Having already toasted all our muffins and then some, by differentiating a circle’s area
to get the same circle’s circumference, let’s risk the rest by differentiating the circle’s
circumference…

c = 2πr

derives to

change of circumference divided by change of radius

 or

c′ = dc/dr = 2π = 6.28….

Yikes!  That’s the universal circle thingy, the radians doo-dad, the reason some true
scientists want to confuse my life by measuring circles and other angles with “radians”
instead of “degrees”.  The reason they want to do this is that degrees are arbitrary
units: we just agree that a circle has 360 of them and go from there.  However in
something so rigidly defined by nature as a circle, that’s not good enough for some
applications; there is an absolute measurement of the Circle that measures it as a
function of its own Inherent Nature, and that unit is the radian.  I am not going to ruin
your day by telling you exactly what a radian is, but I can tell you this: every circle’s
circumference is exactly* 6.2831853… radians long!  Wowie zowie, Dr. Science, that
sounds interesting and relevant!  I wonder if the egghead who discovered radians did
so by differentiating the formula for circumference, 2πr?  And then trying to figure out
what 2π was good for?**  And if so, why was I not informed of this in any of the three

* That’s twice π…which is one of those “irrational numbers” that ends in three dots because it just keeps going to ever greater
decimal places.  It’s called “irrational” because it’s stupid for a number to be infinitely long.  What makes up for this stupidity
or irrationality is that many math nerds who would otherwise be writing more bad textbooks are instead taken up with the epic
task of memorizing numbers like π to as many decimal places as possible.
** Not to gloat, but when researching a later chapter I learned that the number 2π is actually the real  circle thingy, which
doubles the validity of what I am trying to say here.



geometry classes I took?  What could anybody hope to gain by keeping me so dad-
blasted stupid about calculus which is so simple that even I can figure it out without a
teacher or a book?

Getting back to the key question, is it true, in actuality of factuality, that the universal
angular length of all circles’ perimeters in radians is zero-dimensional, vs circles’
circumferences’ one-dimensional length, vs circles’ areas’ two-dimensional square
units?

I really don’t have a clue.  What is a non-dimensional thing, anyway?  I’m sure I
experience inexplicable loss of dimension all the time, walking around the mall to lose
weight, petting dogs till they bite me, flattening rats and cockroaches, it’s no doubt
quite an ordinary, everyday thing to be non-dimensional, but how am I supposed to
know?  Why didn’t somebody tell me this in the 4th grade.  Well, not good ole Mrs.
Scarecrow, that would have been asking a lot, but they could have brought in a special
math teacher, maybe from the CIA or the FBI or NSA, to treat us to a controlled
release of information, just a little bit of calculus before we had gotten wind that it is
impossible to learn and really really boring, I mean let’s be reasonable, not enough
divulgence to build a time machine, so we could go back and unelect most of our
elected officials for the past 8000 years, but just enough so we could maybe feel more
confident about trying to think and solve problems.  I guess I’m just a dreamer.

A circle’s area is two dimensional, square units.

A circle’s circumference is one-dimensional, length only.

The number 6.28, the very essence of a circle, the unit of circleness itself, is
apparently the zeroeth-dimension in terms of radiuses, but still not quite the ineffable,
the unknowable, the infinite.  For if you were so bold as to differentiate 6.28 itself, well
the derivative of that is just 0.  The very name of God herself.

And therein lies the answer to my previous question: why not tell the children?  Once
it became apparent that science had discovered God, there was no way in hell the
Church was going to allow the Government to release any such knowledge to helpless
children, for chrissake.  Who’s gonna go to church and put money in the plate if they
know God is really just the Big Zero in the sky?

I can already imagine this as an audiobook, You Already Know Calculus, read by Tom
Hanks as Forrest Gump:  “Calculus is like a box of chocolates…ya never know whatcher
gonna git…”

So I’m still shaking in my boots, having accidentally learned that the zero-dimension is
reserved for nature’s elemental irreducible law-generating quantities, such as the
Universal Circle Number.  “Dimensionlessness,” then, must mean “inviolability”.

It’s true though, 6.28 is not a dimension…one less dimension than length…hey!  I got
it!  6.28 is a point!  Points have no size!  Points are just quantities on some scale.  But



what scale is this?  The scale by which the Original Plans for the Universe were drawn
up by…Ms. Zero Herself?

OK well that was “productive”, now what about the other direction for research
mentioned above?  The question was, if differentiating folds up a dimension in the
process of spitting out a derivative, then what would it be like to watch an added
dimension unfold through the process of anti-differentiation*, since it is the opposite of
differentiation?

I already know the answer to this one by the way; come to think about it, this is the
first question I had when I first learned that areas and circumferences of circles were
related by derivatives.

If you start with the area of a circle and go the other direction, what is the anti-
derivative or primitive function of πr2?

Well for that you have to do the Trick backwards.

1. add 1 to the exponent on the independent variable (r in this case, so r2

becomes r3.)
2. divide the multiplied constant (1 in this case) by the same number (3 in this

case, so 1 becomes 1/3).

The result is that we learn that the anti-derivative of πr2 is (1/3)πr3.*

Oops, says I, the first time I tries this, “how could that be something?”  Not believing
my theory of stuff being connected and related by coherent patterns could be wrong, I
looked and looked and then finally gave up.  And then looked some more, and found
something close.  And then figured it out.

(1/3)πr3 is the equation for a right circular cone whose radius is equal to its height.

Well that was pretty boring, I guess God went the other way and left off-the-wall cones
and things to be generated by upper layers of random stuff.

Or, taking another look, maybe the area of a circle is the flippin’ derivative of a right
circular cone whose radius is equal to its height!  And maybe that’s pretty darn
interesting!

On that note, I hereby present through the rest of this chapter the marriage of basic
calculus and easy geometry, for the edification of those who want to see with their own
eyes what a derivative really does to something real, and why.

THE DERIVATIVE OF A RECTANGLE WITH A CONSTANT SIDE IS EQUAL TO THE
LENGTH OF THE CONSTANT SIDE

* Don’t listen to people who say that the opposite of differentiation is integration.  That secret is saved till the end of this book.
* I know about the + C.  We’ll get to that.



There was this rectangle, see, and it had itself a width and it had itself a height.  Well,
this rectangle couldn’t decide how big to be, area-wise, so it kept changing one of its
side lengths, while keeping the other one the same.  By so doing, its area would
change as a function of only the changing side.

We have learned (you might not have noticed, it happened so quickly and painlessly)
that multiplied constants in the function to be differentiated just stay where they are
and are still multiplied constants in the derivative.  (Example: if p = 12t4, then
p′ = 4 * 12t3.)  So the height times width of a rectangle is its area, we all know that.

a = h * w

And the derivative of a rectangle’s area, choosing either side as the changer and the
other side as the constant, is equal to the constant.  That is to say, if area changes
because width changes and height remains constant, then the rate at which area
changes with respect to the change rate of width is equal to the height.  Sounds kind
of mystical, doesn’t it?  No wise cracks now, this is serious stuff.  Just use the usual
trick to differentiate; the w1 or h1 changes to w0 or h0 which equals 1 and drops out
because it changes nothing; and only the constant remains.

a = hw
a′ = da/dw = h

OR
a′ = da/dh = w

Compare the original rectangle below, with its follower, a rectangle that has a constant
width and a changing height, and remember that the fatter line in the second drawing
represents the added height times the times the derivative, which is the constant
width.   Here is how it works out:

area = a = wh = w * h1

derivative of area = how fast area changes when height changes
= a′ = da/dh = w * 1 * h0 = w * 1 * 1 = w



THE DERIVATIVE OF A TRIANGLE’S AREA, WHEN ITS BASE OR HEIGHT IS
CONSTANT, IS EQUAL TO ONE-HALF THE CONSTANT VALUE

For any triangle, area is half that of a rectangle with the same dimensions, so area is
base * height divided by 2:

a = ½bh

…but for this triangle, only one dimension will grow while the other will stay constant.
The dimension that grows is the changer—the independent variable—which makes the
area the changee or dependent variable—while the constant just stays and is in fact
the derivative.  Thus the constant in the original area function is the rate at which the
area changes as a function of the dimension that does change.

The triangles’s tip can’t grow because all triangle tips come to a point, and points have
no dimension so can’t grow.  So the simplest way for the area of a triangle to increase
is for its height or base to increase.



THE DERIVATIVE OF THE VOLUME OF A RIGHT CIRCULAR CONE WHOSE RADIUS
IS EQUAL TO ITS HEIGHT IS THE AREA OF A CIRCLE

All we need to make this geometric shape easy to think about is to call it something
other than a “right circular cone whose radius is equal to it height,” so we’ll call it a
“cone”.

This type of cone can be visualized by visualizing a right triangle whose height and
width are equal; the width becomes the radius of a cone by rotating the triangle
around the vertical side or height.

Volume of any cone:

v = (1/3)hπr2

Since our h equals our r, the volume of this cone:

v = (1/3)πr3

v′ = dv/dr = 3 * 1/3 * π * r2 = πr2 = the circumference of a circle



This one really mystified me.  I was still looking for the key to the universe instead of
the literal meaning of differentiation, but once I got it figured out that differentiation
means differentiation, this one fell right into place.

The point of a cone can’t change sizes; all points are non-dimensional: no size.  In the
volume formula above, with the changer (height or radius) changing, the changee
(volume) changes at the ratio defined by the derivative, πr2.  That is apparently the
same as the area of a circle, and where is there a circle in any cone?  Right under the
tip point is an infinitesimally small circle, and right under that is a slightly larger
circle, till you get to the bottom, and there is the last circle.  Its size is its area, that’s
two-dimensional.  If the height of the cone increases, the area of the bottom circle
changes by adding a volume to the bottom of the cone, a thin round slab whose added
volume is πr2 times the infinitesimally small thickness of the added slab dh.  That’s 3-
dimensional, πr2 * dh.

In the picture, the infinitesimally thin circular slab has been added to the original
cone.  Obviously the little points at bottom left and bottom right are missing but if the
slab pictured were really infinitesimally thin, then the missing volume represented by
the missing points where the radius gets larger would be negligible quantities.  The
missing volume is in fact the quantity of 2nd degree smallness.

The reason I ended up with this seemingly oddball shape is that I wanted to know if
the anti-derivative* of a circle’s area was something, in the way that the anti-derivative
of a circle’s circumference is its area.  This specific cone is what ended up fitting the
bill.  In all these examples, the derivative of the shape turned out to be that part of the

*Functions have more than one anti-derivative.  I still have plans to introduce the rest of the anti-derivative or + C.  Also, while
everything has anti-derivatives, it is not always possible to figure out their values.



shape’s edge which must grow in order for the shape to grow while keeping its
proportions the same.  Thus, in the next example, only three of the cube’s six sides
grow, because the derivative is smart enough to grow a cube the easiest way, that is by
lengthening each of its three dimensions at one end only.  On the other hand, we will
see that the entire edge of a sphere—its whole surface area—must grow in order for
the sphere to remain a sphere as it grows; so the derivative of a sphere’s volume is its
surface area.

THE DERIVATIVE OF A CUBE’S VOLUME IS EQUAL TO HALF THE CUBE’S SURFACE
AREA

This one threw me, pattern-wise, because as you will see below, the sphere’s volume
changes according to an apparently different-looking pattern, until you look into it,
and find that the pattern holds perfectly true between cube and sphere.  A cube has
three dimensions, height, width, and depth.  A sphere must grow in all directions at
once, so its derivative has to generate growth in all directions, but based on only one
changeable dimension: its radius.

For a cube to grow, and still be a cube, each of the three dimensions must grow
equally.  So we can call height, width, and depth s for side, because they start out
equal in length and they stay equal if the cube grows.  If the cube grows from one
corner out and its three dimensions all increase equally, the slightly larger cube that
rises from the original cube has increased its volume by adding a very thin slab to
three sides.  The added volume on each of three sides is s2 * ds, so the total added
volume, or derivative, is 3s2:

v = s3

v’ = dv/ds = 3s2

THE DERIVATIVE OF A SPHERE IS EQUAL TO ITS SURFACE AREA

OK, now why is it that the cube’s volume derivativizes to half its surface area while the
sphere’s volume derivativizes to its whole surface area?



It’s all about the difference between how a cube and a sphere grow differently.  To
define a cube we define its three dimensions—height, width, and depth—so to grow it
we increase its three dimensions, but it has six sides, so its derivative, which reflects
three added slabs, is only half its surface area.  How many dimensions does a sphere
grow in, if it grows?  Every direction!  The sphere is the strongest shape in nature,
because it distributes loads in every direction.  Otherwise chickens couldn’t sit on
them.*  The volume of a sphere is actually composed of an infinitude of pyramids
whose points start at the center of the sphere and radiate outward, where the bases of
the pyramids form the surface of the sphere.  Since they are infinitely small, the
surface of the sphere ends up being perfectly round, instead of dimpled all over like a
golf ball.  When a sphere grows, it’s because those pyramids are getting longer.

The volume of a sphere:

v = (4/3)πr3

The surface area of the sphere is the derivative of the sphere’s volume:

a = v′ = dv/dr = 4πr2

When a sphere grows, the added volume is its surface area times the added radius:

dv = 4πr2 * dr

Shown in the picture is a slightly imperfect sphere, our definition of which must
expand ever so slightly in all directions if we are to survive.  If you don’t understand
what I just said, download NASA’s new composite photo of the earth which is of such
high resolution that you can see the earth’s atmosphere.  Which is of the earth.

* Please don’t write to tell me that an egg is not a sphere.



I could also add that the surface area of a sphere is really the lateral surface area of a
cylinder that it just fits into, which has then been slit and folded over.  But I’m not
going to, because it’s not calculus.  Who has time for geometry anyway?  Dude, in
modern day America today, no one has time to add 2 + 2.

POSTSCRIPT TO CHAPTER THREE FOR THOSE WHO HAVEN’T HAD ENOUGH

Even more exotically, here’s a related pattern that I discovered accidentally while
rolling around in the mud.  It relates to the secondary primary thesis of this book,
which is that the student who is allowed to develop an interest in a topic becomes his
own teacher.

This involves a number pattern, which is by definition then, probably just a little bit of
ordinary algebra.  (Algebra is the study of patterns of numbers, while calculus is the
study of patterns of equations.)  I found this because I was searching for a parallel I
could draw between how these geometric derivatives are working, and the tired old
calculus beginner’s example of motion, wherein distance = speed * time and of course
the calculus version of the same thing, dp/dt = v, or dp = v * dt.

I had accidentally developed a sort of thesis (a creeping sort of wondery feeling) that
the reason I couldn’t find a parallel between motion and geometry was that distance =
speed * time is a first order equation, and all the geometry formulas I know are 2nd- or
3rd-degree equations.  This led to a possible solution in a pattern of algebraic
relationships among derivatives and the quantities comprising them; a pattern which
does include the first-degree equation for position, speed, and time; and one in which
the degree or power of the equation is of key importance.  Does this make me a
genius?  No, it means I am avoiding calculus books at all cost, because they deflate my
interest in the subject and don’t answer my questions, and in the process, I am
learning “something, anything” as a consequence of roaming free on the range.

depvar = derivative * indepvar /
power of
indepvar

sphere volume = surface area * radius / 3

(4/3)*pi*r^3 = 4*pi*r^2 * r / 3

cube volume = (1/2)* surface area * side length / 3

s^3 = 3*s^2 * s / 3

circle area = circumference * radius / 2

pi*r^2 = 2*pi*r * r / 2

square area = 2 * s * side length / 2

s^2 = 2 * s * s / 2

motion position = velocity * time / 1

p = p/t * t / 1

However in spite of the obvious truth of this routine, I am in no position to know,
without spending a lot more time on it, whether there is an application for it.  I’m sure
there is.  However, it is not the first such pattern I’ve come up with in the past few
days.  The first I did on purpose, and the reason I mention it is that it has some
similarities to this one.  Judge for yourself.



CHAPTER FOUR
Limits?  What limits???  Limit This!

In a traditional classroom, you have… homework/lecture, homework/lecture, and then
you have a snapshot exam.  After that exam, whether you get a 70%, an 80%, a 90%, or a
95%, the class moves on to the next topic…And then you go build on that in the next
concept.  That’s analogous to, imagine learning to ride a bicycle.  And I give you a
bicycle…and then I come back after two weeks, and I say, “Well…you’re an 80%
bicyclist,” so I put a big “C” stamp on your forehead, and then I say, “Here’s a unicycle.”

—Salman Khan, KhanAcademy.org

What we can actually see and comprehend of reality’s whole is of relatively
infinitesimal smallness…so who can argue against the position that calculus, which is
all about infinitesimals, could very well turn out to be the mathematics of reality?  It
matters then, how calculus is taught, to whom it is taught, when it is taught.  It all
matters, because something about the way we view and respond to reality has gotten
the entire human race in a heap of trouble.  Could an understanding and deployment
of how best to teach calculus increase the world’s ability to think, to solve problems
constructively, and to avoid repeating dangerous mistakes over and over?  I think it’s
safe to assume so.

OK, so what’s up with “limits”?

I have several older calculus books—75 to 100 years old, from back when most useful
devices were being invented—that are real, hot-wired, fully functional, industrial-
revolution-driving Calculus books that do not mention limits.

However, most modern calculus books start with limits in chapter one, whilst
assuming or even declaiming the absolute necessity of Mastering The Topic Before
Attempting Anything Further.  Even some teachers whose opinion I respect make
assertions to the effect that an understanding of limits is essential, the foundation—
nay! the very Cornerstone—upon which the entire calculoidacious universe must
subsequently be built.

Their argument is that formal proofs of why calculus Tricks are correct depend on
limits to make them work.  Then the whole course of calculus as taught to beginners
and people who will rarely if ever use more than a smidgen of it is based on limits.
When the actual doing of calculus is already made easy by Tricks dependent on easy
arithmetic, a little algebra, and some trigonometry (which is another easy topic saved
for last like calculus, to make it more frightening, so people will pay more to study it.)
The act of placing the chapter on limits in the very front of the calculus book is a
reflection of the way our colleges work: classes are over-enrolled at first because of the
prerequisite system—even people who don’t want a class will have to eventually sign
up for it “to get it out of the way”—and in the first week, many who have other fish to



fry at the moment or are intimidated by the course material or think the teacher is
mean will drop the class before they have to pay for it.

Limits as a first taste is being used as a filter to get rid of students who will just have
to take it some other time anyway if it’s required for their degree.  But it’s only the
limits that makes basic calculus difficult; as if we had to prove calculus every time we
use it!  We don’t “Prove” that 1 + 1 = 2 every time we add; we use a flippin’ calculator!
This inconsistency is because your friendly neighborhood mega-corporation wants you
to know how to add 2 + 2 so you will pay the late charges on your credit card, but they
do not want you to know how to differentiate πr2 unless they have first determined that
you are of their kind.

If the calculus that people actually need to earn a living in their field of choice were
formal definitions, then such a filter would make a lot of sense, but as it is, this kind
of filtering is just clique-mongering, top-down condescension, with academicians
making decisions about the lives and careers of people who plan to enter a practical
field like engineering or inventing.  While it is possible for formal proofs to be used as a
tool for solving calculus problems, you won’t catch anybody doing it on the job, nor
will you catch many people on the job using calculus when they don’t have to, which
makes ¾ of the topics in the textbook irrelevant to anyone but aspiring professional
mathematicians and the idiot who wrote the book.

And as for limits, after reviewing the opinions of many who dissent from the exaltation
of limits, it seems obvious that in spite of academia having “traditionally” (for a few
decades only!) made limits the first thing taught in calculus, we whose chief aim is to
USE basic calculus for doing something USEFUL, should not be intimidated into
believing everything we are told by people who are taking our money.  Limits are
needed to understand and use the formal proofs.  That doesn’t mean that limits as a
general framework for all of calculus should be forced on all calculus students,
including those who have always avoided math and will continue to do so after
graduating.

The problem with limits is not that they are Hard.  They are sort of easy and obvious,
like all of basic calculus.  There are some problems with limits, though.  Limits is hard
to teach, because as an application, it is vague.  “Limits” is not a real operation or
method like “factoring” or “differentiating” or “doing long division,” but more of a
puzzle-solving free-for-all, a kind of groping mentation.  So anyone who can’t get
interested in vaguish, somewhat unteachable mind games (also known as academic
BS) is going to hate limits enough to not get interested enough to master them.  Then
they’ll either quit math or move on with holes in their mastery (and grade point
average) enabling them to fail easily despite intelligence or even love of other aspects of
math and calculus.

Of course there are the hard-headed, hard-line, hard-asses who feel that since they
had to cross the dangerous river where so many have drowned, then anyone who
doesn’t cross that river in the same place is not really studying math.



Not being one to argue much with obvious emotionalistic jealousy, I must nevertheless
object that calculus books of the 1890s and the 1920s might not mention limits at all,
as if the whole topic has only just been discovered between 1930 and 1945, which is
the period of time I have pinpointed with extremely subjective guessing as the exact
span of time during which the Moneyed and the Educated were joined together by the
long hand of Petroleum into a clique of fear-mongers dedicated to the preservation of
the general notion that becoming wealthy in the modern world is extremely difficult.

When petroleum fuels and a use for them became plentiful, it became obvious to some
very astute individuals that the times they were a-changin’, and this is the only thing
that needed to be kept a secret from the common folk, including most “educated”
people.  (Who should instead be called “re-educated” in concert with double-speaking
dictators throughout history.)  Once cheap petroleum hit the streets and wheels
became the new way of life, key individuals aggressively infesting the Halls of Power
became very afraid that the sudden explosion of technological ability might make it
easy and natural for Abundance to spread like the measles among the would-be
inventors who peppered the landscape of every civilized country in the world.  What
better way to dilute what these astute individuals cannot be excused for seeing as a
once-in-a-planet’s-lifetime opportunity for certain key individuals to place themselves
so far above the median income that neither they nor their spawn for the foreseeable
millennia would ever be threatened with commonness.  These barons of burgeoning
bulbosity saw the sudden availability and usefulness of cheap energy, the very thing
that was increasing their own social power by the day, as a serious threat to that same
wealth.  Allowing this one-time gush of abundance to dilute itself by trickling down to



the masses had to be prevented.  Society had to be vaccinated against becoming
infected with the expectation that abundance—of money, land, status, gasoline, food,
and the rest—was very much a looser commodity than ever before, ripe for the
plucking, as if the God of suffering and doom had been ousted by the new opportunity
of cheap power, and the Haves, fully intending to Have a lot more, purposely stood in
the way, by blocking the good news of the new abundance by creating a bottleneck in
the rate at which information about the new possibilities would be shared with
outsiders and the would-be interlopers: high school and college students from
common stock.  Until cheap petroleum, common stock had to quit school because Ma
or Pa got sick or something, and spent the rest of their life working hard.  Now them
puppies were getting an education.  A dangerous situation for those who would be
emperors and founders of perpetual dynasties.

Institutions of higher learning had long presented a façade of respectability that the
plunderers of unprotected opportunity could hide behind with doublespeak and
intimidation.  Nothing had to be said, for a conspiracy of silence to take over where
abject poverty had left off. As quickly as new abundance fell from the heavens and
splattered on the cobblestones, handlers scraped it up and funneled it all into the
same few pockets that were already destined to survive every storm anyway because
they were already filled with more than they needed.  The concentrations of power took
the form of blockades of information in the form of curriculum committees, textbook
persuasions, preachers of professionalism who lobbied against self-teaching, and the
Great Wall of Prerequisites that was erected during one all-nighter barn-raising that
congealed the unliquid blood of the undying dynasties in the greatest masquerade of
all time, the second world war.  With those already in power—the manipulators of
debt—financing both sides of said conflict.

When the dust settled, our system of education had been transformed, once practical
schools now convinced to operate as if they were handling rooms full of valedictorians
like the Ivy League schools whence influence and its dirty dollars traditionally poured
forth.

Well so much for the comic book version.  Here is a bit of personal experience.

I have been looking at lots of “easy calculus” courses as described in other chapters.
Some graze the limits topic, briefly stopping to point: “See that phenomenon over there
on that graph?  That’s a limit…it’s the same thing as the function; the y-value; the
dependent variable; the answer to the problem…” and then moving on to more
practical discussions and exercises.  This makes me wonder if “limits” is really even a
tool for accomplishing something.  I don’t think so.  I think it is more of a
phenomenon, part of the landscape, than a tool.  When you try to manipulate the
environment with part of the landscape—say a rotten old tree limb you find on the
ground—it makes you long for a real steel tool, something made for a specific purpose.
While limits are supposedly “used” to find answers to many kinds of problems
(including problems that “can’t” be solved in other ways because of “undefined”
solutions), after my own first fleeting glances I already consider this not to be the case.
It seems to me that limits are a lens or a perspective from which a problem can be
viewed, then once you view the problem through the limits lens, you still have to figure



out a way to solve the problem that involves doing arithmetic, algebra, or trigonometry!
(Humor me now): just as I’m not convinced that calculus is a separate branch of
mathematics, I’m also not even convinced that limits is calculus; and limits’ being part
of the formal definitions of differentiation and integration does not make it calculus any
more than any other mathematical phenomenon that is a part of those definitions.

Since I was intimidated by the appearance of limits in first chapters of most modern
calculus textbooks, and since at the same time, no book I looked at was able to
explain the application of this simple concept whose actual usefulness was hard to
apprehend, I subjected myself to being tutored by the unrare individuals who post
videos of themselves disgorging the contents of their brains at a place I have recently
discovered called “you tube”.  A slew of self-proclaimed teachers presented this easy
topic breathlessly, with the subtlety and inventiveness of runaway freight trains, and
each in turn was rejected by me, early in their presentation, as a show-off with no
appreciation for how hard it can be made to learn easy stuff.

And then I found Salman Khan’s online school, http://khanacademy.org, the best and
most popular you tube lectures, a free school where you can learn almost anything
about math and science.  I watched several of his limits lectures as he calmly and em-
pa-thetically got to the part of my brain that needed filling, and filled it respectfully.
And I came away from that experience convinced that limits is, in fact, not a tool for
doing calculus.  

And that is why limits is so hard to teach.  While the sneering of the already-arrived
would have us berating ourselves for not trying hard enough, I remind my cautious
and introspective audience that those who sneer first and ask questions never are
almost always in the dark about the very thing they claim to have mastered.  It is a
quirk of their excuse for a personality to belittle anyone who they can catch trying
hard to do a new thing, in order to cover up their own failure to apprehend basic, easy
stuff like “Dude, your brain is in your ass. Huhu, huhuhu.”  Psychologists have a
technical term for their ploy, but I have forgotten what it is.

Limits is a notation for a phenomenon.  The technique for “using” limits is to re-phrase
an ordinary function in limits notation, place that notation in an out-of-the way place
where it won’t bother your eye very much, and then try to figure out how to dislodge
an answer from the general landscape of mathematics using algebra, logic,
calculators, graphs, or trigonometry!  Once a bit of math (or a lot of math) has been
found that can satisfy the need for the problem to be answered, the final simplified
solution can be scribbled right after the equal sign that is placed right after the limits-
laden expression that you had to ignore to get your mind clear of it, and there you
have it, limits has its answer.

The usefulness of limits is touted to be an answer for problems that can’t be answered
by some other technique, however what is really being used to get answers is not
limits, but math.



As an afterthought which will be expanded later in this book, limits is one of those
occasions where mathematicians—who are born codifiers—feel like saying in symbols
what could more understandably be said in words.

I will now quote some real mathematicians and teachers in support of my thesis that
limits are not necessary fodder for fresh brains that aren’t pointed at careers in pure
mathematics, and after that, I will share some limits solutions copied from Salman
Khan’s lectures, so you can judge for yourself whether limits is really a technique, a
perspective, a phenomenon, or some mixture of these things.  You will notice that I
only provide the evidence from scholars who support my viewpoint.  The opposing
viewpoint can be found built into the hundreds of 900-page calculus books that start
with limits and have been sold and re-sold to student after student in college
bookstores; said books being after all these owners barely touched, by students who
could not stand the sight of said books.

From my own teaching experience and from reading book reviews on web
sites, the limit concept seems to be the major stumbling block preventing
a mastery of engineering-level calculus. The sad thing is that it doesn’t
need to be this way since calculus thrived quite well without limits for
about 150 years after its inception; relying instead on the differential
approach of  Newton and Leibniz.

—John C Sparks, engineer and teacher
Calculus Without Limits—Almost, 2005, page 6



When arithmetic is expanded to include variables and associated
applications, arithmetic becomes algebra. Likewise, when algebra is
expanded to include limits and associated applications, algebra becomes
calculus. Thus, we can say,  the limit concept distinguishes calculus from
algebra. We can also say—as evidenced by the continuing sales success of
Silvanus Thompson’s 100-year-old self-help book, Calculus Made Easy—
that the limit concept is the main hurdle preventing a successful study of
calculus. An interesting fact is that excessive use of limits in presenting
the subject of calculus is a relatively new thing (post 1950). Calculus can,
in part, be explained and developed using an older—yet still
fundamental—concept,  that of differentials (e.g. as done by Thompson). In
this book, the differential concept is the primary concept by which the
subject of calculus is developed. Limits will only be used when absolutely
necessary, but limits will still be used.  So, to start our discussion of
limits, we are going to borrow some ideas from the modern military, ideas
that Thompson never had access to.

—John C Sparks, engineer and teacher
Calculus Without Limits—Almost, 2005, page 47

Limits are foundational to calculus and will always be so.
Limits lead to results unobtainable by algebra alone.

—John C Sparks, engineer and teacher
Calculus Without Limits—Almost, 2005, page 53

Science means never having to say you are sure.

—C. K. Raju

Why is math difficult? The new answer is this. The European philosophy
of mathematics was enmeshed with religion since Plato; initially banned
by the church, it was later “reinterpreted”. In contrast, ancient Indian
mathematics was entirely practical. The two philosophies clashed when
Indian mathematics (arithmetic and calculus) went to Europe;
consequently Europeans had enormous difficulties in assimilating it.
Eventually, the imported calculus was transformed to fit European
cultural perceptions. This transformed version packaged with its inherent
difficulties was reimported under colonialism. This account suggests a
new way to resolve present-day learning difficulties with the calculus:
revert to the practical context in which calculus originally developed. The
philosophy of zeroism ensures there is no loss of rigour. This also fits
splendidly with the new technology of computers, which has anyway
already made the existing calculus syllabus obsolete. This combination of
a new philosophy of mathematics and new technology makes calculus
meaningful and so easy to learn that a five-year calculus course could be
taught in five days as has now been experimentally demonstrated. It also
enables one to go far beyond usual calculus courses and teach the



advanced tools (such as elliptical integrals and nonlinear ordinary
diffierential equations) needed to do realistic physics. The only casualty is
the present-day “expert” mathematician who apes the West and stands to
lose his/her job.

“Calculus Without Limits”
—C. K. Raju

Centre for Studies in Civilizations, New Delhi & Inmantec, Ghaziabad

... many mathematicians think in terms of infinitesimal quantities:
apparently, however, real mathematicians would never allow themselves
to write down such thinking, at least not in front of the children.

—W. G. McCallum, review of Calculus Mysteries and Thrillers 
and How To Ace Calculus: The Streetwise Guide

Calculus is rightly viewed as one of the intellectual triumphs of modern
civilization. Mathematicians are also justly proud of the work of Cauchy
and his contemporaries in the early 19th century, who provided rigorous
justification of the methods introduced by Newton and Leibnitz 150 years
previously.  Leibniz introduced the language of differentials to describe the
calculus of infinitesimals, which were later ridiculed by Berkeley as
“ghosts of departed quantities”. Modern calculus texts mention
differentials only in passing, if at all. Nonetheless, it is worth remembering
that calculus was used successfully during those 150 years. In practice,
many scientists and engineers continue to this day to apply calculus by
manipulating differentials, and for good reason. It works. The differentials
of Leibniz—not the weak imitation found in modern texts—capture the
essence of calculus, and should form the core of introductory calculus
courses.

“Putting Differentials Back into Calculus”
Tevian Dray, Corinne A. Manogue, page 9

Regardless of which point of view one chooses to adopt, making
differentials the fundamental idea on which calculus is based has many
advantages. As noted above, they play a key role in substitutions in
integral calculus, however much one may feel that this use of differentials
is merely heuristic. But the biggest advantages are in differential calculus,
where…the use of differentials turns the chain rule, implicit
differentiation, and related rates—notoriously difficult concepts for
students to master—into something easy rather than hard, organized
around a single, coherent idea.

“Putting Differentials Back into Calculus”
Tevian Dray, Corinne A. Manogue, page 9



For example, Silvanus P. Thompson’s 100-year-old calculus text—which
has never been out of print—uses differentials throughout, treating them
as intuitive objects which anyone can master.  However, the most recent
edition of this text contains a lengthy introduction by Martin Gardner,
who effectively undoes this approach by providing modern definitions of
functions, limits, and derivatives, alleged prerequisites which the original
author clearly chose to do without.

“Putting Differentials Back into Calculus”
Tevian Dray, Corinne A. Manogue, page 11

But so great is the average person’s fear of the infinite that to this day
calculus all over the world is being taught as a study of limit processes
instead of what it really is: infinitesimal analysis.

—Rudy Rucker,
Infinity and the Mind: the Science and Philosophy of the Infinite

Princeton University Press, Princeton NJ, 1995.

Science is about physical quantities, not functions. Mathematicians
justifiably pride themselves on the development of a rigorous calculus of
functions, but it is rather the calculus of physical quantities which is
relevant to scientists. Whether one regards differentials as the conceptual
core of calculus, as we do, or merely a heuristic tool, they reflect the way
many of our professional colleagues think about calculus. This invaluable
tool should be emphasized, not relegated to a recently-invented role in
linear approximation, for which it is neither suited nor needed. Surely we
should encourage the teaching of a concept which captures the intuitive
essence of calculus, which is easy for students to master, and which
always produces correct answers.

—H Jerome Keisler
Elementary Calculus, an Infinitesimal Approach, page 12

The calculus was originally developed using the intuitive concept of an
infinitesimal, or an infinitely small number. But for the past one hundred
years infinitesimals have been banished from the calculus course for
reasons of mathematical rigor. Students have had to learn the subject
without the original intuition. This calculus book is based on the work of
Abraham Robinson, who in 1960 found a way to make infinitesimals
rigorous. While the traditional course begins with the difficult limit
concept, this course begins with the more easily understood
infinitesimals. It is aimed at the average beginning calculus student and
covers the usual three or four semester sequence.

—H Jerome Keisler
Elementary Calculus, an Infinitesimal Approach, page 12



The infinitesimal approach has three important advantages for the
student. First, it is closer to the intuition which originally led to the
calculus. Second, the central concepts of derivative and integral become
easier for the student to understand and use. Third, it teaches both the
infinitesimal and traditional approaches, giving the student an extra tool
which may become increasingly important in the future.

—H Jerome Keisler
Elementary Calculus, an Infinitesimal Approach, page iv

A new mathematics
Present-day mathematics rests on formal proof, which varies with logic,
but logic varies with time beliefs and culture. So mathematical theorems
are no more than cultural truths. That seems the end of formal
mathematics...The new mathematics would value calculation above proof.
For the layperson: this means maths becomes very easy if the Western
approach to maths is abandoned. Anyone can learn the calculus in 5 days
as I have shown.

C. K. Raju
http://ckraju.net

The attempt by Aquinas and the schoolmen to appropriate reason,
through Christian rational theology, during the Crusades, takes us deeper
into this nexus between theology and mathematics.

It is at this time that mathematics was reinterpreted in the West. The
original meaning of mathematics as the “science of learning” or a means of
sympathetically moving the soul was lost. In the West, mathematics now
came to mean  “a means of compelling argument”. Such a “universal”
means of compelling argument was then exactly what was needed by the
church for its agenda of grabbing Arab wealth, after the strategy of
conversion by force, which had worked in Europe, failed with the military
failure of the later Crusades. To enable the use of reason as a weapon
against Islam (a purpose for which the present pope, Benedict, still uses
it,) the philosophy of mathematics had to be Christianized, and the
heretical doctrine of the soul implicit in the “Neoplatonic” understanding
of mathematics had to be eliminated.  The post-Crusade understanding of
mathematics in Europe is best understood as an adaptation of Islamic
rational theology to suit post-Nicene Christian theology.

This Christianization of the philosophy of mathematics was accompanied
by the successful attempts to fabricate history on a large scale during the
Crusades. These attempts to make the origins of mathematics
theologically correct led to concoctions such as Euclid.



The name “Euclid” is not mentioned in Greek texts of the Elements, which
acknowledge other authors, such as Theon, father of Hypatia. The origin
of “Euclid” in Latin texts from the 12th c. could well derive from a
translation howler—in Toledo “uclides” meant “key to geometry” in Arabic.
The key “evidence” for “Euclid” is an obviously forged passage in a late
rendering of Proclus’ Commenta which otherwise speaks anonymously of
“the author of the Elements”, and propagates a contrary Neoplatonist
philosophy declared heretical and cursed by the church.  The issue has
been further complexified by the later-day incorporation of this fabricated
history into the studies on the foundations of geometry by Hilbert and
even Russell, which studies culminated in the present-day philosophy of
formal mathematics or formalism.

“Zeroism and Calculus without Limits”
—C. K. Raju, page 1-2

A lot can be said about limits. They’re closely tied to the idea of continuity
and are very important in analysis, which is the area of higher
mathematics that is built around calculus, providing its foundations and
extending it in many interesting ways.  But I don’t think it makes sense to
talk about limits at an introductory level. (In particular, I don’t think that
it makes sense to talk about limits if you aren’t going to use the words
‘epsilon’ and ‘delta’.)

—Christopher Olah
“Christopher Olah’s Blog”

Thirdly, among the dreadful things they will say about [Calculus Made
Easy] is this: that there is an utter failure on the part of the author to
demonstrate with rigid and satisfactory completeness the validity of
sundry methods which he has presented in simple fashion, and has even
dared to use in solving problems! But why should he not? You don't forbid
the use of a watch to every person who does not know how to make one ?
You don't object to the musician playing on a violin that he has not
himself constructed. You don't teach the rules of syntax to children until
they have already become fluent in the use of speech. It would be equally
absurd to require general rigid demonstrations to be expounded to
beginners in the calculus.

—Silvanus P. Thompson
Calculus Made Easy, 1910

Derivative Definition and Division by Zero
We are not sidestepping the "rule" (that division by zero is undefined) in
the sense of violating it in any way.  We are finding the LIMIT of a function
with h in the denominator as h approaches 0; the limit, by definition,
never invokes division by EXACTLY zero.  We evaluate the limit by finding
a function that has the same values for every x NEAR zero (but not



EXACTLY zero); this function does not involve division by h, so there is
nothing wrong with evaluating it at exactly zero.  You could say we are
"getting around" division by zero in the literal sense that we are working in
the immediate neighborhood of zero without going exactly there.  It may be
tricky, but it's perfectly legal.

—Doctor Rick, The Math Forum
http://mathforum.org/dr.math

…there’s a little dirty secret about limits…in theory you should never get a
limits problem wrong, and why?  …if you don’t know how to solve it
analytically, just put in really, really small numbers here…Try 0.0001, try
numbers that are slightly larger than whatever your limit number is, and
then slightly smaller, and then just numerically if you have a calculator,
see what number it’s approaching.  Sometimes you don’t even need a
calculator…”

—Salman Khan
http://khanacademy.org (see “More Limits” ~6:45+)



AND NOW FOR THE MOMENT OF TRUTH

As we all know, the book you are reading is really a journal of one old boy’s
frustrations during the process of learning something he has been wishing he could
learn much of his adult life.  Knowing this, my dear reader may suspect that I actually
don’t know, and haven’t tried to learn, what limits actually are, or what an
understanding of limits can make one able to accomplish.

Well as a raw neophyte, I have no assertion to make in that regard, except that limits
are unnecessary and unintuitive.  However they are deemed “powerful” by some.  So I
will try to summarize the limits “method” and show a simple example when limits
actually is a method—I think that’s the one that makes its users feel powerful—and
after that I will list several examples where limits is only a notation, where its value as
a “method” is negligible, and the work of finding a derivative is accomplished by
arithmetic, logic, trigonometry, trial and error, geometry, or asking someone else how
to figure it out.  I am hypothesizing that when the problem at hand of finding a
derivative is complex, and other, non-limit-oriented, simple tricks aren’t available for



solving the problem, then limits also ceases to be a simple trick and becomes a mere
notation, an alternate way of setting up the question on the left side of an equal sign
and the answer or “limit”—which is really the slope at a given point of a curve—on the
other side of the equal sign.

So here is the reason limits are the so-called “traditional”* approach to finding
derivatives: the definition of the derivative.  I’ve written the definition itself in the usual
limits notation, with dy/dx added to the front so we who love infinitesimals will know
what the heck the main topic of discussion is.  Maybe I should also have changed the
usual h to the intuitively obvious dx in the big fraction on the right, but for the
discussion that follows, I left it as h.  The parentheses in this bit are all about
FunkNot, nothing else; for example: f′(x) means “derivative of function of x” and f(x + h)
means “function of x + h”:

h
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It isn’t completely obvious on inspection that the two fractions—(f(x+h) − f(x))/h, and
dy/dx—are the same thing, but by coincidence or otherwise, they just happen to be.
We’ll get back to that, since by inspection it is obvious that dy/dx is the main point of
all that follows.

The variable h is another popular name for the infinitesimal quantity dx or “infinitely
small change of x” that limits supposedly don’t rely on, so let me clarify that while this
definition does need to mention infinitely small quantities, it does not overtly drop
them or neglect them as normal people would when using an intuitive explanation of
the derivative.  We’ll just overlook this instead of bothering to try to prove it, since it
seems intuitively obvious to me that the operations have to be the same since they get
the same answer, it’s just that the neglecting of infinitely small quantities has been
buried somehow within limit notation so that it takes place tacitly and covertly, with
the advantage that whole generations of math teachers no longer have to say things
like, “That absolutely true bit of information must now be dropped from the equation
because it doesn’t change anything.”  While instead teaching a method that no longer
makes sense because it gets it results covertly, as if by magic.  Yes, the limits method
is just a trick.  It drops infinitesimals without saying so!  Shall we proceed?

The scary part is where we have a notation that looks like lim with some other non-
mathematical looking codifying right under it.  We are correct to feel misled and jilted
at this point by dozens of prior math teachers, since we look at this “lim & stuff”
notation and sense that it is neither arithmetic, geometry, algebra, or trigonometry, so
we wonder wordlessly, “In all these years of having math shoved down our unwilling
throats, why weren’t we warned?”  Yes I know, that is not a logical argument.  It is an
emotional argument.  Because we learn with our emotions.

I repeat the definition so you don’t have to lose your place looking for it:

* Beware of false soothsayers…If teaching limits is traditional, then what is a tradition?  Anything that’s been going on only
since 1950?  Calling it a tradition doesn’t make it one.  Don’t believe everything you hear.  Rigorists always present their
opinions as fact, and are as guilty of subjectively exaggerating as any other human.  We are all fond of our own ideas.
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The meaning of the “lim & stuff” notation is this: “The limit of the following function as
h approaches 0.”

Huh?

This is a statement almost guaranteed to promote the thousand yard stare in any
normal person, that is, anyone who intuitively doesn’t have a flippin’ clue what was
just said, why, or who cares.

Here is my official diagnosis.

The word “limit” here is a mis-use of a perfectly good English word, by that I mean, the
word already had plenty of meanings, and now some genius who wants to pretend that
calculus can neglect the neglecting of infinitesimals has given it another meaning, less
obvious (by a thousand yards or more) than the ones it already had.  In short, the
mind rebels and goes away.  Another reasonably useful brain has just left the room.

When we hear an English sentence with only English words in it, like, “The limit of the
following function as h approaches 0,” we expect it to communicate something!  And it
doesn’t!  And I dare anyone to define “limit” as used in this supposedly English
sentence, without relying on circular definitions to do it.  It’s the circular definitions
that generate the thousand-yard stare.  Here, I’ll try it first: “The word “limit”, in the
sentence “The limit of the following function as h approaches 0,” means…

…derivative…slope of curve at point in question…slope of tangent of curve at said
point…ratio of change in y to change in x…

I know, I cheated; I already knew the answer.  But don’t think the answer was easy to
find.  I had to rely on the rare math teacher who doesn’t mind saying things that are
pretty true about stuff that isn’t obvious, and then by accumulating a consensus of
such opinions from said rare individuals, I was able to establish the probability that
the “limit” is the same exact thing as the derivative of a point on a curve.

Time to recharge:
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Say, I have an idea, let’s try this.  Knowing that h is really dx, an infinitely small
change of x, let’s say “dx” instead of saying “h.”  While we’re on the subject of avoiding
the double-talk that codifying tends to be, and even more importantly, knowing that
“limit” just means the real value of dy/dx when dx equals zero…but wait!  When dx
equals zero?



Oops.

The denominator of a fraction cannot equal zero.  Well it can, but we can’t deal with
the consequences mathematically, so mathematicians say that the value of a fraction
with zero on the bottom is “undefined”.  That’s a big topic which we will avoid, but
speaking of avoiding things, isn’t this whole limits notation just a way of avoiding
something?

Ain’t that the truth!  Here’s an updated version of the “limits” definition of “derivative”
that doesn’t avoid saying “infinitely small change in x” (and thus making us figure out
that the mysterious h is equal to an infinitely small change in x):
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I find that a lot easier to look at, don’t you?

OK.  Avoiding something.  Limits notation is a way of avoiding a zero denominator.
Since we can’t say dx = 0 without putting 0 where it can’t be, instead we say dx→0 or
“as dx approaches zero”.  What this means is that we are looking at dx = 0 without
actually doing the deed itself of putting zero where it should not be.  And it’s true, we
don’t want zero to be there anyway, because dx = 0 would mean “an infinitely small
change equal to zero” which is nonsense.

I don’t want to say “dx is a Real Number” because then I’d have to rigorously define
stuff, and rigor is for mathemagicians, so I’ll avoid the problem by mentioning that dx
is an Actual Number bigger than zero but so little bigger than zero that we don’t really
want to talk about it, because it gets annoying quickly as it devolves into philosophy
that either can’t be proven or leads to reams of the sort of rationalization that no
normal person would want to try and follow.

At this point I must either work an example or shut up, so I’ll work an example.  This
is an abstraction using x and y for changer and changee.  It is the formula for finding
a slope of a curve, and since that happens to be the process of differentiation, this
happens to be the “limits definition of the derivative” which I understand is the “formal
definition” which supposedly can’t be stated without limits notation.  Here is is again,
the limits definition of the derivative:
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The ugly fraction on the right, which I already said is equal to dy/dx, is the formula for
slope after a little simplification.  Let’s start at the beginning.

x = x (pretty easy so far)

y = function of x = f(x) that’s a generic statement about any function where x is
the changer and y is the changee



dx = an infinitesimal change in x

dy = an infinitesimal change in y

dy/dx = y′ = f′(x) (obvious from the equation, different notations that give varying
information about the same thing while making us assume or find out the rest)

f(x + dx) = the y-value when x has changed to x + dx = function of x + dx (sorry
about the FunkNot, it won’t happen again till we later attack the limit definition
of something else.)

Again, the target is:
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I promised to start at the beginning, so look at the end of the expression where that
big fraction with all the superfluous “f” notations are.  The first thing I’m going to do is
expand it to its full version, then I’m going to rewrite it in normal notation instead of
FunkNot, then I’m going to “do it”, and after I’ve “done it” we’ll talk again.

This is about any curve on a graph generated by an equation phrased as a function
that uses x as its independent variable which corresponds with the graph’s horizontal
axis, and uses y as its dependent variable which corresponds with the graph’s vertical
axis.  Since this is the very definition of the derivative, then it is true of the derivative
of any equation where x is the changer and y is the changee.  It’s about how much y
changes when x changes.

(When I say “equation phrased as a function,” I mean to say that an equation is
anything with stuff on either side of an equal sign, where the stuff on the left of the
sign is equal to the stuff on the right side of the equation.  A function is usually an
equation where the dependent variable, such as y, is alone on the left side of the equal
sign, so that its value depends on exactly all the shenanigans of the other stuff on the
right side.  That stuff will include an independent variable such as x, usually doing
stuff with constants.  Constants are numbers that are not variables; when x and y
change, the constants stay the same.  A function has only one value of y corresponding
to each unique value of y.  Since some equations have more than one right answer,
such an equation has to have a disclaimer attached to it that limits—er, I mean
restricts—what values are allowed for x (the domain of x), and what values are allowed
for y (the range of y).  Once an equation has been restricted to give only one y for each
x, it also qualified to be called a function. Normally this boring stuff occupies the
entire first chapter of a math book, but this is not a math book so I bury it anywhere I
want and put parentheses around it to soften the blow; restrictions are, by definition,
boring.)

On the graph, the horizontal axis is marked off for values of x and the vertical axis is
marked off for values of y.  FunkNot aficionados feel compelled, each time they use a



function, to dirty their calculations with the redundant information that what they are
saying is a function, so instead of y, they will write f(x), which means the same thing.
Here is how we find a derivative, also known as a slope-generating formula, according
to FunkNot; if it doesn’t make sense to you, don’t despair, because I am fixing to
translate it into normal straightforward notation in a jiffy.  Remember, a derivative is
the ratio of how fast a changee (y or f(x)) is changing when x changes.

derivative = dy/dx = [f(x) + dx] − f(x)/(x + dx) − x

In simple notation and in reference to infinitesimally small changes of condition:

derivative = dy/dx = (y2 − y1)/(x2 − x1)

The simple meaning now is obvious.  Two conditions are being compared.  Condition 1
corresponds to x1  which yields y1 as its result.  Condition 2 corresponds to x2  which
yields y2 as its result.  By subtracting y2 − y1, for example, we find the change in y
upon arriving at the final condition 2, having started from the initial condition 1.  The
change in x is also determined, and a ratio is generated to compare the two conditions,
by dividing the change of y by the change of x.  The proportion between the two is thus
found, and the answer is instantaneous slope, or derivative, on a graph.  A curvaceous
curve might have a different slope at every point of the graph, but the derivative is a
number, equal to the ratio we have just described, that will give the actual slope of any
point on the curve when you substitute real values of x and y into whatever function
you happen to be working with.

Our problem right now is trying to connect this simple version to the version we’ve
been using all along:
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To do this we have to complicate what we just simplified, by calling x2 “x1 + dx” etc.  So
the simplied equation…

derivative = dy/dx = (y2 − y1)/(x2 − x1)

…becomes this…

derivative = dy/dx = [(y + dy) − y]/ [(x + dx) − x]

…which simplifies to:

derivative = dy/dx = [(y + dy) − y]/ [(x + dx) − x] = dy/dx

Did I mention circular definitions earlier?  Nevertheless, we will try to continue with
what appears to be a charade generated by a word “limits” which doesn’t appear to
have a unique bit of information to add to what we already knew:
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See what I mean about the limit notation not adding much?  Now in reference to an
earlier remark that really easy limit problems—which we could have figured out in our
head without limit notation—do seem to have a limit “method”.  Here is the method.
It’s called substitution.  Ever heard of it?  Yep, it’s algebra.  Since the limit notation
says that dx is trying to get so small as to almost be zero, then what we are going to do
is substitute “almost zero” for dx in the equation, and presto!  Limits just got nothing
done again the same way we already knew how to do nothing.

The reason for this inability to escape circular reasoning is that we are peering at
limits through its own telescope backwards.  It is now time to work a real example of a
real function, I mean a function that isn’t itself a definition of the derivative.

Here’s the simplest of quadratic functions: y = x2.

x y = x2

Condition 1 x x2

Condition 2 x + dx (x + dx)2

Now substitute the example values for y to get everything in terms of the changer x:

dy/dx = (y2 − y1)/(x2 − x1)

dy/dx = [(x + dx)2 − x2]/ [(x + dx) − x]

Multiply (x + dx)2 using FOIL:

dy/dx = [x2 + 2x(dx) + (dx)2 − x2]/[(x + dx) − x]

Simplify:

dy/dx = [2x(dx) + (dx)2]/dx

Cancel dx:

dy/dx = 2x + dx

Put “lim & stuff” back in:
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Now “do it to it” and presto chango, answer city!  Only trouble is, “limits & stuff” was
completely negligible to the simple algebra we just did, and putting it back in later
didn’t seem to have an effect except for what we are about to attempt: “doing limits” as



a method for finding a derivative.  (Or are we “taking a limit”?  Can anyone explain
where limits are taken when they die?…)  The fact is that the only “method” involved in
“doing limits” is when you can simply use substitution, and this is the process that
makes doers feel powerful, but it is in reality a simple trick inspired by simple algebra.
So let’s do it!  Let’s do some substituting!  Repeating the challenge so you don’t get lost
while looking for the last copy of it:
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Substitute the “limit number” or 0 as if the arrow were an equals sign; we know they
are infinitely close to being the same thing, while remaining different, separate, and
distinct.  This turns dx into “zero” and since it “isn’t” an infinitesimal, but “approaches
zero,” we have now “done limits” without neglecting wee quantities and thus satisfied
the rigorous amongst us who don’t like leaving out negligible stuff!

dy/dx = 2x

As we know from having already mastered the Trick, dx had to be dropped off at the
negligible quantities scrap heap anyway, but by “using” limits we have thoroughly
confused the issue, gone in circles, pretended to do something abstract that most
people can’t grasp for some reason, and finally gotten the same answer as doing
calculus the right way, all without being honest with ourselves!

Because we did too drop dx out of the equation for being a negligible quantity; we just
won’t admit it!  This is what magicians call “sleight-of-hand” or “redirecting the
attention”.

Best idea I’ve heard all day: let’s redirect our attention and leave limits out as a
negligible player in the calculus game.  The following examples prove that limits
problems are not solved by any “limits method”.  This is not rigged; the problems are
from a limits teaching program, not a limits debunking program.  Limits is an extra,
useless layer of filtering added to calculus courses to keep questioning minds out of
the science and engineering establishment.  Thank goodness this ploy has only been
partially successful.

POSTSCRIPT TO LIMITS CHAPTER: SOME EXAMPLES OF LIMITS
PROBLEMS…WHAT METHODOLOGY WAS ACTUALLY USED TO SOLVE THESE?
THERE IS NO METHODOLOGY IN LIMITS!  IT’S JUST EXTRA NOTATION TO SCARE
AWAY BEGINNERS!  HERE IS YOUR HOMEWORK, WHETHER YOU BELIEVE ME OR
NOT:

Watch all the limits videos at http://khanacademy.org.





CHAPTER 5
What’s so Right about Triangles?

TEXTBOOK PUBLISHERS : TEACHERS
A) pharmaceutical companies : doctors
B) record companies : disk jockeys
C) corporations : congressmen
D) all of the above

—Paul Lockhart
“A Mathematician’s Lament”

When you are trying to see the big picture, you will ask questions that people don’t want
to know the answer to.

—Uncle Aspie

This chapter is a commentary on a rather easy topic (trigonometry) that I have not
studied in school very much or ever used.  It was written, like the rest of this book, to
give clarity to the problem areas that I encountered during a quick look at the
essentials, and to hopefully make some stuff more interesting, relevant, and easy to
grok.  And like most chapters in this book, it contains entire sections that I wrote
strictly for my own entertainment, while promising myself that they would chopped
out later, in the interest of professionalism.

Ha.

Writers like me who jump into details first, straight into a description, while starving
the reader for a main point, are generally ignored.  Let me then break with my own
tradition and start with the main point of trigonometry as it applies to calculus:  the
almighty Circle!



Calculus uses trigonometry functions and graphs to describe changes in cyclical
events like sound waves that repeat over and over.  Cyclical (periodic, repeating) events
are naturally best represented by the circle since it is the very essence of a cycle.
Progress around a circle, or angular distance, is measured in degrees or radians, and
there are your triangles.  A pie chart is a circle and a piece of a pie chart is a triangle,
no?  And no, my geometry teacher did not mention this to me and because of the
dearth of connection, one topic to another, I was not motivated to study either trig or
calc when I took geometry.  You know what I’m going to say: “Trigonometry should
have been taught in geometry class…”

Now for the details.

OH MY GOD NO HE’S GOING TO USE THE T WORD!

The five-syllable brain-eating ogre upon whose lair we daren’t encroach.  Once again
the prerequisite-laden approach to math education as dictated by nature’s alpha male
model has functioned as an extra hurdle, shutting out another portion of the
population from ever considering a career in science or engineering.  And all because
they called it “tri-go-no-met-ry” instead of “stupid triangle tricks that anyone can do.”

But the fact is, you can’t open a calculus book without finding liberal sprinklings of
“sin this,” “cos that,” and—horrors!—“csc thither.”  Now where did I leave the remote???
This calls for some Best of Fear Factor re-runs!  Or the Weather Channel!  Anything but
t-t-t-t-trigonometry!  I’d rather eat worms!

Being privy to the little-known fact that trigonometry is so easy that the author of
Trigonometry in a Nutshell teaches it in a single 45-minute lecture, I am currently
undergoing a review of trig at one of my favorite free online schools,
http://khanacademy.org, in order to find the place where I left off, last time I learned
trigonometry without learning what the heck it’s good for.  And based on the attitude
seen in schools, a hankering for usefulness—that great motivator of learning—must be
for whining misfits  who can’t keep up with the teaching of pointless abstractions.
Therefore, in our schools, it’s a matter of “once unmotivated, always unmotivated”
because the school officials are too busy banking pocket change to cater to the needs
of individuals who need jobs.  God forbid that any of the obligatory career counseling
courses included in an academic degree be taught by people who care about getting
you into a career now. It’s all about keeping people in school as long as possible.  The
Almighty Degree pushed education aside and education became its own purpose.  With
this accomplished it was the natural next step for the almighty dollar to push the
degree aside; the educationists no longer care whether you actually get one.  Their
Masters will keep pumping you full of student loans as long as you keep trying to feed
at the education trough.

It goes without saying—which is just a dare for me to say it anyway—that no calculus,
since the invention of the “prerequisite peak” has ever been taught in a trigonometry
class.  Not if the Curriculum Committee had anything to say about it.  But open any
calculus book and see that every kind of math from bottom to top walks hand in hand



with calculus, especially trigonometry.  What could be more anti-intuitive than to split
these soulmates, to rend them from each others’ clutching grasp, and to fling them
separately down into the Bottomless Pit of Prerequisites, where we start at the bottom
and climb ever upward toward the Grand Goal of God-knows-what-it-actually-is but
they call it “trig and calc”?

Once again I assert that calculus is not a separate branch of mathematics, but rather
the point at which math becomes a key to a profession, thus a coveted key to the
kingdom and doled out as such.  It’s as if the part of math that yields application had
been systematically stripped out of the lower portions of the Math Pyramid and
fashioned into a topplesome tower perched precariously atop yon Math Pyramid
waiting for someone like me to come along and try to bring the beast down to the level
of ordinary people.

Meanwhile the skeletons of many a hung-up hungerer for a degree hang helplessly by
their heels while the zombies of conventionalism—the only common survivors of the
prerequisite process—clamber over their lonely skeletons, on an extended boot-camp
marathon quest for a degree, continuously engendering ever higher mountains of debt
in order to reach that pinnacle of proud success, which all secretly agree is what it
says it is:  B.S.

This state of affairs came true the moment the first hungerer for knowledge (Dick or
Jane?...or Eve?) sold his or her honest curiosity for the ever-climbing status of a Title
that follows no known law of logic or thermodynamics, but rather plies to the wake of
Almighty Consensus, the great engine of the status quo.  For Lo! it is obvious only to



the Initiated that it’s not what you learn in school that counts, but who you get to
know.

Thus the cliquemongering effort on the part of the prerequisitively privileged to
frighten away socially inadequate interlopers by mocking their efforts with 1200-page
textbooks full of the scholaristic guano that only academicians can look at
without…feeling…very…sleepy…while those in the know are in the teacher’s office,
sitting on his lap.

Now, in a job of work, the grunts are taught to never handle the same part twice, if at
all possible, because it wastes time.  The Curriculum Committee is expert at wasting
its students’ time, because we have been trained to pay schools for our time, so they
rob us of as much of that priceless commodity as we will allow, and charge
accordingly.  When you hire a plumber or a carpenter, if he makes you hold the other
end of the pipe or the board while he does stuff to it, then he had better charge you
less for saving him the cost of hiring an assistant.  But in school, the customer is told
what to do, has no one to help him, and has nothing to say about it!

This perversion of power leads me to believe that all schooling should be free.  Getting
the money out of education would get a lot of the politics out of education, and what
follows might actually resemble education.

THE UNIT CIRCLE

Very simple, the unit circle.  Taught in trigonometry, taught again in calculus.

The unit circle is another practical proof (that means really good evidence) that
calculus does already exist untapped within trigonometrized craniums, but has been
carefully concealed by carnivorous cretins in a crucible from which only the initiated
may imbibe, so as to appear available only to a secret sanctified sect of similaristic
sycophants.

“Graphs is calculus,” there, I said it again.  A curve is a picture of x changing y, and
the tangent line that glances ever so briefly off one point of the curve is the derivative
in action, the very definition of the instant during which x’s effect upon y is recorded
by simple arithmetic and a smattering of algebra and a wiggly line—and Say! …what is
the tangent line if not trigonometry itself?

The unit circle—a circle with the radius 1—IS a graph.  Here trig meets calc and the
sun rises over the horizon, and there at the center of yon perfect roundness we find
the origin of All That Is.  The place where zero x results in zero y: the canvas upon
which the harsh strokes of reality are painted.  X crosses y in the center of the unit
circle, and behold: The Graph!

Here is the usefulness of trigonometry, where boring properties of the relative sizes of
a triangle’s sides translate into a 360° perspective of a physical trend: where a change
came from, where it is at now, and where it’s going.  Nothing much to do with
triangles; once you figure out that right triangles and their properties are only



constructs imposed on the graph that depicts changes within reality, the triangles are
only being used to say useful things about a curve—that is, a picture of how some real
things change under each others’ influence.

AND GUESS WHAT ELSE: THE FORMULA FOR A CIRCLE’S AREA IS REALLY THE
FORMULA FOR A TRIANGLE’S AREA: WE HAVE BEEN MISINFORMED, AS USUAL*

Imagine a circle with its radius marked r and its circumference marked 2πr.  If you go
to Wikipedia’s article on the Area of a Disk,** you can see an animation of this.  You’ll
see this circle unfold into a right triangle, while the radius, which is the independent
variable of a circle, stays right where it is.

What I want you to see about the animation is that the radius of a circle is fixed in
place and the rest of the circle unwraps from that radius into a right triangle with the
same area as the circle, in one smooth move.  Of all the points in the circle’s area, only
those comprising the circle’s radius are fixed in place.  There are many proofs that the
area of a circle = πr2, each more complicated than the one before, and it is to be
expected that our “triangle method” is left for last, a nearly-overlooked wanna-be,
since many true mathemagicians have no investment in admiring simplicity.  This
particular visual proof doesn’t depend on anything but looking at it.  It’s obvious and
much simpler than other visual proofs which involve more steps.  So in accordance
with the way things work, I hereby declare this to be the practical proof—the most
practical proof—that the area of a circle is equal to the area of a right triangle with
height r and base c, where radius is the triangle’s height and circumference is the
triangle’s base.

* This section is based on the discovery and well-informed opinions of Robert Palais and Michael Hartl, and their growing
following.  To get it straight from the horse’s mouth, see “Pi is Wrong” by Bob Palais,  “The Tau Manifesto” by Michael Hartl,
and “Pi is (Still) Wrong” by Vi Hart.  Don’t forget to watch Vi Hart’s You Tube video, it’s really good.
** http://en.wikipedia.org/wiki/Area_of_a_disk#Triangle_method



If my assertions are true, then the form of the formula for a circle’s area that is most
literally representative of a circle’s area is not the simplified form we all know (πr2), but
the area of the triangle that the circle unwraps into, which is exactly half a rectangle:

triangle’s
area

= ½ base * height

circle’s area = ½ circumference * radi-
us

a = ½ 6.28… *
radius

* radi-
us

Hey!  Look!  Joy of discovery!  Dang!  Look!

It’s that number again: 6.28…!

We’ve bumped into this number before in our quest to stay as far away from math
textbooks as it is possible to get.  What is 6.28…?  It is the derivative of the formula for
the circumference of a circle, and it is the 2nd derivative (the derivative of the
derivative) of the formula for the area of a circle; each differentiated with respect to
radius:

a = πr2

da/dr = a′ = 2πr = circumference = c

dc/dr = c′ = a′′ = 2π = 6.28…

Do I have to repeat the whole dad-burned section on how a certain cone derives to the
area of the circle that is the cone’s base, and the area of a circle derivativizes to its
circumference, and its circumference derivitavizes to 6.28…?  Or do you get it?

In this book, by a beginner who has generally avoided math curricula and their
almighty prerequisites, and within recent memory has used only nearly free and free
books and websites and online tutorials to look up those questions which were
interesting and essential to answering the actual question at hand, it has already been
suggested by two accidental, unrelated chains of thought that 6.28… is the REAL
physical constant that defines circles.  I am not the original discoverer of this, but twice
now in researching this book I’ve bumped into 6.28—now called by the Greek letter tau
or τ—where it was least expected: at the core of an intuitive look into something I
didn’t understand.  In fact, the illustration above by Joseph Lindenburg, a real
mathematician who writes articles for Wikipedia, was inspired by my correspondence.
Math is not generally taught as a discovery but as rote drudgery.  But attempting to
discover calculus, rather than shove it into my body, has been surprisingly rewarding
for me.

I’m talking about pattern-spotting.  The following table is in support of
½ * circumference * radius, or the area of a certain triangle, as the intuitive, literal
formula for the area of a circle.  This is straight from The Tau Manifesto by Michael



Hartl.  It tackles the only argument against replacing π with its double, by showing
that ½ * circumference * radius is the more natural form because it fits into a common
pattern of quadratic formulas instead of trying to stand alone as an orphaned factoid.
From Hartl:

There is simply no avoiding that factor of a half (Table 3).

Quantity Symbol Expression

Distance fallen y ½ gt2

Spring energy U ½ kx2

Kinetic energy K ½ mv2

Circular area A ½ τr2

Table 3: Some common quadratic forms.

This is a nice bit of visual evidence but as proof of anything, it is not that strong.
However, as pointed out by Joseph Lindenberg*, there is a better argument based on
this pattern: the equation for the area of a partial circle is here followed by both
versions of the equation for a full circle’s area.  Which full area equation follows the
pattern? (Theta or θ is often used for angle measurements.  It doesn’t affect anything.
You could use any letter.)

perimeter of partial circle = arc length = θr and area of partial circle = ½θr2

perimeter of full circle = circumference = τr and area of full circle = ½τr2

perimeter of full circle = circumference = 2πr but area of full circle = πr2

Again, this might not be proof of anything, but in this case it is demonstrated that the
better formula for the area of a full circle is the one that matches the pattern of the
formula for a partial circle.  It’s about making math easy to learn…why?  To fool people
into thinking it’s easy?  No, to take advantage of the real fact that math IS easy to
learn, or can be, if we can get mathematicians to care about those who need some
limited amount of math and don’t want to have to learn how to think like professional
mathematicians in order to accomplish that.

Math should be taught the easy way, and once someone learns the basics, it’s up to
him what to do with it and how.  It should not be up to professional mathematicians to
make all the decisions on how engineering or business math should be taught.  That’s
a rigged game.

Now to briefly present Hartl’s crusade, which I adopt wholeheartedly, in my own form:
there is nothing wrong with the number π, it just doesn’t mean anything.  It is one of
those derived constants that engineers and mathematicians are always throwing
around to save time because they have it memorized and/or there’s a button for it on
the calculator, but they have forgotten what it means or never knew.  Convention is a

* https://sites.google.com/site/taubeforeitwascool/



habit.  The real circle constant is and always has been 6.28… which some advocates
are calling a “turn”, but one of the reasons for π’s success is that the symbol isn’t
already taken by something else.  So to sound good like “pi” we can start using the
Greek letter “tau” for 2 * π instead, which looks like this: τ.

I won’t present the whole argument, because it’s pretty obvious once you look into it,
but I will borrow this testimonial from Hartl’s website:

A Tau Testimonial

Hiya, Dr. Hartl.

I’ve been a fan of The Tau Manifesto for quite a while, I ordered the Tau Day t-shirt, etc. And today I come

to you with a τ success story. I hope it warms the cockles of your heart as it did mine.

I’m an undergraduate student, and I spent the just-recent spring break with my family. During my stay,
my 15-year-old sister begged me for help on an upcoming trigonometry test, which was based primarily
on converting between degrees and radians and finding sines and cosines of all manner of wacky angles.
She gave me a bundle of homeworks (all with fairly depressing scores) that showed the material covered.

I started off trying to reinforce some of the concepts she seemed to be confused about, but she said I
mostly ended up echoing her teacher and that she still just “wasn’t getting it.” So I said to myself, “screw
this, I’m going to do this the Correct Way,” and I started teaching her all of the same material from

scratch, but using τ instead of π. Just as I was drawing the fractional segments of a circle labeled

with τ, τ/2, τ/3, etc., her eyes lit up—she grokked it. And when I drew the first right triangle to talk about
sines and cosines, she took the pencil from me and finished explaining the material herself. And then she
went back and annihilated all the old homework problems she missed.

Her strategy for the test was to do every problem with the τ-circle, and then to sweep over it at the end

and convert every τ to 2π. She was the first one in her class to finish the test, with a 100%.

So I (and my little sister) thank you, Dr. Hartl, for campaigning as avidly as you have for τ. It has
enriched our lives and brought us much joy, and will probably stop the End of Days. Keep up the good
fight; I intend to as well, where I can.

—an MIT undergraduate (who wishes to remain anonymous)

ALTERNATIVE CIRCLE CONSTANTS AND PERSPECTIVES ON ANGLE MEASURES

Trigonometry was always easy, but people have found it hard for the same reason that
function notation seems hard despite its simple message: its visual presentation
requires translating from what is said to what is meant.  Like having one math teacher
whisper one thing in your left ear while some other math teacher whispers something
else in your other ear, and you are expected to concoct usable information from that.

While we pretend that π is the circle constant, we are always going around doubling it,
forever talking about 2π this, 2π that.  All to keep up the pretense that π is the real
circle constant.  There is a righteous video “Pi is (Still) Wrong” by Vi Hart, to this effect
on you tube:

http://www.youtube.com/watch?v=jG7vhMMXagQ



Where does π come from?  It is the ratio of any circle’s circumference to the same
circle’s diameter, thus it is a circle constant since it is equally correct for all circles.
But is it THE circle constant?

To answer that, just tell me the definition of a circle.  OK, I’ll tell you: it is the set of
points that are the distance r from a center.  Circle is thus defined by its perimeter, its
center point, and its radius.  A circle’s diameter is not part of the standard equation:

circumference = radius * 2 * π

You can retell the story as…

c = diameter * π

…but that’s just the alternate story, not the definition.  Try defining the circle that
way: umm…er…well, it’s possible, it’s not hard, but it’s klunky and unnatural so no
one does it.

Now seeing that π is a ratio of circumference and some secondary concept “diameter”,
why don’t we just go in there and fix everything from the git-go and find out what the
real circle constant is:

circumference / radius = 6.28… = τ = the Greek letter tau

The correct constant for all circles is obviously twice π, and using τ or 6.28… instead of
π eliminates all worries incurred by the formerly obtruding factor of 2.*

I haven’t tried to discuss the angle unit radian up till now, because its utilization is
forever polluted with 2 this and 2 that; the factor of 2 is π’s constant companion.  The
inappropriate choice of π as the circle constant makes trigonometry look ugly, thus
seem unconnected and anti-obvious when it’s not, just because we never quite know
what to do with that factor of 2, without the ponderous thinking which makes math
unpleasant to modern Remote Control Man.  Do you multiply it?  Divide it?  Stick it in
your nose and blow it out your ear?  Turn on the TV and forget about it?  All the above
have been tried, and the simple concept of the radian continues to elude the non-
mathematician because its simplicity is camouflaged by the ubiquitous but

* For the defense of good-old-fashioned pi as the correct circle constant, see The Pi Manifesto at

http://www.thepimanifesto.com/.  One big difference between The Tau Manifesto and The Pi Manifesto is that the tau
man, Michael Hartl, is concerned largely with making math easier to learn, while none of The Pi Manifesto’s arguments can be
easily understood by beginners; his evidence is more complicated, and his jokes aren’t as good.



meaningless factor of 2 which encroaches on all circular contemplations.  Look at the
intuitive difference it makes to switch to tau:

fraction of
wave cycle
or circle

θ radians
with τ

θ radians
with π

x = cos θ y = sin θ

0/4 0/4 * τ 0 1 0
1/4 1/4 * τ π/2 0 1
1/2 1/2 * τ π −1 0
3/4 3/4 * τ 3π/2 0 −1
4/4 4/4 * t 2π 1 0

For animations clearly showing how the graphs of the trig functions relate to the unit
circle, try these links:

http://en.wikipedia.org/wiki/Sine
http://en.wikipedia.org/wiki/Trigonometry

If you’re doing homework or something the status quo public must read, then after
you easily get all the right answers using the correct circle constant, you can go
through and replace every instance of τ with 2 * π.  I’m not that easy to get along with:
I am going to use τ without apology and if you want to check my work, then you can
replace my every τ with 2 * π and see that my answers are as correct as the answers of
anyone who uses 2 * π.

Comparing the unit circle plotted above and the sinusoidal waves plotted below, we
see that the unit circle is a picture of (cos θ, sin θ), or (x, y), while the waves depict



(θ radians, sin θ) or (θ rad, y).  Don’t forget to consult the animations to see how the
unit circle can be used to draw the sine, cosine, and tangent waves.

NOW ABOUT RADIANS

I despised radians for years until the reason for this suddenly became clear under the
tutelage of Salman Khan, chief lecturer at the world-changing free school,
http://khanacademy.org.

The facts of the matter dawned on me and suddenly I prefer radians to degrees as an
angle measurement.  It would take a long time to get to the point where I could look at
a right angle and automatically think “π/2” instead of “90 degrees”, but there is new
hope with the advent of renewed interest in the topic brought on by the new, improved
circle constant τ: a right angle is now τ/4 radians and it is now intuitively obvious by
its measurement in radians that the 90 degree angle is one-fourth of a circle.  Because
a whole circle, or one circumference, is now τ radians and all is well with the world.



But τ is not the only thing about radians that makes radians a transparent, intuitive
notion.  Radians as an angle measure are more intuitive than degrees; degrees are just
another bad habit inherited from the history of mathematical fumbling.

My greatest insight, the one that set radians free from confusion, is that there is no
such thing as radians!

No doubt you are twitchily reaching for your mouse to recommend this humble tome
to all your friends on Facebook, but read through my stroke of genius before you
report it, so you get it right: radian and radius are the “same thing” (so to speak)!  And
keep reading, because I’m not finished.

So “radian” is an extra word, easily explained away as the natural disinclination of the
speakers of English to use “radius” as a unit of measure, because it rankles many who
try to hide their unnaturally high intelligence to say “radii” as the correct plural of
“radius,” and the alternate form “radiuses” looks and sounds stupid.  Now we are
going to discover that I am indulging in a certain degree of poetic license to get my
point made, because it is possible to split hairs, as academicians must do if they
intend to have a job in academics, and make one or more distinctions between a
radius and a radian.  So I will go ahead and temper my remarks with this disclaimer: a
radian is a radius used to measure its own circle.

Another reason that radians fail to make a firm connection with the masses who find
radians confusing is that despite the hair-splittingness of its reason to exist separately
from the term “radius,” the supposed need for extra terminology is not applied
consistently.  While radius started out being used to measure the basic element of a
circle’s size that can be paraphrased conveniently as half the circle’s diameter, we then
go ahead and use the same term “radius” as a measurement of 1/6.28 of the circle’s
circumference, as in “there are τ radii in a circle’s circumference.”  But we can’t use
the same word to measure angles?  We want an extra term for something that we’ve
already used to measure both the circle’s basic essence (1 radius) and its perimeter
(τ radii), so instead of saying that a right angle is equal to τ/4 radii, we say that a right
angle is equal to τ/4 radians.

Why?  We don’t like the word radii because it’s not English.  But the fact is, an angle
really isn’t “equal” to the number of radians it includes between its two arms.  The
angle with its apex at a circle’s origin, and the arc portion that the angle includes, are
partners within a single phenomenon, like “wife + husband = marriage”.  You could
even make one a variable that is dependent on the value of the other, independent
variable.  So I join the hair-splitters, and I will now try to finish explaining what a
radian is without complaining about it.  The following progression of statements made
above is now exposed as a series of progressively smaller exaggerations meant to
gradually bend the mind into a new shape; this is poetic-license-abuse for a good
cause:

…there is no such thing as radians (sort of false)
…radian and radius are the same thing (sort of true)
…a radian is a radius used to measure its own circle (true!)



The next complaint* I have about the use and definition of radians is the silly word
“subtended” which is not needed, unknown to most people, and therefore intimidating.
We who long to learn math the easy way do not appreciate the personal and career-
oriented need of the professional mathematician to appear smarter than we are, and
this conceit of inventing new terms when the old ones would work is anti-productive, if
the goal is to teach expediently.  Apparently expediency is not the goal at all.

My final definition of radians is NOT the following; here is the sort of undefinition that
makes radians as a topic seem opaque to people like me (that’s people who can’t
multi-task, either mentally or physically).  “A radian measures the angle subtended by
the circle chord whose length is the same as the circle’s radius.”  How many times did
your brain just turn in its grave?  Definitely do not read over that again.  In addition to
being written inside out and backwards, it uses the word “chord” unnecessarily and
wrongly, and it uses the word “subtend,” and “subtend” is a silly, unlikable word.  It is
terminologicalistic drivel, an attempt to make a definition sound as technical as
possible.  Leave it to scientists to do as much as possible to destroy the English
language, leave “subtend” in the Latin books because that is where it belongs.  Now
let’s speak English, in regards to radians.

From Wikipedia, we learn that “a radian is the ratio of an arc and its radius”.  As a
ratio, it isn’t even necessary to use any unit designation, because ratios are pure
numbers.  For example, if someone asks, “What is watching the TV?” you have to say
“four people”; the correct response is not just “four”; the units are needed, because
dogs and pigs are smart enough to enjoy TV too.  But if someone asks, “If four people

* I lied about not complaining any more.



are watching TV and three are already brain dead, what is the ratio of brain dead
people to total people?”, the answer is just “3/4” with no units, because the units are
the same on top and on bottom of the fraction (people) so they can cancel out if not
needed for clarity.  If a ratio compares two different things, it might have units.  Herein
lies still another difficulty with apprehending the radians concept.  If you try to use
units with a pure number, you have to re-say—and thus re-think-about—everything
that was already said.  There is a time and a place for this but when someone, who
doesn’t clearly understand radians to begin with, encounters a usage of the term, it’s
like having to say “three brain dead people for every four people” every time you say
“3/4,” and you don’t even know exactly what it means for people to be brain dead,
then it’s quite a feat to say “3/4” and it might even become something one tries to
avoid.  But to be exactly accurate, the units radians or “rads” is often used when it
could be left out,  just so everyone knows we’re not talking about degrees.

Now tackling that newish information—“a radian is the ratio of an arc and its
radius”—I believe we have found the key to really getting at this radian controversy.
For example, if we know that an arc on a circle is 240 cm and the radius of the circle is
9 cm, then we also know that the “arc” is 26-2/3 radii in length, that the “angle” is
26-2/3 radians.  Dividing 26-2/3 radians by τ tells us that the “angle” is really 4.244
turns of the circle.  As in so many aspects of math learning, to realize that some
seemingly isolated number is actually a ratio (for example, 3 is really 3:1 or 3/1 or 3
compared to 1) opens up the mind to seeing all the way around something.

There is one other thing.  One good, generic definition for radians is Google’s: “A unit
of angle, equal to an angle at the center of a circle whose arc is equal in length to the
radius.”  I like this because it simply omits the unnecessary conceit of saying
“subtend”.  Which shows that the word was extra to begin with.  Expendable.

 But what about angles that aren’t associated with any circle?  You just have two line
segments in space, connected at their end point, and subtending…nothing!  Can we
use radians to measure this angle?  Or are we limited to using degrees?  In spite of the
fact that the number 360, as in 360°, has been proven by some self-published (and
self-medicated) authors to be a natural constant of some sort, the fact as science sees
it is that for a circle to equal 360° is arbitrary, whereas for a circle to equal τ radii is a
solid fact of nature that will never change.  So you would expect that any angle could
be measured with radians, whether associated with a circle or not.

The answer lies in the section of the definition above that I italicized: “…an angle at the
center of a circle…”  This is not a restriction so much as it is a clue.  You can either
draw or imagine the missing circle, and thus if there were a circle whose center was
the place where two intersecting lines form the angle in question, then the angle’s two
arms would cross the circle in two places, enclosing an arc.  The arc is a portion of the
circle, it has a length, and that length is a ratio: the arc length divided by the radius or
length of either of the angle’s arms is the angle measure in radians.

But if we are going to superimpose a circle onto an isolated angle so we can imagine
why an isolated angle can be measured in terms of circles, how do we know how big to
make the circle?  It doesn’t matter, and that brings us back to the sheer beauty of the



radian notion, the beauty that will probably keep me awake tonight, because the
radian as the measure of a circle is a raw component of nature, like τ, or absolute zero,
or the boiling point of water, and the laws of nature are beautiful to behold.  Radians
don’t depend on other stuff; other stuff depends on radians.  Any circle superimposed
on a given angle will do the trick, and that’s why you can just imagine the circle and
not draw it.  If the circle is bigger, it’s because the radius is bigger, and for a given
angle, the radius (thus the radian) gets longer as the superimposed circle gets bigger.*

Because radius and radian are “the same”.

Here’s why I can still say that after I already busted myself for abusing poetic license
in order to say it the first time.

Using a real example, so we don’t have to swim through fading abstractions, imagine a
circle of any size.  In every case, the circle’s perimeter has length τ * r = ~6.28r.  It was
when I heard my favorite lecturer, Salman Khan, read something like this as “6.28
radii” or “τ radii” that I began to understand radians as simplicity itself.  The radius is
the unit, just as 9 in. has inches as the unit.  9 inches is 9 * 1 inch, or 9 counts of the
unit “1 inch”.

* Angle size also doesn’t change when degrees are used—again, the circle size doesn’t matter—but arc length/radius does not
equal angle size in degrees, just a proportion of it; a conversion factor must be used to convert degrees to radians.  This makes
radians superior to degrees as a unit for measuring angles.



Here is another example: “14x”.  While most of us would read this “fourteen x” or
expand on the notation to say, “Fourteen times x,” it took the Khan intuition to inform
my lagging conscious mind that 14x can be read “fourteen x’s”; that’s plural, like 14
cats, 14 dogs, 14 inches: “Fourteen x’s.”  What is the unit?  The unit is x.  There are
fourteen units of x.  We need to step behind our abstractions like “times” and
“multiplied by” from time to time: “14 times x” literally means, though we have
forgotten it, “14 pieces of x”.  The unit is x.

Now back to the question at hand.  τr means tau radii.

14x means fourteen x’s.  The unit is x.
τr means about six point two eight radii.

The unit is a radius.

For example:

A whole circle has circumference length τ * r.  The angle that includes a whole circle
“subtends” or includes or encloses or defines an arc length of τ radii.  The size of the
angle is τ radians.

A fourth of a circle has arc length τ/4 * r.  The arc length is τ/4 radii.  The angle size is
τ/4 radians.

One sixty-third of a circle has arc length τ/63 * r.  The arc length is τ/63 radii.  The
angle size is τ/63 radians.

If the “angle” (or angular distance in this case of some periodic phenomenon) is
equivalent to four and a half times around the circle, then the arc length is 4.5τ radii.
And the angle size is 4.5τ radians.

See why I say radians and radii are the same thing?  It isn’t true; what is exactingly
true is that an angle of x radians encloses an arc of x radii.

A PICTURE OF HOW SINE, COSINE, AND TANGENT CHANGE TOGETHER



I’m color blind, but I can tell the three trig functions are different colors in the graph
above.  Tangent is the funny looking blue one that crosses both the x-axis and y-axis
at 0, and sine is the one that meets it there.  It is a sine wave.  The cosine is 90° out of
phase with the sine wave, is also “sinusoidal” because it looks the same as a sine
wave, but as you can see, its high points are the midpoints or nodes of the sine wave.
Let’s try to see tangent as the derivative of sin with respect to cos, since that’s what it
is.

Tangent is sin/cos.  So when sin = 0, tan also = 0.  Then as sin crosses its midpoint or
node and continues climbing at its fastest rate of increase, cos simultaneously has
just crossed its antinode where its rate of increase was 0, and is heading down at an
initially slowly decreasing rate.  Tangent at first stays close to sin and then with sin
continuing to climb, though not as fast, and cos starting to decrease more quickly, the
ratio between sin and cos (sin/cos) grows faster and faster, and that is tan.  So tan
takes off up a steep slope that ends up approaching infinity; when the increased rate
of sin’s climb slows down, the decreasing rate of cosine’s descent speeds up.

The point of this crude description is not to get all the details exactly right at the
present time, nor to memorize anything, but to point out that the tangent is the
derivative of the other two.  Sine graphs a wave and cosine graphs an identical wave
90° out of phase with sine.  A glance at the unit circle below shows that, with a given
right triangle in a unit circle, when the more natural perspective is chosen—measuring
the small angle whose apex is at the origin or (0, 0)—sin is always the distance on the
vertical axis away from the horizontal axis, and as expected, y over x is the tangent at
that point.

Another glance at the drawing of the unit circle answers the mystery of why the cosine
and sine graphs are exactly 90° apart.  There are no coincidences in math, however
with these things all taught in isolated compartmentalized courses, neither
understanding nor motivation tends to originate in the textbook.  Making the
university indispensable.  Well never mind all that; the sine and cosine are 90° apart
because they are based on right triangles and they represent the two legs of a right



triangle that are always 90° apart.  Maybe that’s why they used 90° angles to invent
trigonometry!

So we have shown why the sine is the more natural trig function (its reference point is
the graph’s origin); why tangent graphs are shaped unlike sine and cosine graphs
(they are derivatives, or slope charts of the changing ratios between the sin and cos of
a given angle or angular distance or portion of cycle); and we have shown once again
how math teachers—this time trig teachers—have been stripped of the calculus that
should be integrated with the rest of their teaching: the teaching that would connect
the miscellaneous seemingly unrelated factoids and give math students a much-
needed brush with surreality.

In closing, I ask you: do you still think that trigonometry is about triangles?  You do?
And are houses made of saws and hammers?  Did Magellan navigate or did his sextant
navigate?  (Hint: Magellan did.)  Triangles are just a visualization tool; trigonometry is
about circles.

MEMORIZE THE REST OF THIS CHAPTER

Or write it on your hand, I don’t care.  I have it scrawled inside the cover of a spiral
notebook.  I don’t memorize anything.  When someone asks me my name, I have to
look on a card I keep in my wallet.  It has my picture on it too, even my birthday.
Most importantly, a map to my house.  I don’t want to be late for dinner.



Derivatives to
Memorize

dx

d
 sin x = cos x

dx

d
 cos x = −sin x

dx

d
 tan x = sec2 x

dx

d
 ex = ex

dx

d
 ln x = 1/x, x > 0

Notation notes:

—1) 
dx

d
 sin x is a popular way to write derivatives, especially by people who fail to see

them as ratios or fractions.  That would be the same folks who deny the existence of
infinitesimals, that is, the intuition by which Newton and Leibnitz invented calculus.
Despite the infinitely small size of infinitesimals or differentials, that is a mighty big

topic to deny the existence of.  You can write the same thing 
dx

xd sin
because it really is

a fraction and a ratio, and it looks better.

—2) sec2 x is the same thing as (secant of x)2 so it can be written (sec x)2, but sec x2 is
not the same thing.

—3) The last two items are about derivatives of the number e = 2.71828…to some
power—which is its own derivative*—and derivatives of the inverse of e to some power,
which is the natural logarithm.  See Chapter 11 for more information on logarithms.

* Like I am my own grampaw!



CHAPTER SIX
The Chain Rule, Tangent Line Approximation,

a Facelift for Dysfunctional Notation, and
an Identity that Encompasses All That is Calculus

There is a cult of ignorance in the United States, and there always has been.  The strain
of anti-intellectualism has been a constant thread winding its way through our political
and cultural life, nurtured by the false notion that democracy means that “my ignorance
is just as good as your knowledge.”

—Isaac Asimov

The greatest obstacle to discovery is not ignorance, but the illusion of knowledge.

—Daniel Boorstin

The trouble with researching a book about how math should have been taught when
you were young enough to learn it is that you get so interested in the whole topic that
you don’t do anything “fun” until you are too tired late at night to do anything
“serious”, then you fall asleep trying to do something “entertaining” and end up
waking up the next day after only a few hours’ “sleep.”  Then when you try to have
more fun learning math, you find yourself nodding off and you have to take a little
nap, and you find yourself dreaming something like this:

THE CHAIN RULE

(dream): I have to get a 5-year-old ready to leave for kindergarten class, and he hasn’t
eaten yet but he’s already wearing his school uniform.  He won’t be ready to go to school
until he eats, so in order to get him fed without besmirching his clean uniform, I ask him
to strip down to his underwear so the feeding can take place expediently, and he can get
dressed again when finished eating.  (end of dream)

That is the chain rule.

The chain rule is a way of differentiating some kinds of complex-looking expressions
by isolating nested problems from each other and solving one problem at a time, then
re-combining the separate results.  It applies especially to problems like these:

—embedded functions or composite functions such as y = (x2 + 4)3 or even y = (x + 4)3

—nested radical expressions such as y = √(x2 + 4)
—trigonometric functions whose derivatives aren’t memorized such as y = cos (x2 + 4)

(whereas something like d (sin x)/dx = cos x can be memorized; see the end of the
trig chapter for derivatives of trig functions)



None of this is much different from disrobing the tyke before he eats, and then putting
his clean clothes back on him when he’s finished:

—Stripping him down to his underwear is like first isolating the outside problem so
as to take its derivative separately.  (The derivative of (anything)3 is
3(anything)2.)

—Feeding him is “taking the derivative” or differentiating the inside problem.  (If
the inside function is x2 + 4, the derivative of that portion only is 2x.)

—Putting his clean clothes back on him is multiplying the two derivatives found,
one for each function, to get the derivative of the whole composite function.
3(x2 + 4)2 * 2x = 6x(x2 + 4)2.

—If you don’t like the analogy, sorry, I didn’t choose what to dream.  Freudian slip.
Do not write to tell me that a dream is not a formal proof…

The whole idea is to treat the food and the clothes as if they are separate equations,
because it makes the whole thing possible and keeps you from shouting.  If there are
three layers of nested expressions to differentiate, why then you just dress your child
in three layers of clean clothes, and each day instead of giving him a bath, you just
strip off one layer of clothes.  The math part is easy.

WHY IT WORKS: MORE SIMPLE ARITHMETIC

Here is what makes the chain rule work, and this is all stuff you learned in elementary
school or shortly after.  You already know how to find the derivative of a composite
function.  This is some background on dy/dx = dy/du * du/dx.

—This is what I like to call the arithmetic chain rule, with differentials used as
variables to make it look like calculus:

 
dx

dw

dw

dv

dv

du

du

dy

dx

dv

dv

du

du

dy

dx

du

du

dy

dx

dy


This is standard arithmetic, for example:

 
8

7

8

92.321

92.321

9

9

2

2

7


The relevant portion of the above example of the chain rule is that no calculator (or
multiplying) was needed to get the answer.  All but one numerator and one
denominator canceled out.  Since it’s multiplication, the factors can be mixed up any
way you want:

8

7

2

7

92.321

9

9

2

8

92.321


And what it really boils down to is that you’re just multiplying by 1 to get an
equivalent identity you can use.



8

7

8

7
*1*1*1

8

7

9

9

2

2

92.321

92.321

2*92.321*9*8

7*9*2*92.321





To assist with differentiation, you can use this chain multiplication with any depth of
layering because the extra variables you add (such as u, v, w, z or whatever you like; I
call them complicationals) cancel each other out and leave you with dy/dx = dy/dx.

This is the arithmetic part of the calculus chain rule.  The calculus part of the chain
rule is a recombining where you multiply the derivative of the outside by the derivative
of the inside to get the whole answer.

The chain rule is unfairly thought to be confusing.  What is confusing is not having a
clear format to write it into a template that remembers things for you.  In other words,
it’s hard if you try to multi-task it and easy if you know how to write it down and think
about one thing at a time.  The template will be given later in this chapter.

CHAIN RULE SAYS MULTIPLY, BUT HERE’S A CASE WHEN YOU ADD

This following caused me some confusion.  In an inside function which is certainly as
composite as any other composite function, there is an added term which doesn’t get
multiplied back in, or not so as to be apparent.  It is differentiated separately and
added back in.  Example: in the composite function below…

y = [x9 + (6x2 − 8x)3]

…the term x9 is not going to be multiplied by anything while recombining sub-answers
in the performance of the chain rule operation (shown later).  You’ll see that the
derivative of x9 will just be added to other answers, even though you have grown
accustomed to multiplying most sub-answers together.  Instead of trying to explain this
pattern, I will refer you to my Chain Rule Template, which will give you a consistent
approach to learning the chain rule because it will capture what your mind would
otherwise question as an inconsistency and demand proof, and then this chapter
would be twice as long as it already is.  I’ll just say that the Template removes the
problem by doing the straight thinking for you in a crooked situation.  I have applied
for a patent on my Template after realizing (during a dream) that a reconfiguration of
the Template into a circuit board implanted into the brains of worthless slacker idiots
would virtually eliminate corporate crime and banking schlock.

What does apply to tricky composite functions like this, and the thing that makes
something like y = [x9 + (6x2 − 8x)3] tricky to differentiate, even with the chain rule, is a
pair or more of principles that impinge on each other and synergize a technique.  No, it
is not an art, but it is treated that way by myriad discussants who teach from



experience, intuition, and ability, but don’t know the easiest way to get the student to
find the right answer automatically every time, because they had themselves been
taught by someone who was teaching from experience, intuition, and ability.  So a
rigidly right-or-wrong technique is taught as a rarefied art form, which is when I came
along, about a year ago, and failed repeatedly to nail down exactly what pattern of
operation holds the chain rule together for ALL the problems to which it applies.
Because no one’s teaching it right.  You will understand this better when I remember
to mention that many composite functions go several embeddings deep.  A beginner
needs a universal approach that works every time and what’s available out there
doesn’t even inform a beginner what to do with the relatively easy y = [x9 + (6x2 − 8x)3].

Which means that I—aided by my lack of experience, intuition, and ability—was
uniquely qualified and motivated to find the grand pattern for doing the chain rule and
getting it right every time.  As someone who can’t multi-task, it was not possible for
me to understand where or why the principles behind the chain rule intersect, or what
ought to be done about it.  So I had to laboriously detect and identify the patterns of
truth that would run through a perfect chain rule template if such a template did
actually exist, in order to cause such a template to come into being.

After many attempts to find the grand pattern that tells us how to use the chain rule
correctly every time, the only intuition I had was that it would fall into rows and
columns somehow, but I didn’t know why.  An hour ago, I finally figured it out.  Now
here’s your damn template, I hope you’re happy.

But first, the “intersecting principles that impinge on each other” around which the
chain rule template was finally built.  Because until it was built around these
principles, it failed to be a template and was only a mish-mash of ideas, good and bad,
which came with its own complications.  Here are the criteria I know of that made all
but my final attempt not worthy of the students who need it:

—The template has to include in its structure the calculus chain rule definition about
multiplying outer derivative by inner derivative to get the whole derivative.

—The template has to include in its structure the arithmetic chain rule definition as
already covered above.

—The template has to work with variously structured functions without changing
existing structure; for example, it has to automatically keep all the plus signs and
multiplication signs in the right place.

—The template has to automatically isolate steps of the process from each other.
—The template cannot expect the user to make exceptions to anything correct or

already known, or to make any assumptions.
—The template has to be simple, straightforward, obvious, intuitive, easy to look at,

and in all ways non-threatening, or people will not use it, and will continue to not
learn the chain rule.

—And anything else I forgot.

The existing descriptions of how to use the chain rule leave something(s) out, so the
student, in trying to learn an easy trick they’ve known since elementary school, is
floundering like a fish out of water gasping for more information but getting too much,



in an unusable form.  The template fixes all the mental floundering by providing the
structure that keeps track of complexities, and into that structure a function can just
be plugged in and worked through one isolated step at a time.  This is not cheating, it
is the way math should be taught so people will stop hating it, stop giving up on
themselves, and start becoming able to do what they wish they could do.

The calculus chain rule definition states that when a function is comprised of sub-
functions nested one within the other, you isolate them, differentiate each separately,
then multiply the answers together to get the derivative of the whole function.  The
simplest of these nested functions could be differentiated directly if you first wanted to
do a lot of algebra, but it is easier to use the chain rule and skip most of the algebra.
Sort of more formally, “When function g is a function of function f, differentiate each
separately and multiply the results.”  Well you know I am not going to break out the
FunkNot just so we can all go beyond agreeing that it’s bad English to use the same
word in one sentence three times.  Talk about multi-tasking!

It’s easier to look at an example.  Look at this one:

y = (x2 + 8x + 9)6

This is a simple nested function that can easily be differentiated by separating it into
an outside and an inside “function”.  (But I don’t think we should keep saying
“function” every time we want to say something that sounds vaguely intelligent, so let
me start again.)

This is a simple nested function that can easily be differentiated by separating it into
an outside and an inside portion*.  In the example, the outside portion is everything
not inside the parentheses, especially the exponent 6, and the inside portion is the
stuff inside the parentheses.  Each portion can easily be differentiated in isolation of
each other…

outside portion: (anything)6 derives to 6(anything)5

(Later we’ll replace “anything” with the parentheses’ original unchanged contents, but
for now it’s a pain to copy it over and just hurts the eye to look at it when it is not
going to do anything or change anyway.  It will be replaced by a complicational such
as u or v, and that will be demonstrated shortly.)

inside portion: x2 + 8x + 9 derives to 2x + 8

…and multiplied together to get the derivative of the whole function…

dy/dx = 6(anything)5 * (2x + 8)

= 6(x2 + 8x + 9)5 * (2x + 8)

* It is said that they are both really functions, no doubt a statement that could be proven by any mathemagician worth his pixie
dust, but I doubt that I actually care, since it probably involves formal proofs and math from Mars.  (- - -)3 is a function?  If you
say so…



That’s what I call the “doing it in your head” technique: just take the derivative of the
outside function, take the derivative of the inside function, and multiply the two
functions together to get the whole function.  And don’t change the inside part when
you’re doing the outside part.

But what would you do with this: [x8+ (x + 3)2]5?

Some parts are going to be pluss’d in the answer, some are going to be times’d.  I knew
the answer because the teacher or the book told me, but it wasn’t until I failed
repeatedly to get past “why” and just “memorize the procedure,” that I realized that the
template and especially its column structure had to be grown out of the structure of
the chain rule definition itself.  Also, the same template structure had to reflect
perfectly such problems as this where an intriguish deep-nested cluster of components
boasted in addition a lone addend sitting there needing to be differentiated.  Easy to
do—differentiating the addend—but then how to re-attach it to the other sub-answers,
which tend to be multiplied with each other, not added.  I’m referring to the leading
addend, x8 .  Look at [x8+ (x + 3)2]5…if you’re a beginner, answer this: would you have
known to differentiate x8 by itself and add the answer instead of multiplying it in the
final recombining of sub-results?  I didn’t, but maybe I’m just a bad beginner.
Anyhow, the template makes it obvious because it keeps the hieroglyphics straight.

What finally proved to be the crowning glory of my career in developing chain rule
templates was to realize that the doing of the deed must reflect the structure of the
addition rule of differentiating.

Lets say that a simple function like this has to be differentiated:

y = x5 + x2

To do it, you just differentiate the two terms x5 + x2   and ADD the two sub-answers.

Behold: the chain rule template that takes all the above principles into account.  This
is the subconscious procedure that reflects the thought process of someone who can
do chain rules in his head and always get the answer right.

y = [3x−2 + (5x3 − 7x)5]3                     u = 5x3 − 7x          v = u5

dy/dx = doutside/dx * dinside/dx
d[ ]3/dx * d3x−2/dx + dv/dx

3[ ]2 * −6x−3 + dv/du * du/dx
5u4 * 15x2 − 7

5(5x3 − 7x)

dy/dx = 3[3x−2 + (5x3 − 7x)5]2 * −6x−3 + 5(5x3 − 7x) * 15x2 − 7

I will now briefly show how someone does the chain rule in his head, but that doesn’t
help someone like me with a problem like the one just handled neatly by the template.



Then I will return to the template and show its use in differentiating all kinds of
complex expressions from easy to almost easy.

DIFFERENTIATING NESTED EXPONENTIAL FUNCTIONS IN YOUR HEAD

We’ll start with an easy example and graduate to more easy examples.  In the next
section we’ll do the same examples the long way with complicationals like the added
variable u, because for some people it will be easier.

EXAMPLE 1:

y = (2x + 3)5

dy/dx = ?

Differentiate the outside expression and ignore the inside portion, which you’ll later re-
insert unchanged: the derivative of ( )5 is 5( )4.

Insert “5( )4” in your answer place and replace the original contents of the parentheses:

5(2x + 3)4

Differentiate the inside expression: the derivative of 2x + 3 is 2.

Write “2” in your answer place and indicate the multiplication:

2 * 5(2x + 3)4

Multiply, and the answer is:

dy/dx = 2 * 5(2x + 3)4 = 10(2x + 3)4

EXAMPLE 2:

This is the same thing with
—two layers of exponent nesting;
—a perhaps seemingly nested term x that is really unaffected by nesting so treated as
an individual.

y = [x + (x2 + x + a)1/2]3

dy/dx = ?

First, differentiate the outermost layer: the derivative of [ ]3 is going to be 3[ ]2 so write
that down…

3[ ]2



…and put the original contents back into the parentheses:

3[x + (x2 + x + a)1/2]2

Moving inward, differentiate the next layer: the derivative of x + ( )1/2 is going to be
1 + 1/2( )-1/2.  Write that down, and if you didn’t understand the answer, think
“template” because we’re going to do another one like that later.  But remember to
keep that addend 1 in front of the other terms so it stays isolated…

1 + 3[x + (x2 + x + a)1/2]2 1/2( )-1/2 *

…and put the original contents back into the parentheses:

1 + 3[x + (x2 + x + a)1/2]2 1/2(x2 + x + a)-1/2 *

Differentiate the inside expression of the original function y = [x + (x2 + x + a)1/2]3: the
derivative of x2 + x + a is going to be 2x + 1.  Write that down as another factor.

1 + 1/2(x2 + x + a)-1/2 * 3[x + (x2 + x + a)1/2]2 * 2x + 1

Finish off by structuring the relationships of the sub-answers to match the intent of
the original function.  This is done by using addition for the isolated sub-answer that
we placed in front, and using multiplication for the occasions where isolation had to be
done because of nested exponents:

dy/dx = 1 + (2x + 1) * 1/2(x2 + x + a)-1/2 * 3[x + (x2 + x + a)1/2]2

This derivative is now a correct answer, but it can be made prettier by rewriting
something like “z-1/2” as “1/z1/2” or even “1 over the square root of z.”

DIFFERENTIATING NESTED EXPONENTIAL FUNCTIONS WITH MY TEMPLATE

The above method of “doing it in your head” involved what seemed like to me at least 7
steps, and that for me would be seven mistakes, so here is the easy version if you
found that method hard.  My template version is “mine” because no book explains
exactly what has to be done in a universal way that applies to all common problems of
this type, including those that have trig functions.  Except this book.  The reason is
that math teachers find this so easy that they no longer know how to do it well enough
to teach it to anyone else.

I spent a lot of time with this method because everyone mentions it at least in passing,
most folks try to use it, and no one explains it right so that a person could learn it
from them.  What finally worked for me was to reverse-engineer a problem like the last
one that someone else did in his head on a you tube video, reproducing his steps with
the well-known but badly-explained “extra variables” or complicational method.



PROVING THE CHAIN RULE “INFORMALLY” BY SHOWING THAT REALITY IS A
FUNCTION OF COMMON SENSE, NOT A FUNCTION OF THE RIGOR RELIGION

In a composite function, the dependent variable or changee y is a function of the
independent variable or changer x, but indirectly.  The changee y is directly a function
of u and u is directly a function of x.  Between y and x is a mediating function u.  It is
both changer and changee: u is a function of x and y is a function of u.  So the u
cancels out of the equation in the end because the related derivatives of the two sub-
functions interact such that y/u * u/x = y/x.

The whole function is a composite of embedded functions.  The physical process of
function acting on function starts from the inside and moves outward; the inside
function contains the primary changer or instigator.  Most mathemagicians prefer to
start by differentiating the outside function and working in, but I’ve seen it taught the
other way occasionally.  As shown early in the chapter in reference to the arithmetic
chain rule, it doesn’t matter because y/u * u/x = u/x * y/u.

While it is a function, or in this case the function upon function, that describes the
action on a superficial level, it is the derivative that breaks an action down into its
component processes.  A function is a still shot or a synopsis, while the derivative
gives you the power to apply the synopsis as an exact template to predict the activity
within the process at any point during the process.  This is because the derivative is a
ratio of one change to another.  At any point within the progress of x through its
domain of operations, the ratio of two values changing together is a snapshot whose
images could have been burned off from a template called the derivative, the ratio of
the changes.  At a point on the curve that depicts a changer changing a changee, the
derivative or ratio of change per change that corresponds to that moment on the curve
is described by a linear equation, the tangent.  The tangent has a constant slope, the
value of which is equal to the slope at the moment in question.  Consider the
composite function y = (x2)3.  From within x begins its activity, affecting u which in turn
affects y.

The big question is: knowing that the arithmetic chain rule is a/b * b/c = a/c, what is
it that shows why the composite function process translates into the practical matter
of doing the same thing with the two derivatives found when given a function such as
(x2 + 7)3 to differentiate?  So what if we change it into two functions ( )3 and x2 + 7 that
can be differentiated?  What is it that tells us to multiply the two derivatives together
to get the derivative of the whole thing?  We know it works, but why?  Without an
obvious “why”, there is no intuition.  Without intuition there is no motivation, for the
practical person to build more knowledge on.*  That question begs for some kind of
proof of the arithmetic chain rule, as being appropriate for differentiating composite
functions in calculus.  “Some kind of proof”: preferably the informal kind, as rigor is
for professional mathemagicians and doesn’t belong in a book by a beginner like me.

* So the whole prerequisite system is built on rigor, which is motivationally foundationless.  If not for a whole breed of teacher
that is more human than the system that relies on indecipherable textbooks, this whole filtering-out process would backfire
with no graduates being produced.  As it is, the average calculus student who “succeeds” does so in spite of not really
understanding how calculus works.  It is a matter of sheer willpower.



We know that if 1/3 of all the fruit in the store has no flavor and 1/10 of the fruit in
the store is apples, then we apply the two proportions to each other by multiplying
them by each other to get 1/3 * 1/10 = 1/30, and now we know that 1/30th of the
fruits in the store are tasteless apples.  From there to the chain rule of calculus
doesn’t have to be taken on faith so I’ll show you a couple obvious, intuitive reasons
why easy calculus is a practical tool, not a scripture to be shruggingly accepted like
the rigor-marole presented in a university.

What does the chain rule of arithmetic* have to do with finding derivatives of a
composite function?  Why does multiplying the two derivatives together get the right
answer?  The ultimate changee y is a function of x but y is really of function of two
changers, x and u.  Of the three variables involved (y, u, and x), y is only a changee
while x is only a changer.  But u is both.

To graph a composite function with one embedded layer, like y = (x2 + 7)3, you just use
an x and y axis and graph it.  But what if you wanted to show the influence of the
embedded function?  Where do you put u on the graph?  One way is to draw three
graphs.

The instigator or original changer x is buried in the nested function so it has to start
with the visual exercise.  The inside function such as x2 + 7 gives us a graph and a
slope.  It’s a graph of u as a function of x.  Since u or the changee is the graph’s
output, the u value is now input to the second graph.  The u values or vertical axis or
changee values from the first graph now become changer values on the second graph’s
horizontal axis.  The final y value is now shown as vertical axis values, since y is the
ultimate changee.

The third graph only shows x as the instigator and y as the ultimate changee; u is
embedded and invisible.  Its input is x and its output is y.

FUNKNOT NOTE

Another example of dysfunctional notation.  If you look at another writer’s explanation
of this, you’ll find him trying to confuse you by imposing FunkNot on this composite
scenario.  If FunkNot was confusing when we were studying simple functions, just try
using it with composite functions.  It’s funky!  It’s like someone wearing the same
socks three days in a row when they have a whole drawer full of clean ones!  However
it’s sometimes inconvenient to discuss composite functions without using labels for
variables.  But I will not bog you down by functions named f & g when we already have
three variable to keep track of.  And I will not use the same variable letter to refer to
two different quantities—like the writer who calls every horizontal axis “x” even when
there are three different graphs.  The constant mental decoding leaves little brain
power to deal with the real learning curve.

My explanation on the contrary is perfect because it is symmetrical, so it fits the
arithmetic chain rule adapted to read dy/dx = dy/du * du/dx.  It does use x and y
twice, because after days of thrashing a rather too full but seemingly unresponsive

* It’s probably not called that but we all know what I’m talking about.



brain for the place where calculus chain rule becomes exactly the same thing as
arithmetic chain rule, using x and y twice  was the key to understanding and
naturally, being the key to everything, it was the part left out of other explanations
and well concealed by the imposition of FunkNot with its superfluous letters f and g
etc which look like variables but might not be.  “Might” being the crux of the problem,
a crux which we can happily  ignore.

I AM MORE INTERESTED IN THE CRUX OF THE SOLUTION

Action starts with the instigator x, whose final result we can see on the chart of (x, y).
To understand how two functions collide with one set of final values of x & y as a
result, we have to make three graphs.  The first graph is the inside function when x is
the instigator or overt changer.  On this graph (x, u), the covert changee is u.  Contrary
to a rumor started by those who make a living purveying the belief that math is too
abstract for the averagely paid human to fathom, u is not an invention or an artifice
any more than dy/dx = dy/du * du/dx is a mere analogy.  Some math teachers really
think that  dy/dx = dy/du * du/dx is just a helpful bit of imagery, that du only
“seems” to cancel out!  Their understanding is stunted by their imaginary playmate
FunkNot!  Either that or they are pridefully and monetarily unmotivated to call
calculus what it is: a practical use for simple arithmetic.

So in spite of being hidden within the mysterious flow of What Is, u is as real as it is
covert.  It is the covert changer of the second graph (u, y), and the output of the third
graph is the overt changee, the final and only value of y.

The first two graphs are a complete picture of the process.  You just use the overt
changer x from the first graph and the overt changee y from the second graph to get



your visual take on what is actually going on.  The third graph (x, y), is a graph of the
composite function of a whole process, the overt cause and effect with the covert
process hidden inside and out of sight.

This gives us two uses of u, two used of x, and two uses of y: count them.  (x, u), (u, y),
(x, y).  Perfectly correct, symmetrical, and NOT in code.  This visual solution is
presented by Thomas S Downey at http://calculusapplets.com/chainrule.html.
Beware his use of function labels f & g, and of his use of x & y to mean the horizontal
and vertical axis values of anything.  You end up saying, “Which x, which y?”  but his
graphic is perfect so I reproduce a screen shot of it here.  The original is interactive
and very informative, it really fuels the intuition.  Ignore his notation and just look at
the colors: two little blue lines for y, two little red lines for x, and two little green lines
for u.

HERE IS THAT INTUITIVE PROOF I PROMISED YOU MUCH EARLIER

The next topic to tackle is the way the derivative of the two covert functions are
multiplied to get the derivative of the overt function.  Notice in Downey’s applet, the
math is done for you and you can see the tangent line changing in all three graphs’
slope as you change the one point that you have control of, that is the instigator, the
overt changer, the original independent variable that kicks off the whole function.

A math website and/or textbook and/or class outline by Neal Koblitz also contains a
lot of f & g FunkNot but it is interpretable, especially after seeing Downey’s applet.  I
am now ready to show you the intuitive proof (that’s the best kind of proof; rigorous
proof is just mind candy for mathemagicians who are not entertained by anything
that’s easy) for why the arithmetic chain rule dy/dx = dy/du * du/dx applies to
derivatives of composite functions.  After wearying translational efforts I finally learned
that Neal Kobiltz’ proof of the calculus chain rule—multiply the two sub-derivatives to
get the whole derivative—once stripped of FunkNot, relied on simple algebraic
substitution which was obviously true, then the bottom line—why this mattered—-was
presented as a statement of fact couched in undefined terminology.  Forcing me to
guess, read the writer’s mind, read his whole library, then go back to the internet for a
better retelling of the same legend: the intuitively obvious proof.  This sort of thing
happens all the time to the prerequisitively challenged individual such as myself who
believes in teleporting around on Prerequisite Peak, and it is exacerbated by teachers
and textbook publishers who believe that terseness is a sign of strength.  Thus our
textbooks are written according to the rules of the game “king of the hill” which we
used to play at recess time in elementary school.

As for the existence of the function within a function, or “function of a function,” as
well as the validity of the arithmetic chain rule, both are easily demonstrated by
common sense.

1.—Function of a function: “if x changes, u changes, and if u changes, y changes;
therefore, x has changed y.”  An example given by one very good internet tutor, Saul of
http://bestdamntutoring.com, reminds us that a steel rod of length L is heated by a
hot ambient environment so that its gain in temperature is a function of time since its



temperature goes up at a rate that can be expressed as a function of time.  Then the
temperature rise causes the rod to get longer, also an effect that can be expressed as a
function.  Temperature is the covert variable, the direct effect of the instigator, time;
length is the ultimate result.  If the derivative of temperature with respect to time is 3
degrees C per hour and the derivative of length with respect to temperature is 4 cm per
degree C, then the derivative of the whole composite function—whatever that function
might be—is 12 cm per hr.  The degrees C cancel out because if something has the
same value appearing in both numerator and denominator, that makes the thing equal
to 1, which as a factor doesn’t change the answer, no matter what it might do within
the process.  And as always, two proportions are applied to each other by multiplying
them together.

2.—Arithmetic chain rule:
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Or, Mickey Mouse divided by Goofy equals Mickey Mouse divided by Donald Duck
times Donald Duck divided by Goofy.

This would be enough for most people, but I am not most people.  My protestations
against the tyranny of rigor do not mean that I am not skeptical.  But I am a natural
skeptic, not a skepticism addict.  Practical evidence is better than rigorous proof
because practical people can make use of it to convince themselves and others of the
truth.  We could use a lot more of that, and a lot less of specialty-educated diploma
dolls.

So back I go to the internet for a stronger explanation of Koblitz’ proof of the chain rule
(see below) as it relates to calculus deriv1 * deriv2 = deriv.  I like the proof’s subject
matter—tangent lines of curves as infinitely accurate estimations of slope and
derivative, thus the proof depends on Tangent Line Approximation, aka local
linearization, which itself depends only on the standard formula for a line mx + b or
the form for a linear equation: function = slope *  independent variable + starting place.
This is all about the line that is a tangent that is a derivative that is a slope of the
point on a curve where the tangent line meets it.  But after gaining an understanding
of all Koblitz’ math, which was easy with the FunkNot carefully translated out of it, his
actual conclusion was short by one definition, one unexplained term.  So not doubting
what he is saying, I just couldn’t say exactly what that is.



So it was back to the internet for more stalking of my chain rule proof!  Or
“justification” I should call it, since “proof” is a religious term of the mathematically
inclined and I wouldn’t want to tread on their territory as I have no interest in their
First Church of Universally Useless Knowledge or any of the non-things that can be
done with their sacramental “Rigor,” short of shoving most of it back into the hole that
produced it.

But since I do have a good feeling about Koblitz’ justification of the chain rule by
application of the tangent line approximation, I did pursue the unexplained term,
“proportionality factor” and was able to find a small handful of references to it or its
more common alias “factor of proportionality” without spending $500 on a textbook to
learn what the term means.  Which demonstrates that the internet might put formal
education back in the teaching business by giving the educationists a run for their
money.  Or so one can always hope.

STRESS TEST

This picture can be used as a gauge
to determine how much stress you
are under, depending on how many
differences you think you see
between these two identical
dolphins.

TWO EQUAL PROPORTIONALITY FACTORS BETWEEN TWO QUANTITIES x AND y:
JUSTIFICATION OF THE CHAIN RULE WITHOUT THE SWEAT, BLOOD & TEARS

As it turns out, a proportionality factor is the constant value of the ratio of two
proportional quantities x and y, usually written…

y = kx

…where k is the proportionality factor.  Revealed one idea at a time:



Once upon a time, there were these two quantities, x and y, and these two quantities
were proportional to each other.

Proportionality is a dependent relationship: if x changes, then so does y.  The value of
the proportionality defines the nature of the change.

When two quantities are proportional, you can state this mathematically by framing
the relationship of the two as a function, one of the other.

In this function, a constant k is the proportionality factor.

Take for example the linear* function y = kx.  The ratio of the two quantities written
explicitly as a ratio is y/x = k or x/y = 1/k.

The importance of the linear function is that the tangent line of a curve is its slope at
any point on the curve, also known as its derivative or the ratio dy/dx.

Since k is constant, any change of x will be reflected as a change of y that keeps
k the same.  Thus the constancy of k’s value is what actually regulates the
codependent changes of y with respect to x.

Sound familiar?  It should.  Because k is obviously the slope of the graph at a given
value, the derivative of the function that the graph depicts.

Now it becomes apparent from Koblitz that the point he is making is that his
justification of the chain rule lies in referring to the two sides of the chain rule
equation as two proportionality factors that are equal to each other.

His argument then must lie in deriving both proportionality factors…

dy/dx

and

dy/du * du/dx

…from separate sets of natural-born facts.  Instead of just saying that they’re
obviously equal based on canceling out the two instances of du.  This would especially
concern a mathematician since—as is obvious from Koblitz’ wording—these
infinitesimals are suspected of not being real anyway.  We know better but we still
have had our curiousity awakened by this unusual justification of the chain rule by
means of the tangent line approximation.  Why has our curiosity been awakened?
Because this intuitive justification makes sense while the proofs you can find for the
chain rule are things I wouldn’t want to be locked in a small room with.

* Memorizing the linear equation should be your first act if you intend to understand calculus.  The form is y = mx + b where y
is the dependent variable, m is the slope of the line, x is the independent variable, and b is the starting place which is the y-
intercept on the graph.  This is the slope of a straight line since x is to the power of 1.  Any numbers you plug into this equation
will graph a straight line.  X is the horizontal axis and y is the vertical axis.



We will now work from both ends of Koblitz’ argument to try and fathom his intention.
This sort of reverse-engineering monkey business is necessary because
mathematicians hate to explain themselves with an abundance of words, thinking that
only notation and a few terse remarks should be enough.  Space aliens are like
mathematicians in that way; recovered UFOs almost never come with an owner’s
manual written in English.*  Fortunately, however, Koblitz’ testimony, while obfuscated
by superfluous notation which actually makes the explanation longer, not shorter, is
self-explanatory once it is paraphrased for clarity instead of terseness.  The next
section will complete this paraphrasing, and just remember that while k (the
derivative, slope, or proportionality factor) regulates the effect of x on y by staying
constant, the statement of proportionality is just algebra and it can be simply restated
as other forms or identities:

y = kx and x = y/k and k = y/x**

TRANSLATION OF CHAIN RULE JUSTIFICATION FROM FUNCTION NOTATION

The chain rule enables us to find dy/dx once we know the derivative of the outside
function dy/du and the derivative of the inside function du/dx.

* Actually, the “ant people” or “grays” are from this planet, not from space.  No intelligent life form would want to leave their
home planet and go live in outer space.  See The Book of the Hopi.
** When I was going back over this chapter to try and make it sound like it wasn’t written by a chimpanzee, I suddenly
remembered that at one point during my research I had found an online proof or justification for the product rule of derivatives
that was based on the chain rule.  The author remarked that this was backwards to the usual approach, and this appealed to me.
But when I went back to look for it, I couldn’t find it again.  I believe that Google might have eaten it for being subversive.



We will derive the chain rule using the tangent line approximation.  The tangent line
approximation formula for y as a function of u can be written in the form

u
du

dy
y  a change in u produces a change dy/du times as much in y

Similarly, the tangent line approximation formula for u as a function of x can be
written:

x
dx

du
u  a change in x produces a change du/dx times as much in u

In other words…

dy dy du
y u x

du du dx
     a change in x produces a change 

dy du

du dx
 times as much in y

Since we also have the tangent line approximation for y as a function of x…

dy
y x

dx
   a change in x produces a change dy/dx times as much in y

…it follows that the two “proportionality factors” between Δx and Δy must be equal,
that is,

dy dy du

dx du dx
 Chain Rule

This is the chain rule.  It is especially easy to remember when it is written in the
infinitesimal notation as above, instead of in function notation.  The “dy,” “du,” and
“dx” can be treated individually as algebraic quantities, where we cancel the two “du”
on the right.

Schematically, we can regard a function of a function as a 2-step procedure, first from
the effect of x on u, and then from the effect of u on y.  The chain rule says that the
derivative from x to u must be multiplied by the derivative from u to y to get the
derivative from x to y.



A centrifugal governor is a regulator that controls the speed of an engine by varying the
amount of steam admitted, so as to maintain a near constant speed whatever the load or
fuel supply conditions. It uses the principle of proportional control.  (wikipedia.org)  [Like
a derivative, it stands between variables and maintains constancy…ed.]

WHAT’S THIS APPROXIMATIONALITY BIT?

So why is it called the tangent line approximation instead of the tangent line theorem or
the tangent line proclamation, or the tangent line executive order?

It’s not due to any lack of confidence in the math.

It’s called an approximation because it gets its results using the value of its neighbor’s
slope instead of its own.  But that’s an easy answer to the wrong question.

The real question is, why isn’t it called the secant line approximation?

The nature of the thing is that instead of using the tangent line, which is a precise
slope for a single point, we approximate the tangent line using something called the
secant line.

Look at the graph.  Let’s say I just tried to draw a tangent line on a graph by eyeballing
it, and when I made the graph bigger so I could see it, it turns out that my line crossed
the curve twice, because my tangent line didn’t quite manage to touch only that one
spot on the curve where it would have been a tangent.  Its slope is off, because in
order to have the right slope, it can only touch the graph once and only in the right
place.  And vice versa: in order to touch the graph exactly once in the right place, the
line’s slope has to be right.



Above: Go to the website credited to see the original animation as the secant line gets
levered into position, always cutting the curve at two points until the magic moment
when it transforms from a two-timing secant into a single-pointed tangent.

ABOVE: In the online interactive version, you can move x0, the red dot on the secant line.
Separately you can move the blue dot to any point on the curve.  The slope readout at the
bottom of the graph changes to show the slope of both lines.  The two dots are the two
places where the secant line crosses the curve.  The value of the tangent’s slope is the
curve’s derivative value at the blue point.  When the red dot and the blue dot are at the
same point, the secant is really the tangent and the two slope readouts at the bottom will
have the same value.



With the secant line moved closer and closer to the point where the tangent line is the
slope of the function, the distance between the two places where the secant line
crosses the curve get closer and closer together.  If the two points where the secant
crosses the curve are unnaturally close together, then the difference between a secant
value and the precise tangent is mighty small.

Recall one of the identities of the tangent line approximation used to prove the chain
rule:

dy
y x

dx
  

…which translates to…

2 1 2 1

dy
y y x x

dx
  

…then translates into an explicit function by isolating the dependent variable:

 2 2 1 1

dy
y x x y

dx
    tangent line formula solved for y2

It is not the purpose of the tangent line approximation to find the derivative.  You
already have a derivative you can use, when you use the tangent line approximation.
The tangent line approximation is an application of the derivative.

A lot of math and design work employing math is about evaluating functions.  If you
have a function such as y = x2 + 7 that you can do in your head for x=4, you can then
use the tangent line approximation to evaluate the same function for x=4.000001 or
3.92 or 4.2517.  With less and less precision as your x-value gets farther from 4.

This isn’t a realistic example because a $10 calculator will give you the answer easily,
but there really are times when it would be hard to evaluate a function at some certain
value of x, and if that ever happens to you, then you’ll be able to use the tangent line
approximation to evaluate the function instead.  This is just an easy example.

The steps to using the tangent line approximation are:

—Figure out what the function is that defines your application.  We’re using
y = x2 + 7.
—Decide what value of x you’re using on account of its slope is easy to find, and
what similar value of x for which you’ll use that slope to approximate a solution
to the function.  We can easily find the slope for y = x2 + 7 if x=4, then use that
slope to approximate y-values for x=4.000001, x=3.92, and x=4.2517.
—Find the derivative of the function.  That’s easy: if y = x2 + 7, then dy/dx = 2x.
—Evaluate the function using the tangent line approximation formula.



—Fill in everything but the unknown y-values for the conditions (here
called x2) for which you want to evaluate the function.
—Find y1.  It’s the same as the y-value of the function using x1 or in this
case x=4.  This is the curve’s starting place or height on the y-axis; see the
following section on the linear equation.
—Find y2.  Just do the simple arithmetic.  In this case, it can all be done
in your head.

One significance of this simple arithmetical use of the derivative is that we were able to
approximately evaluate y = x2 + 7 at x=4.2571 and x=other weird numbers without a
calculator, computer, or a piece of scratch paper.  The distance that our weird
numbers were from 4 determines how precise the answer was; see the last column for
the exact solution to the function at the weird values of x as calculated directly instead
of approximated.  (Compare the two yellow columns.)

y = x2 + 7, y′ =
2x

y2 ≈ y
′

(x2 − x1) + y1 y2’s calculated value

@x1=4 23 = 8 4 4 2
3

23

@x2=4.2517 23.2517 ≈ 8 4.2517 4 2
3

25.077

@x2=3.92 22.92 ≈ 8 3.92 4 2
3

22.366

@x2=4.000001 23.00000
1

≈ 8 4.00000
1

4 2
3

23.000008

The other thing that I find significant about this is that it points out that there is a
derivative, and then there is the use for a derivative.  There is calculus, and there is
application.  The tangent line approximation came up in this discussion, first because
someone used it to prove the chain rule.  But its general application is for solving
everyday problems regarding condition 2, using the derivative of condition 1 to do it.

FUNCTION NOTATION: WHY NOTE?

F-Note.  We need functional notation, not dysfunctional notation.  We need it only
when we need it.  It is wrong—from a teaching and learning standpoint, because it’s
redundant—to say “this is a function of that” every time anything mathematical pops
out of one’s brain and onto paper.  If the information about what is a function of what
has already been laid out, then enough is enough.  What if I went to a party and tried
to describe my function to everyone I met?  They’d all move over to the other side of
the room.  Well that happens anyway, so I’ll seek a better analogy on my own time.

This tangent line approximation formula is one of those cases that was hard to write
without keeping separate conditions straight, so here’s F-Note.  You’ve used it a
thousand times and what’s nice about it is that it’s so intuitive, when used correctly,
that the user can make up his own rules for how he needs to use it, and he will be
understood.  Old textbooks are full of this stuff.  Part of what follows is old hat and
part is my own suggestion.



The unique contributions of FunkNot are also listed but there isn’t much to flesh out
the list with in that column.  As a matter of fact, it seems that the whole world has
restructured the way it writes math to introduce a very small handful of symbols that
have a very small job description and were either not needed—f or some other function
label—or were already being used for something else: ( ).  Contrary to popular belief,
it’s still possible to use plain direct symbols and even indulge in the horrors of saying
words when the notion is word-oriented like “y is a function of x” instead of
mathematical like “x divided by y”.  It’s helpful to say “x/y” because it’s math, but it’s
not helpful to say “f(2)” when you mean to say:

—f is a function of x (but you’ve already said it);
—“f” is not a variable but a mathless label that stands around with its hand in

its pockets getting in everybody’s way
—(2) means that x=2.

When I see h(x), my mind says, “Say(what)???”

F-Note
symbol

meaning FunkNot’s unique
contributions

y = x & stuff y as a function of x f(x) = x & stuff
x1 x value at a first condition
x2 x value at a second condition
x=7 a value of x equal to 7
y1 value of y as a function of x1

y2 value of y as a function of x2

yx=7 the value of y when x equals 7 f(7)
dy/dx or y′ the derivative of y as a function of

x
f′(x)

It takes more formatting than grungy old FunkNot, but it doesn’t matter because it’s
only used as needed, and when it is used, it’s easy to understand because it says what
it means and means what it says.  A set of conditions—sort of a special case of a
function—is marked by a footnote.

As an amateur rockhound I was once mocked for supposedly naming each rock as it
came out of the ground.  My companion and I disagreed as to whether we were
actually in a hurry, but the point is that labeling everything you encounter by both its
value and its purpose is valued in no profession or hobby that I know of except
archaeology—where slowness is essential—and professional mathematics, which
apparently can’t be taught, so must rather be somehow obeyed in faith until by
osmosis or decree it becomes a bullet one has bitten.  On the other hand, the F-Note
notation names those things which need to be named, correlating a changer and a
changee as being from the same condition by giving them the same subnotation or



what I prefer to call footnote.  Some way of keeping multiple sets of changers and
changees straight is needed when there is more than one function interacting.

My other point about grungy old FunkNot is that it tries unsuccessfully to pre-empt
the parentheses as a valid notation.  The arrogance of this conspicuous mistake in the
history of math notation has had far-reaching consequences, and everyone who
teaches math hears this all the time from the world’s greatest experts on learning:
students.  I promise you, based on personal knowledge which needs no proving, that
many people have been shut out of practical scientific fields by the stupidity of a
symbol—the parentheses—being used for a variety of unrelated meanings, and then
used obsessively-compulsively for the meaning of lesser importance even though its
use there is optional and redundant.

Here’s one easily seen argument about something like f(2)…if the purpose of FunkNot

is supposed to be communicating that y is a function of x, then…where’s the x and

where’s the y???

AS IF THAT AIN’T ENOUGH: HOW DEEP DO THESE CONNECTIONS GO, ANYWAY?

Now if we’re all in agreement that it shouldn’t be necessary for a would-be inventor or
engineer to fight his way to the top of the prerequisite heap before he can become privy
to the secrets of the ages—that is, the practical parts of arithmetic, geometry, algebra,
and trigonometry stripped out of their related courses and lumped together in a
pretentious category called calculus—then I am going to give you, rent free, the secret
of the ages when it comes to what is so cool and curiosity-making about studying
calculus the right way.  And the right way is to start with the part that you find most
interesting and work backward, upside-down, and sideways from there, to dip into
“prerequisite” topics as needed to answer the questions you will have about the part
you actually care about.  This is not the prerequisite pattern, but don’t have a stroke.
It’s the exact inverse or prerequisitism, of the way that the math you had to take had
been stripped of the good stuff so you’d have to buy it again later for dessert when
your stomach would already by full.  I’m suggesting something new: studying to learn
how to do something specific, to get specific questions answered, and to build a base
of motivation around the most solid rocket fuel for motivation that exists anywhere in
the known universe: curiosity!



Now I’m just gonna keep talking, and you can be the one to decide which of the things
I’m telling you here is the secret of the ages.  Not everything can be decided for you by
people who are supposed to be teaching you something.

We have the linear equation, the formulaic definition of a straight line on a graph,
y = mx + b.

We have shown that since a tangent of a point on a curve is a straight line, its formula
must by definition be equivalent to the linear equation.

We know that the tangent of that point on that curve is the derivative of the curve
evaluated at that point.

So is it not true that any definition of the derivative should reflect the linear equation?
You don’t think so?  Think again, it’s simple algebra:

y = mx + b linear equation

y2 ≈ (dy/dx)(x2 − x1) + y1 tangent line approximation

y2 − y1 ≈ (dy/dx)(x2 − x1) (just an identity…)

(y2 − y1)/(x2 − x1) ≈ (dy/dx) derivative identity

That is so flippin’ beautiful it brings tears to my eyes when I think about it.  I hope I
am able to sleep tonight.  Does this mean that all of calculus is a restatement of one or
two key concepts?

Yup.

CHAIN RULE EXAMPLES USING THE TEMPLATE



All these examples are from Silvanus Thompson and Salman Khan.  The template is
mine.  You may borrow it.  First I’ll reproduce the relatively complicated problem we
already did.  Since I am typing math in table cells I will use spreadsheet symbols like
SQRT( ) instead of radical signs and other un-type-able symbols.  Regarding composite
functions, doutside/dx refers to the derivative of an outside function and dinside/dx
refers to the derivative of the inside function.

The only thing more annoying than doing math—when you’re in a hurry—is doing it
right.  That’s one step at a time for new procedures, or you’ll end up doing it over and
over till you slow down and get it right.  The template helps you slow down and do it
one step at a time.  You can do it in more steps than shown by always using u, but I
found that when using the template, I could forget about u most of the time unless
there was also a v.

The last six examples also demonstrate an additional first step to use if the problem is
in function notation (FunkNot).  Replace the f(x) = with a straightforward letter to
designate the dependent variable.  Once we know what is a function of what—what is
the changer and what is the changee—we don’t have to keep repeating it.

Find the derivatives of these composite functions.

y = [3x−2 + (5x3 − 7x)5]3                     u = 5x3 − 7x          v = u5

dy/dx = doutside/dx * dinside/dx
d[ ]3/dx * d3x−2/dx + dv/dx

3[ ]2 −6x−3 + dv/du * du/dx
5u4 * 15x2 − 7

5(5x3 − 7x)

dy/dx = 3[3x−2 + (5x3 − 7x)5]2 * −6x−3 + 5(5x3 − 7x) * 15x2 − 7

Ex. 1)

xay 

dy/dx = doutside/dx * dinside/dx
 d[( )1/2]/dx * d(a + x)/dx

½( )-1/2 * 1

½SQRT(a + x) * 1

dy/dx = ½SQRT(a + x)

Ex. 2)

2

1

xa
y




y = (a + x)1/2                     u = a + x



y = 1/(a + x)1/2 = (a + x)−1/2                     u = a + x2

dy/dx = doutside/dx * dinside/dx
 d[( )−1/2]/dx * d(a + x2)/dx

1/2( )−3/2 * 2x
2x/2( )−3/2

x( )−3/2

x(a + x2)−3/2 * 2x

dy/dx = x/SQRT[(a + x2)3]

Ex. 3)

a

x

p
nxmy )(

3
4

3
2



y = (m − nx2/3 + px−4/3)a                     u = m − nx2/3 + px−4/3

dy/dx = doutside/dx * dinside/dx
d( )a/dx * d(m − nx2/3 + px−4/3)/dx
a( )a−1 * −2/3(nx−1/3) + −4/3(px−7/3)

a(m − nx2/3 + px−4/3)a−1

dy/dx = −a(m − nx2/3 + p/x4/3)a−1 * [2/3(nx−1/3) + 4/3(px−7/3)]

Ex. 4)

23

1

ax
y




y = 1/(x3 − a2)1/2 = (x3 − a2)−1/2                     u = x3 − a2

dy/dx = doutside/dx * dinside/dx
 d[( )−1/2]/dx * d(x3 − a2)/dx
−1/2( )−3/2 * 3x2

−3x2/2( )−3/2

−3x2/2/(x3 − a2)3/2

dy/dx = −3x2/SQRT[(x3 − a2)3]

Ex. 5)

 32 axxxy 

y = [x + (x2 + x + a)1/2]3                     u = x2 + x + a          v = u1/2

dy/dx = doutside/dx * dinside/dx
d[ ]3/dx * dx/dx + dv/dx

3[ ]2 1 + dv/du * du/dx



3[x + (x2 + x + a)1/2]2 ½ * u−1/2 * 2x + 1
3[x + SQRT(x2 + x + a)]2 ½ * (x2 + x + a)−1/2

½/(x2 + x + a)1/2

1/ 2*SQRT(x2 + x + a)

dy/dx = 3[x + SQRT(x2 + x + a)]2 * {1 + [(2x + 1)/ 2*SQRT(x2 + x + a)]}

Ex. 6)

2xa

a
y




y = a(a − x2)−1/2                    u = a − x2

dy/dx = doutside/dx * dinside/dx
d[a( )−1/2]/dx * d(a − x2)/dx
−1/2 * a( )−3/2 * −2x

ax( )−3/2

ax/( )3/2

dy/dx = ax/SQRT(a − x2)3

Ex. 7)

f(x) = (2x + 3)5

y = (2x + 3)5                    u = 2x + 3

dy/dx = doutside/dx * dinside/dx
d( )5/dx * d(2x + 3)/dx

5( )4 * 2
10( )4

f’(x) = 10(2x + 3)4

Ex. 8)

g(x) = (x2 + 2x + 3)8

y = (x2 + 2x + 3)8                     u = x2 + 2x + 3

dy/dx = doutside/dx * dinside/dx
d( )8/dx * d(x2 + 2x + 3)/dx

8( )7 * 2x + 2
8(2x + 2)( )7

16(x + 1)( )7

g’(x) = 16(x + 1)(x2 + 2x + 3)7



Ex. 9)

f(x) = (x3 + 2x2 − x−2)−7

y = (x3 + 2x2 − x−2)−7                    u = x3 + 2x2 − x−2

dy/dx = doutside/dx * dinside/dx

d( )−7/dx * d(x3 + 2x2 − x−2)/dx

−7( )−8 * 3x2 + 4x + 2x−3

−7( )−8 * (3x2 + 4x + 2x−3)

−7(x3 + 2x2 − x−2)−8 * (3x2 + 4x + 2x−3)

f’(x) = (−21x2 − 28x − 14x−3)(x3 + 2x2 − x−2)−8 

Ex. 10)

g(x) = (x7 − 3x−3)−10

y = (x7 − 3x−3)−10                    u = x7 − 3x−3

dy/dx = doutside/dx * dinside/dx

d( )−10/dx * d(x7 − 3x−3)/dx

−10( )−11 * 7x6 + 9x−4

−10( )−11 * (7x6 + 9x−4)

g’(x) = −10(x7 − 3x−3)−11 * (7x6 + 9x−4)

Ex. 11)

f(x) = sin (x2)

y = sin (x2)                    u = x2

dy/dx = doutside/dx * dinside/dx
d sin ( )/dx * d(x2)/dx

cos ( ) * 2x

f’(x) = cos (x2) * 2x

Ex. 12)

f(x) = e2x

y = e2x = (ex)2                  u = ex 

dy/dx = doutside/dx * dinside/dx

d( )2/dx * d(ex)/dx

2( )1 * ex



2(ex) * ex

f’(x) = 2ex2

Ex. 13)

f(x) = (x4 + e5x)3

y = (x4 + e5x)3                    u = e5x 

dy/dx = doutside/dx * dinside/dx

d( )3/dx * d(x4)/d
x

+ d(e5x)/dx

3( )2 4x3 + 5e5x

f’(x) = 3(x4 + e5x)2 * 4x3 + 5e5x



CHAPTER SEVEN
The Truth about Calculus: the Linear Equation
Meets the Tangent Line Approximation and the

Fundamental Theorem of Calculus

Actually I think it’s silly that [physics and calculus] are taught as two separate classes.  I
think that physics and calculus should be just one fun two-hour class.

—Salman Khan
Khan Academy

It’s against the laws of modern textbook publishing for a writer to express enthusiasm for
what he is teaching.  This is why it was possible to co-opt the symbol ‘!’ and use it for
some obscure bit of higher mathematics.  It wasn’t being used anywhere else in the math
book.

—Uncle Aspie

NOTE TO SELF: THIS CHAPTER IS BAD.  MOST OF IT COULD JUST BE DELETED

It’s traditional and customary to teach differentiation first and integration second, and
that’s all there really is to calculus except for a bunch of subsidiary tactics and
strategies for getting the right answer, many of which are unnecessary if you’re not
trying to design a time machine or a nuclear bomb.

Teaching differential calculus and integral calculus separately is just another way of
isolating heads from tails so that the ability of most people to spot useful patterns will
be stunted and calculus can remain a tool of the elite.  And by “elite” I don’t mean the
educated; I mean the controllers of education.

But the various layers of calculus which co-exist, the various layers of math which co-
exist, and the various layers of physics which co-exist are subject to the same
constraints, depending on how they are taught.  Why separate differential from
integral calculus?  Why separate calculus from 1 + 1 = 2?

And why separate math from physics?

AVERAGE JOE GETS THE JOB DONE AGAIN

I am here to tell you that there is no “two branches of calculus”.  Differentiation and
anti-differentiation are two sides of the same coin.

What is it about reality that is indescribable, with precision, without “calculus”?
When stuff happens because other stuff happened.  When the changer changes the



changee, we have to put that on a paint-by-number canvas so anyone who wants to
can paint the same picture.  Science has to be reproducible, or it is just religion.

Before this turns into a book on metaphysics, let’s just drop the analogies and look at
the most precise picture of what happens when something happens: the graph.

Let’s change some terminology.

—Differentiate is now diffate, or diff-ate if you prefer.  Or even diff’ate.

OK that’s enough terminology changing.  I just chopped 12 pages off this book’s length
by eliminating “-erenti-” from “differentiation,” “anti-differentiation,” and related
words.  What does “-erenti-” mean, anyway?  Not a dad-blasted thing!

THE THREE GREAT REVERSIONS OF MATHEMATICS

I’m really annoyed because it wasn’t until I was writing the last chapter of this book
that I found out that the term “indefinite integral” should not be used.  Now I have to
restructure a lot of sentences in this book and maybe this whole chapter because I
used terminology I didn’t understand yet.

Here’s an example of an abstraction that fails.  How on earth did “integrating” get to be
an object of fear?  It is too easy.  Well, sometimes it’s impossible, but I’m referring to
practical math, done for practical reasons, not as window dressing to make someone’s
“publish or perish” ejecta look really top dog.  It’s just exactly the opposite of—or
literally the undoing of—differentiation, right?  Just as addition and subtraction undo
each other, just as division and multiplication undo each other, differentiation and
integration undo each other.  Right?

Yes, so why is there a mental block to learning integration, what makes it the scarier
of the two sides of the calculus coin, why is it usually taught after differentiation?



The difference between this third of the three great reversions and the two we learn in
elementary school is the way it’s taught.  For while integration itself really is the exact
undoing of differentiation, the way that integration is taught is not the equal of its
complement, differentiation.  Here’s why.

Differentiation is defined in terms of what it does to changing values.  While
integration is defined in terms of…what differentiation does to changing values.  Writer
after writer, teacher after teacher, stops short of a good, honest, free-standing
description of integration, each one trying to outdo the last with the cleverest way of
saying that integration is differentiation’s evil twin.  The Mr Hyde who made Dr Jekyll
famous a somebody.

Look at this:
—“Subtraction is what’s left over when you take a value away from an existing value.”
Any mention of addition there?  Hard to grasp?  Hard to describe?  Hard to do?  No,
no, no and no.
—“Division is a count of how many pieces you get when you cut up a dividend into
smaller values the size of the divisor.”  No mention of multiplication, etc.

What about these fruitcake descriptions instead:

—“Subtraction is when you have a sum of added quantities and you unadd them to
find the difference between one and the other.  It’s really easy, it’s just the opposite of
addition.”
—“Division is when you have a number that is made of factors that had been
multiplied together, and you unmultiply them to get the factors.  Just think “multiply,”
then flop it over and do it, it’s simple as snot.”

Those are circular definitions.  If subtraction and division were taught this way,
curriculum committees would by now have scientifically determined, with circles and
arrows and charts and graphs, that the learning of basic arithmetic would best be left
for a person’s next life.

So we have clever parables like the following, because we haven’t bothered to give
integration its own free-standing existence: “If a stranger were set down in Trafalgar
Square, and told to find his way to Euston Station, he might find the task hopeless.
But if he had previously been personally conducted from Euston Station to Trafalgar
Square, it would be comparatively easy to him to find his way back to Euston Station.”
That’s a perfectly good fable from one of the best calculus books ever written, but
where are the values?

Like this:

—addition and subtraction undo each other:
y + x − x = y

—multiplication and division undo each other:
(y * x)/x = y



No analogy needed so far… but what about this:

—differentiation and integration undo each other:

∫(dy/dx) dx = y

Second problem duly noted: the notation for saying “differentiation backwards” is as
pointless as the description, and little wonder.  The computer can’t even type it right,
now what’s up with that?  The computer industry hasn’t had enough time to practice?
Why can’t I type a mathematical expression right into a popular typing program
without resorting to embedded graphics programs?  Maybe this will look better:

—differentiation and integration undo each other:

  ydx
dx

dy

This means…can I even say it?  My mind instantly tries to describe differentiation in a
way that the description can be flipped over and read backwards off the
backside…let’s see…to diff-ate is to analyze ratios of change by change.  Do I have to
call integration the act of unanalyzing unratios of unchange by unchange?  Somehow I
doubt it.  And what about that notation!  Stuff that doesn’t tell you what to do, just
juxtaposed with no operators between nomials to define the relations of the juxtaposed
stuff…if that was a good system, we’d have + 2 2 = 4 and − 4 2 = 2 and / 4 2 = 2 and *
2 2 = 4.  Which one’s multiplication?  Which one’s division?  Subtraction and
addition?  It’s easy to tell if you already know, but what is it about the notation that
keeps us from wanting to separate nomials with operators instead of juxtaposing them
and making us wonder why they stand silently next to each other and don’t tell us
what to do?

Look again at the integral undoing the differentiation (a 6-syllable word!  Jeepers!):

  ydx
dx

dy

Why do you have an integral notation that’s peppered with differential notation?  I say,
“Integration!  Get a life!  Stand up on your own two feet and speak your own
thoughts!”  Instead we get integration trying to get differentiation to “read my thoughts
and get back to me, we’ll check to see if this sucker has the ability to double-think
upside down and backwards, or is the flunky just waiting for that final flunking
moment?”

C’mon now, can’t subtraction do its thing without making it look like we’re adding
stuff too?  Integration isn’t two things, it’s one thing!  Why do we have to look at two
sets of symbols?  Does a “divide by” sign and a multiply sign get mixed up in the same
operation?  No!



Maybe I could figure out how to describe integration on its own if I could quickly
devise a makeshift notation that could conceivably express integration
straightforwardly.  I still don’t even know if I’m going to find anything when I get
there…maybe there isn’t a free-standing description.  Maybe differentiation must  come
first in this particular chicken-and-egg scenario.

Again, for the speculator who could develop the 1000-yard stare if he had nothing to
spectate upon:

  ydx
dx

dy

Putting all that crap about differentiation in there…do we mention during division that
these factors were, at some other place and time, once multiplied together to get the
value we’re now trying to split up?  What a crock!  And I like differentials!  Maybe the
whole problem is that we like Leibnitz and Newton too much, and if we give up their
notation we’ll have to let go of the delusion that calculus—the core of engineering—was
first discovered by white people in Europe only a few hundred years ago!

What is it that the notational catastrophe above is trying to say?

—y is a function of x.
—If y is changed under equal and opposite influences simultaneously, y has no net
change.

At least I didn’t say “unchange.”  That would be sort of like saying, “Take 2 away from
4 and you get a different 2 left over,” but adding quizzical little marks and extra
numbers to indicate that the first 2 and the second 2 are two different 2’s.  While we’re
at it, why don’t we just number every 2 we ever write?  You’d have to get a license to
write a “2”.  “Sorry folks, all the 2’s are used up for today, try back tomorrow, and get
here early.  Sorry folks…”

Now take a quick peek at differential notation:

dy/dx = y’ = change of y when x changes = derivative = differential coefficient
(obsolete)

See?  Terms do change.  “differential coefficient” (meaningless 8 syllables) changed to
“derivative”—half the meaningless syllables—less than 100 years ago.

Calculus is about change.  Change works both ways, we can be that abstract, can’t
we?  Without changing any terminology except to shorten “differentiate” to “diff-ate”,
can we quickly say “Integrate this function of x named y?”  Our models once again:

—addition and subtraction undo each other:
y + x − x = y

—multiplication and division undo each other:



(y * x)/x = y

—differentiation and integration undo each other:

∫(dy/dx) dx = y

Maybe we just need the right preposition.  We can add to, subtract from, divide or
multiply by…

But integrating and diff-ating is done with respect to…

It’s sort of like saying, “Add up to 3 with respect to 2.”  Is the answer 1?  No, that’s
subtraction!  The term “with respect to” assumes that y is the answer, when really y is
the problem, and the integral is the answer.  We don’t want to say  “Unmultiply 6 with
respect to 2 and get 3.”  That’s not multiplying, it’s dividing.  Call it what it is, not
what it isn’t.  It’s sort of like saying, “The sky is everything except everything that isn’t
the sky.”  Or did I get that backwards???  By the time I decide, it will be beddy-bye
time!

Even if diff-ation is the very definition of integration, you can’t say that in describing
integration without resorting to circular definition.  The purpose of a real (non-
circular) definition is to say something different from a separate point-of-view, to give
perspective.

INTEGRATION IS WHAT THE CURVE SAYS ABOUT THE INDEPENDENT VARIABLE

The answer might lie in going back to that map of the world based on the linear
equation and the graph.

Since the linear equation boils down to the slope m of the curve’s tangent line at a
point, then the definite integral—that’s the kind of integral shown in the drawing—is



really a specialized case, and what we are after is the more basic indefinite integral,
the one that just undoes the derivative.  While the definite integral uses the anti-
derivative or indefinite integral to find a value equal to the area under a curve between
two points, the indefinite integral is a general statement about change on a curve.

So if a curve can be described  or diff-ated as 2x, it’s easy to go through the
mechanical motions of using the reverse of the diff-ation Trick—really the forward
Trick of integration, depending on your perspective—to integrate 2x and get the
answer, the anti-derivative, x2 + C.  But we’re still overtly describing the “anti-
derivative” or indefinite integral in terms of what the derivative would have been doing
if we were talking about the derivative.  It’s like defining “swimming pool” as “the place
where a lifeguard sits around waiting for people to drown.”  Not really the point.  In
this case we could just as well be talking about the lounge where the lifeguard sits
during his evenings off.  When all along weren’t we supposed to be talking about the
swimming pool?

But getting back to that picture, m is slope and it represents one value of the
derivative, the one that corresponds to a particular point on the graph.  What is a
point on a graph?  It is the value of the changer as the UNIT by which the value of its
corresponding changee is compared.

Why do I say UNIT in big letters like that?  It’s not even true is it?  Not all values of dx
are equal to 1, not even close.  Or are they?…

Actually, I just figured out a common thread, a core concept (related to average and
ratio which were so identified above), something from which both the derivative and
the integral spring.  Equally.

One of my favorite topics as a revisionist of descriptions is to remind my readers(s),
assuming that they exist, that firstly

ratio = fraction = division problem = percentage

and secondly,

All numbers are ratios because any number can be expressed as a numerator
with a denominator of 1.  In which case the denominator which = 1 is a unit, or
one of something to which the numerator’s value is being compared.

And of course, it also relates to a point of confusion that got me away from my studies
of calculus yesterday and got me onto this tangent, that is, this questioning kind of
thing that forces me to dig deeper into what calculus really is.  My question was about
the dx that tends to find itself as part of the integration notation (when x is the

independent variable.)  What is that dx, exactly?  (example: ∫2x dx = y)  I found an

online discussion of the same question and the one answer that stood out to me was
the guy who said dx was the UNIT by which the integration was going to be doing its
magic.  And that reminds me of the way—when you make a definite integral out of it



by including that its value is supposed to equal the area under a graph between an
upper and lower “limit”.  In a case like that, at least a simple one, it’s as if you were
multiplying a vertical y function—such as 2x—times a horizontal width value to get an
area in square units as the definite integral.

OK spit it out.  There is a pattern forming in the mist; what is it?

The differential (dx) is the unit by which changes are measured in both the integral and
the derivative.  The infinitesimal change in a changer x leads to a corresponding
change in the changee y.  The dx then is the Instigator of All Things, the Motivator of
Calculus Herself.  And unfortunately, whoever invented the integral notation felt they
had to redundantly remind us of this every time we write something behind the big S

or ∫ that means “integrate”.

Which means what?  Are we getting closer to a stand-alone definition of “integrate”?

UNIT…

Not only are we being told to integrate some function or some value that represents a
function, we are being told by what unit this integration is going to be taking place.
Whatever that means…but I’m feeling confident that a vision is going to bloom, based
on the notion of dx as the unit of all calculus.  

Here are some pictures of an important notion.  These are some derivatives, stated in
first a “simplified” (?obscured?) form, followed by an equal and longer but more
informative form.

y’ = 7 = 7/1

z’ = 123.5 = 123.5/1

w’ = 34.9 = 34.9/1

v’ = (t)4−q = (t)4−q/1

 See the pattern?  Any number, including any derivative, can be expressed as itself
divided by 1.  But why do that?  What is the 1 good for?  Isn’t it just an extra stupid
number to walk around?

Here’s the illustration that should answer that question:

dy/dx = y’ = 7/1

dz/dx = z’ = 123.5/1

dw/dx = w’ = 34.9/1



dv/dt = v’ = (t)4−q/1

I don’t like using the slash line “/” to type fractions but it’s the only way to type them,
so here is a proper graphic of the first one, though you should have the idea by now:

1

7


dx

dy

Can’t get much more obvious than that, except to try and say in words what it means,
and what it means for an integration problem to be done in terms of some UNIT.

In the example, dy or 7 is the magnitude of the change wrought upon y by the
influence of one dx, that is, one unit of change in x.  I suppose we could arbitrarily
select some number like 867 as the unit for all things, but there happen to be some
very special properties of 1 that 867 just doesn’t share.  It almost seems that the
number 1 was specially cut out to act as the universal unit of all things in unison.

Part of my point is that we’d usually see an answer like y’ = 7, and if we did phrase it
as y’ = 7/1 the professor might even give less credit for not “simplifying” the answer.
This sort of thing happens a lot; the prettiest answer is seldom the most obviously
meaningful in terms of what the numbers are supposed to be saying.  But knowing
that y’ = dy/dx, then the answer to “what is dx” regarding all expressions purporting to
be equal to dy/dx, is that single term such as 7, or 123.5/1, 34.9/1, or (t)4−q, divided
by 1.  So dx is 1 when we have some expression equal to dy/dx.

Exceptions?  What if dy/dx = 17/49?

If dy/dx = 17/49, isn’t 17 = dy and 49 = dx?

Yes, but we are interested in saying something universally applicable, so we must be
reminded that if dy/dx = 17/49, then…

1
49

17


dx

dy

OK so dx is the unit of all things calculoidical.  So what?

Math rules are a kind of generalization that all the detailed examples ultimately boil
down to.  So we’re trying to boil examples of truths about integration down to a
statement that is a universal generalization.  Getting all forms of dy into a format that
is compared to the same number in every case—dx = 1—might be what we are after.

So if we can get all expressions dy into a form that is a comparison to the same
number, dx = 1, then we can safely drop all the denominators and just compare the
dy’s to each other, because dx = 1 has become the white, featureless, unnoticed and
uncomprehended background upon which all our pictures become drawn.



So far all I have is questions, and some ideas that seem important and which beg to be
connected: average, ratio, and unit.

Hey I know: why don’t we just rename integration “reviving”!  “Listen children,
calculus is just a matter of deriving and reviving, it’s just that simple.”  That might fix
everything!

WHAT THIS DISCUSSION NEEDS IS A JOLLY FINE INTERRUPTION: THE
FUNDAMENTAL THEOREM OF CALCULUS AND ITS SECRET CONNECTION TO THE
LINEAR EQUATION y = mx + b

Think back to a previous chapter in which I was mortified to discover that the tangent
line approximation—which is how calculus is done, even when resorting to the Trick
and/or other shortcuts—is a version of the linear equation y = mx + b.  Which led to
the conclusion that the linear equation might be distinctly related to some as yet
unsatisfied urge to discover, in a textbook, website, or my own imagination, the Key to
All Things Calculoidical.

In the exploration of the ins and outs of the integral in its basic manifestations, I could
not forever avoid taking a look at what they call the Fundamental Theorem of
Calculus—is that FunCalc for short?—and as a result I was able to re-get-to-the-point
of what this chapter was threatening to become.  Here is the FunCalc, and yes it is
what it sounds like: it is the fundamental…theorem…of…calculus.  Sort of like the key
to everything:
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x
yydx

dx
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You can find other versions of this theorem, tainted with all manner of ungodly
notation, but the version above is consistent with what we’ve used so far and is
correct.
—x is the changer
—y is the changee
—x1 is x at condition 1, and y1 is the y-value corresponding to that condition
—x2 is x at condition 2, and y2 is the y-value corresponding to that condition
—dx is an infinitesimally small increment or change in x that causes everything to
happen; this differential is not only the causative factor, but is also the unit by which
change is measured
—The squiggly ∫ with the little numbers at its top and bottom just mean we are going
to figure out the value of the change in y, or y2 − y1, corresponding to the causative
change of x between the two little numbers on the squiggly thing.  So we are going to
find the dependent change in y from initial to final condition as defined by an
independent change in x.

If you were to omit the squiggly thing the math would not change at all!  The integral
symbol is not math!  It is just there to make us think we are about to attempt
something difficult, and to make it look like Leibnitz and Newton (i.e. white guys)
invented calculus.  You can do integration just by doing the math and ignoring the



symbology, as long as it is written correctly, but to make sure it’s written correctly
you’ll have to understand the symbols so you can translate it out of gobble-de-gook
into obvious, uncoded symbology.  The x2 at the top of the squiggle and the x1 at the
bottom of the squiggle just mean we are interested in what happens to something as a
function of x between condition 2 and condition 1.  But the answer side of the equation
y2 – y1 already said we were looking for the answer as a y-value between condition 2
and condition 1, and the math on the left side of the equation already told us that dx
or a wee change in x is the unit of comparison, or the independent variable, the
changer, that with respect to what we are respecting unto doing.

By that I mean the notation is a little silly, chasing potential participants away from
the sciences because they have no interest in breaking codes first and doing their work
second.  But a scientist without his symbols and jargon is like a day without
sunshine.

Speaking of codes, be aware that so few people understand what the integral does—
since it’s so easy to do that even idiots without a clue can manage to do it—that many
people will leave off the dx thinking it is not a math part of the equation.  Better to
leave off the squiggle—which is NOT math—and just say in words, “find y2 – y1  by
integration.”  But the dx is a multiplier, and that issue will be addressed.  Just watch
out for people who don’t bother to write it, and know that it is there to tell you what
the changer is, as well as to multiply the function by.  The reason a multiplier can get
left off and people still find the right answer is that they don’t know it’s a multiplier
and they get the answer through some memorized trick and don’t know that the
multiplier dx or the unit of comparison is actually playing a part in the actual
calculations.  Sometimes the multiplying is really a kind of multiplying called,
terrifyingly enough, “infinite summation”, but I’ll get back to that intimidational
gambit later.

Here is a quick example of the simple arithmetic of integration before we get to the
main point.  We are going to integrate the function y = x2 by plugging values into the
theorem.  We are going to choose x2 = 5 and x1 = 2 for the distance on the changer
scale that will give us a corresponding y2 – y1 , and pretend it was our teacher told us
to do that.  It is necessary, in order to teach yourself, to take some of the work load of
the teacher, by sometimes making decisions.  First pick some real values of x to play
with and apply the function to get the corresponding y values:

x y = 2x
0 0
1 2
2 4
3 6
4 8
5 10

Remember that we’re looking for a definite integral, not just the indefinite integral or
anti-derivative or undone derivative, but rather its effect (as an applied ratio) on real
values, those values being the world of results—the effect on y—between x2 = 5 and



x1 = 2.  Use this template like others I’ve showed you, by putting what you have on top
and translating it one step at a time, line by line, till the final answer appears on the
bottom row of each column.  You can do it on paper without boxes.  The idea is to
keep stuff lined up so that what you write then does the setup thinking for you and
you can just focus your mind on what is not yet known.

dy/dx * dx = y2 − y1
2 * 5 − 2 = 10 − 4
2 * 3 = 6

I know what you’re saying: “Where’s the calculus?”  You’re right, this is simple
arithmetic.  This is a super easy example because the function y = 2x describes a
straight line, so the slope is the same at every point on the line.  So dx is the unit, a
straight multiplier against the derivative of the function or dy/dx.  Plug in values and
do the arithmetic.  Same as saying that 14u is 14 units of u.  We have to remind
ourselves that it’s “calculus” by saying that we were trying to find the distance from y2

and y1 when x2 = 5 and x1 = 2.  But it’s kind of a sick, disheartening feeling to learn
that we could have been junior rocket scientists or at least junk bond engineers
making jillions, if only we hadn’t been chased away from the professions by bluster
pretending to be higher math.

So we learned that the distance from y2 to y1 when x2 = 5 and x1 = 2 is 6, and we’re a
little bit underwhelmed.  But take heart; an example where the function is not a
straight line will transform what we did to something slightly more calculoidical,
although not any more difficult.

And my point was that the answer is correct; the squiggly ∫ in front was not math.

Try the same thing with the function y = x3, and the dx is still going to be a multiplier
but not in the same straightforward way.  That’s why it is never written with a
multiplication sign in front of it, and that’s why most people assume it has nothing to
do with multiplication.  All that is because the function has a varying slope, the
derivative 3x2.  Set it up like the last one:

x y = x3

0 0
1 1
2 8
3 27
4 64
5 125

We’re going to seek the definite integral, that is, find a value for y2 − y1 that
corresponds to values of  x from x2 = 4 to x1 = 1.  So the answer will be a result of the
influence of changes in x, and that result will equal y2 − y1.  I’ll repeat the fundamental
theorem again but don’t confuse yourself gazing at the integral sign because once
again, it isn’t math.  In fact I suggest you just try to remember that we are



“integrating” by doing simple math we already know, and don’t look at the squiggly
thing at all after you’ve pumped it for the very little bit of information it conveys.
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This time, because the function y = x3 is not linear, the derivative will not be to the
power of 1 and so not constant, steady, and unwavering, so changes of x per changes
of y is not a straight proportion factor to multiply by the unit dx.  So instead of writing
the gross change of x that we know about, 4 – 1, for dx, we just write dx for the unit of
change and know that it is still the unit and dy/dx is still the ratio or proportionality
factor and both are still very important and very much related to each other by a
simple multiplication routine.  The exact value of dx, which is unwriteable because it
has too many decimal places of zeros, is what “calculus” knows and we don’t.  I
suspect that when the human race learns how to deal appropriately with infinity, we
won’t need calculus anymore.

I suspect that when the human race learns how to deal appropriately with infinity, we
won’t need calculus anymore.

dy/dx * dx = y2 − y1
3x2 * dx = 64 − 1

= 63

The new procedure, which is called “using the fundamental theorem of calculus to find
a definite integral” is easy:

—find the anti-derivative (a function that is the founding function of the function
we are integrating) of the function we are trying to integrate for

—evaluate the anti-derivative for x2 and x1 to get y2 and y1.
—subtract y1 from y2 to get the answer.

The idea is to hope we get the same answer we already got and recorded in the chart:
64 – 1 = 63.  When there are complicated functions and lots of values of x to find
corresponding values of y for, then you might want to use integration with the Trick
instead of making little charts and finding information by trial and error.

Having said that, make damn sure you know how to do the Trick because that is the
quick way to do integration so it’s often the right way to get results without having to
prove a bunch of stuff every time you do it.  When was the last time you stopped what
you were doing at the grocery store to prove that 1 + 1 = 2 while you were counting
your money?

The anti-derivative or indefinite integral of 3x2 is found using the reverse of the Trick,
which we covered already in an earlier chapter: given a simple (like single term)
function y of x, add one to the exponent and divide by the same number.  So the anti-
derivative of 3x2  is 3x3/3 = x3.  We already knew that; see chart.  Now x3 is the anti-
derivative—I like to call it the “founding function”—of the function we’d been wanting



to integrate (3x2), so evaluate the founding function for the two values of x that we
already have, to get the two values of y that we want.

x2
3 – x1

3 = 64 – 1 = 63

So the integral we were looking for is 63, like the man said.  That is the value of a
change in y corresponding to a causative change in x, when the x changes from 1 to 4
and the slope of the regulating function is 3x2.  So I’d guess calculus was pretty
helpful this time, I know I couldn’t figure out “63” for that problem by just thinking
hard about it.

Notice again that the squiggly thing can be safely ignored while doing the actual math,
since it is not part of the math.  You just have to know what two values of x you’re
trying to integrate between.  Once you learn your way around the math, by all means
use the same notation everyone else uses, so people will be able to see that you are
actually doing calculus.  In fact, I wouldn’t tell anyone that calculus is just a new way
of using simple arithmetic, or that person might go after your job.

What happened to the unit dx, to which the multiplier or proportion factor or
derivative dy/dx was applied?  This all happened behind the scenes when you did the
Trick.  Same as when you do the Trick in diff-ating and don’t have to worry about what
the actual value of dx is since it’s too small to talk about conveniently anyway.
However it’s easy to demonstrate the real sort of multiplying that got done, behind the
scenes.  We’ll learn that when we learn how to integrate the hard way, by estimating
and messing around with numbers and stuff, but the next thing we have to tackle is to
show where the fundamental theorem of calculus actually comes from: y = mx + b.

THE NEW CALCULUS: ITS BASIS IS THE EQUATION OF THE LINE

I have already demonstrated that the integral symbol ∫ is not part of the math, so the
chart below has an extra column in the front which dead ends, to accommodate it.  Its
purpose is only to label what follows as an intention to find an integral, but it doesn’t
instruct the mathematician or add anything to the math in regards to procedure.

PROOF THAT THE LINEAR EQUATION y = mx + b IS THE BACKBONE OF CALCULUS

m * x + b = y
linear

equation

footnote
see

below

dy/dx * x2 − x1 + y1 = y2
line eq.

unsimplified
I


2

1

x

x dy/dx * dx = y2 − y1

fundamental
theorem of
calculus

II

dy/dx * dx ≈ y2 − y1
tangent line

approximation
III

Footnotes to Chart:



—I) The simplified linear equation y = mx + b is called the “slope-intercept form” of
the line equation because you use it when you know the slope and the y-
intercept and have to solve for y.  I like it because it has a nice sound when
you say it—“y = mx + b!”—so it’s easy to remember.  All the superficial
changes I have made to arrive at the unsimplified line equation right below it
in the chart are obviously correct substitutions, which is my way of saying
that the conclusion reached in this section is neither speculative nor based
on opinion:

——A) This is a line.  It has many points x.  It has a slope m.  Its slope is already
known and would have been determined by x2 − x1/y2 − y1.  These four
terms—x2, x1, y2, & y1—are all required, in order for slope m to be known or
easily findable, but in y = mx + b the second x value needed to find a slope is
missing, because this form of the linear equation is used when we already
know the slope.  Substitution of x2 − x1 for x in the unsimplified version
exactly follows the alternate form of the linear equation, the “point-slope
form.”  This form assumes we have any one point on the line and its slope.
Here is the point-slope form of the linear equation, lifted from The Complete
Idiot’s Guide to Calculus by W Michael Kelley: y2 − y1 = m(x2 − x1).  Obviously x
has to equal x2 − x1.

——B) The factor b is traditionally used in the linear equation for the y-intercept,
but this use of b hides the fact that it is a y-value, and it can obviously be
portrayed as a y-value for practical purposes.  As the starting point in terms
of y values—that is, the y-intercept, the value of y when x is 0—it is exactly
equivalent to y1 as I have depicted.  W Michael Kelley in The Complete Idiot’s
Guide to Calculus briefly mentions that our reasons for using m to refer to
slope in the linear equation are, I paraphrase, indecipherable.  Which
suggests a reason in itself: mathemagicians love to look like great big
codebusters.

——C) The function y in y = mx + b is changed to y2 since it is the final
dependent variable, the answer to the equation, the second value of y and
the end result of the interactions of all the factors and terms.

——D) The multiplied coefficient m is the slope of a straight line, and in a
function y whose values depend on the values of x, the slope is the same
thing as the derivative dy/dx.  The linear equation point-slope form
y2 − y1 = m(x2 − x1) visually reminds us that the only thing that keeps dy from
BEING dx is the line’s slope: the function’s derivative.  Remember in the last
chapter we found that someone had been astute enough to actually teach
the simple fact that the slope defines the relation between dy and dx by
performing the role of proportionality factor.  That’s a ratio applied as a
proportion by multiplying it by something to get something else that’s
proportional to the first thing.  Remember?  If this stuff isn’t warming the
cockles of your heart, I fear for your sanity.

—II) Simply subtracting y1 from each side of the equation yields the fundamental
theorem of calculus.  The integral notation in front doesn’t get represented in
any other formulas in the chart because they aren’t integration procedures;
even in the integration procedure the symbology doesn’t affect the math that
follows or the meaning of anything that follows it except the specific
deployment of dx:



—A) When the function y has a constant slope, the multiplication of dx is
ordinary as shown: dy/dx * dx.

—B) But when the function y has a varying slope, the multiplication of the
derivative by the dx value represents an infinite summation or
dx * (y1 + y2 + y3 etc) when infinitely many different y values are multiplied
by the matching infinitely small increment of x.  This is based on the
arithmetic rule ab + ac = a(b + c).  All this infinity stuff is taken care of by the
Trick and its friends.

—III) The formula for “approximating” the exact value of the derivative when the
function is known (see the chapter on the chain rule) and the formula for
finding the function when the derivative is known could hardly be more alike
and still have two different appellations.  Calling these two formulas by two
different names is obvious hyperbole, if not purposeful distraction.

And there you go!  I’d say I have a pretty good case that the line equation y = mx + b is
THE key to calculus, since it is exactly equivalent to both the key methodologies used
to do integral and differential calculus!  It’s so obvious I am more or less speechless…
what can be said except to condemn the clique-mongering of the Discouragement
Fraternity, the obfuscators who have elevated basic calculus to “higher mathematics”
in order to extort more tuition from intimidated students and prevent many intelligent
people from attempting a career in engineering or science!  Shame on you textbook
writers for using your books as a platform for showing off instead of elucidating!
Shame on you, Curriculum Committee, for making it as hard as possible for people to
get their foot in the door of a career that seldom requires any calculus at all, much
less the useless abstract number toys so loved by math addicts!  Shame!  Shame!

What else can I say?  It seems to be apparent that the point/line/slope relationship
y = mx + b actually underlies all that is calculoidical:

—y = mx + b defines the Line
—y = mx + b defines the Tangent Line Approximation, thus the derivative
—y = mx + b defines the Fundamental Theorem of Calculus, thus the integral

And the very idea!...that this is not on the first page of any calculus book…is
horrifying!

AND ONE MORE THING

I started this chapter with a lingering malaise, an itch I could not scratch…an ill-
defined vagary in my bones to really know what integration is with regards to x and y,
instead of just the usual cop-out which gets off stating that integration is the reverse,
opposite, or “undoing” of differentiation.

This handy little “derivation” (no relation to “derivative”) for the fundamental theorem
of calculus kind of shows what a simple concept it really is, and how connected it is to
everything.  But more pertinently, this goes straight to the heart of the statement
made in Footnote II of the chart, above, which asserts that dx IS a multiplier.  I have
to make a big deal about this because some people don’t even write dx in the integral



symbol set—including one of the “easy calculus” books I bought—assuming it’s just
more non-math tossed in to redundantly revisit obvious stuff.  Not only is it a
multiplier, but besides that, the derivation below (no relation to “derivative”) proves
it…look how dx ended up in the fundamental theorem of calculus.  See the note in ALL
CAPS below, in the second row of the table.

Start with the simple statement that a function equals the derivative of its
antiderivative (sort of like saying x = x multiplied and divided by 1; don’t think about it,
and it won’t confuse you!):

dx

dy
y 

y’ equals the derivative of its antiderivative; the notation
also tells us that y is diff-ated with regard to x.

dx
dx

dy
dxy 

MULTIPLY BOTH SIDES OF EQUATION BY dx!  Just as 9z
means “9 z’s,” this means “y prime dx’s = (dy/dx) dx’s.”

dydxy  Simplify by canceling.
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x
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x

x
dxy 2

1

2

1

Tell both sides to “integrate” which means…

12
2

1

yyy
x

x
dxy 

…find two y values corresponding to two values of x when
the slope is known but the function y = ??? is not.



CHAPTER EIGHT
The Power Rule Loses its Trick Status

-and-
Quippling about the Powers that Be

What is worthwhile for students to gain from a calculus course is the ability to read books
that use the language of calculus and, at least to some extent, follow the derivations in
those books. Unfortunately, being proficient at the sort of [expletive deleted] skills
required to get a good grade in a calculus course is not a lot of help in this respect.

—E. Lee Lady, University of Hawaii
“Calculus for the Intelligent Person”

The purpose of this chapter is to eliminate paragraphs like the following from the face
of the earth.  Please don’t try to figure out what it is trying to say:

When an initial condition multiplies by itself a number of times to attain a
final condition, the change ratio of the final condition vs the initial
condition is a product of the number of times the initial condition
multiplies by itself times the initial condition multiplied by itself one less
time than it was in the original function .  Since the initial condition is
multiplied one less time and also is multiplied by the original number of
multiples, the change in one value is related to the change in the other.
But this is not an equation.  It is a function of its derivative.  For example,
if the initial condition doubled five times to get the final condition, the
change ratio is the initial condition doubled four times and multiplied by
5.

I cannot tell a lie; I wrote that swill.  But it’s not my fault!  I was having a hard time
describing the power rule—what I’ve been calling the Trick—but I wanted to let you
know that your reward for reading this book is that I am granting you license to stop
thinking of the Trick as some back-alley version of calculus for the mathematically
unenlightened.  I set out to show that it is as elegant and virtuous as it is sweet and
willing; it’s possibly the sexiest thing I have ever found in a math book, and it became
my mission with this chapter to go up against the insistent yammering of the calculus
teaching clique that has always tried to keep the power rule held at bay, as a sort of
emergency life support system for calculus students to start using, only after they
learn how to diff-ate and integrate the hard way.  Because, they say, it isn’t really the
heart of calculus, it doesn’t really say anything relevant about what calculus is all
about.  Because, you know, we’ve all been handed this shiny line about how calculus
is built strictly from limits, blah, blah, blah…

I’m here to set the record straight, to re-install the simplest and the best in the highest
place of honor in the calculus arsenal because, by golly, it is the simplest, so it is the
best.  If I have any intuition, let it now be heard: if it’s calculus, and it gets the right



answer, and it says the simplest stuff about the simplest stuff, then it IS the most
basic expression of the heart and soul of calculus, whether the stuffed shirts of tenure
have any investment in agreeing with me or not.  If it’s any comfort to those starched
souls, it’s not that easy to find, even on the internet, an intuitive explanation for why
the power rule is unerringly effective in those simple cases when it applies.

Before starting, let me remind myself that a TERM in math is something separated
from other entities by addition or subtraction, but not by multiplication or division.
Thus the following:

SINGLE TERMS
(MONOMIAL)

TWO TERMS (BINOMIAL) TRINOMIALS

x x + 0.99z x + 0.5z − q
2x 2 + x1/5 2x + x −5q
3x5 3x5 + 9 3x5 + 9 − 9
½ ½ − 12 ½ − 12 + z3

And the other thing to remember is the actual structure of the DEFAULT TERM vs the
abbreviated version that we usually see written down.  The default term can be written
“x” or “z” or “212” or whatever, but here is the full story on these examples:

ABBREVIATION FULL DEFAULT TERM

x
1

1

1
x

z
1

1

1
z

212 1212
1

1


In the writing of this chapter, which mostly involved thinking out loud on paper, I
spent several days filling 42 sides of perfectly good long-sized paper with all kinds of
drivel which I refuse to share with you.  Among that which I kept is a graphic I used in
my conjecturations to remind me that the power rule works equally well with either
integration or diff-ation.  It is also a reminder of the usefulness of the default term
notation fully written out with all the ones.
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EXPONENTIATION MADE SELF-EXPLANATORY BY NEW JARGON

In the search for power-rule-related expositions that any kindergartener could
appreciate, and naturally in the related search for the requisite words and phrases
within my own limited experience, there came a hurdle to be hurdled, and its name



was the Powers that Be.  No, this isn’t more conspiracy theory, I’m talking about the
power of the exponentiation, the wee numbers placed after and above other numbers,
that have the power to throw an otherwise educated person into a frenzied search for a
scientific calculator and a headache tablet.  I’ve been using exponents longer than I
can remember, and in light of that, the research and soul-searching I had to do to
write this chapter was amazing to me.  I was aware that the everyday exponent is
mysterious and confusing if you ever go so far as to try and describe what one actually
does, but nothing brings home the immediacy and centrality of a problem like that
more effectively than to actually try and describe something that one barely
understands, when that description is of key importance to something of key
importance.  Like how do you say something simple and intuitive about the power
rule, with its use of exponents, when you have nothing simple or lucid to say about
exponents?

I am happy to report that my victory over the confusion was somewhat stunning: I re-
invented the basic exponentiation terminology, not willingly, not because I had some
predisposition to do so, but because the need for it to be done presented itself
beseechingly and with due diligence; I could not say no.  It had to be done in order for
this chapter to be written and for it to have any significance.  Because the power
rule—formerly referred to as the “Trick” in this book because I naively believed those
who smirkingly besmirched its name—is in large part about so-called exponents.

Don’t re-read the bad paragraph quoted in full at the top of this chapter, but recall its
utter inability to communicate straightforwardly.  Did you even know it was about
exponents when you read it?

The reason that explanations of things exponential avoid being put into properly
communicative expositions is that either the word needed to do it well doesn’t exist, or
no one (least of all me) knows what the word is.

I know what an exponent is.  A little number up and to the right of the “base”.  Who
cares about that kind of description?  A typesetter?  A font designer?  What’s the word
that represents the quantity that a unit of change notated by this little number causes to
take place?  What do exponents do?

The closest thing I could come up with was “multiple” or “repetition,” but these words
have too many other uses.  If our language is inadequate, why hasn’t someone
invented the needed word?  For example, to describe the basic act behind the simplest
of calculus, the power rule.  Is it because, without a simple description, educationists
can pretend that the simple act of performing the power rule doesn’t actually mean
anything?

Look behind the exponent: what do you see?  Hard to say; there’s no word for it.  The
problem is that there is a real quantity of key importance for which we have no name.
Math teachers who use exponents all day and night have no word for this ordinary
quantity…it’s no wonder that the inverse of the exponent—the logarithm—also defies
simple description.



Behind the little number we call an exponent, there lies a reality that is never
described straightforwardly because there is no word in our language to describe its
general effect on the term it’s in.  Fortunately, we can get to a description by using
examples.  The pattern is obvious when approached from the right direction and all
the variables are known; but we lack a general term for things like “doubling, tripling,
quadrupling, etc.  Meet our new nomenclature for the so-called “base” of the exponent.
The actual activity of the base within the exponential term was formerly known as ???:

1 * 20 = 0 doublings of 1 = 1
1 * 23 = 3 doublings of 1 = 1 * 2 * 2 * 2 = 8
1 * x3 = 3 ???s of 1 = 3 quipplings of 1
1 * 43 = 3 quadruplings of 1 = 1 * 4 * 4 * 4 = 64

2 * 35 = 5 triplings of 2 = 2 * 3 * 3 * 3 * 3 * 3 = 486
6 * 33 = 3 triplings of 6 = 6 * 3 * 3 * 3 = 162
6 * x3 = 3 quipplings of 6
6 * 13 = 3 singlings of 6 = 6 * 1 * 1 * 1 = 6

1 * 42 = 2 quadruplings of 1 = 1 * 4 * 4 = 16
1 * 4−2 = 1/(2 quadruplings of 1) = 1/(1 * 4 * 4) = 1/16
1 * 4−2 = 2 quarterings of 1 = 1 * ¼ * ¼ = 1/16
3 * x−2 = 1/(2 quipplings of 3)
3 * 5−2 = 2 fifthings of 3 = 3 * 1/5 * 1/5 = 0.12

1 * 71/2 = 2.64575
1 * 73/2 = 18.52026
What’s the quippling between 2.64575 & 18.52026?

1 septupling.  That’s the difference between the quipple counters:
3/2 − 1/2 = 1
2.64575 * 7 = 18.52026

1 * 20.30 = 0.30 doublings of 1 = 1.23
1 * 20.25 = 0.25 doublings of 1 = 1.19
The quippling between 20.30 and 20.25 is the difference between the quipple
counters:

0.30 − 0.25 = 0.05 quipplings exist between the two numbers.
20.25 * 20.05 = 20.30

1.19 * 20.05 = 1.23

5 * −34 = 4 negative triplings of 5 = 5 * −3 * −3 * −3 * −3 = 405
5 * −33 = 3 negative triplings of 5 = 5 * −3 * −3 * −3 = −135
5 * −32 = 2 negative triplings of 5 = 5 * −3 * −3 = 45
5 * −31 = 1 negative tripling of 5 = 5 * −3 = −15
5 * −30 = 0 negative triplings of 5 = 5

I’m trying to show the versatility and accuracy of what is basically a reading of the
exponential term that is backwards to what we’re used to.  Instead of reading 2x4 as
“two times x to the power of four”—which is meaningless, just instructions to a



typist—we can say “four quipplings of 2”.  Then if a number, say 8, is substituted for x,
then substitution is, appropriately, what makes the whole operation perfectly clear:
“four octuplings of 2.”  Whereas substituting 8 into the truly backwards “power”
phraseology adds nothing to our understanding of the operation.  Current “power”
notation is broken and can’t be fixed.

But I’m not trying to start a new religion.  Use what works.  When I’m typing 2x4 from
my notes I just mutter “two x to the 4th” but when did expediency in dictation start
making our math decisions for us?  Obviously the exponent notation should have
always been 4x2 for “four somethings we do to 2”, but it’s too late to change that.

It has already been noted that sometimes quipple counters are called “multiples” but
that gets confusing when confronted with the real thing: the 2 on the front of 2x.
Words like “multiples” or “repetitions” should not be used to describe exponents.

On the other hand, while the dimension count or quipple count hangs around as a
wee number up top, the thing in the front of the term that we call a multiplier, or a
multiplied coefficient, or a proportionality factor, is also a counter.  It is a counter of
multiples of x.  Consider 4 * 38.  It is “8 triplings of 4,” and it is also “4 multiples of the
quantity (3 multiplied by itself 8 times)”; both are true.  Whatever trips your tripler.



This is all in support of a better intuition of what the power rule is trying to say, with
the hypothesis still in place that if the Trick wasn’t equal to the Truth About Calculus,
then it wouldn’t get the right answer.

But we’ve been instructed to view the power rule as a meaningless routine not to be
taken literally, a “derivation” (no relation to derivative) from some other more true
truth.  This is just double-talk shoring up bluster, from the “let’s make calculus as
hard as possible” sector of the Discouragement Fraternity.  The cynical, politics-over-
education top end of the academic power structure.

I wouldn’t mind an airtight rigorous proof of the power rule if I could breathe math,
but as a non-mathemagician, I need to breathe air and I need wiggle room in order to
find a perspective that connects the facts to the imagination.  So I have used quipple
nomenclature as a springboard to let my imagination fly and while frantically googling
phrases like “exponent goes down by one” I crash landed on the home planet of Kalid
Azaz (http://betterexplained.com).  To him I am eternally grateful for several of the
things I read on his site, although “quippling” is not his fault.  I do think it’s more
practical than his exponentiating microwave oven, but he’s the mathemagician, not
me.

MORE QUIBBLING ABOUT QUIPPLES: A QUIPPLY PICTORIAL

The picture below shows the quippling 2 which doubles unity when the quipple count
is positive and halves unity when the quipple count is negative.



The top layer shows (1 * 24)/1 or “four doublings of one,” and the bottom layer shows
1/16 = 1/24 or “four halvings of one.”  If a multiplier were factored in, nothing unique
would occur on any level, the whole picture would just be duplicated m number of
times.



WHY DOES A SLOPE GENERATING FUNCTION ALWAYS HAVE ONE LESS
QUIPPLING THAN THE FUNCTION ITSELF? IT’S NO TRICK!

A derivative is a slope generating function, that is, for any value pairs of (x, y) in the
original function, the derivative of the function gives the slope for those values.  When
working with simple terms, the power rule easily gives us the derivative, so easily that
it is highly suspect by professional mathemagicians whose livelihood depends on math
not being easy.

The power rule is no coincidence and it’s no trick.  Since the easiest way to do
calculus should be the heart and soul of calculus itself, let’s assume that it is…while
this approach lacks rigor, it’s “close enough” since it doesn’t affect the ability of the
power rule to get the right answer.  Here’s an analogy.  When I was barely five years
old, I knew we were moving to another town, and one day I suddenly became aware of
the existence of time as a linearization of events.  I asked my Mama, “When are we
moving?”  To which she replied, “In about two weeks.”  Well I knew what “about”
means; half the time, it means never!  I was anxious to move, because I was tired of
hearing about it and then not getting to do it, so I said, “No, I mean when are we
moving really!”  I thought she was gonna send me to my room.  She almost hollered at
me, “We’re really moving in about two weeks!”  That’s when I should have given up on
getting any usable information out of women, but to be perfectly honest I’m still being
punished for trying.  Regularly.

But I have to adopt my Mama’s pragmatic approach and say, If it works, don’t fix it:
now here’s my best answer to why, and I know it’s not good enough to go up against
City Hall, but the “really” is well beyond the comprehension of anyone who isn’t
already way past this discussion anyway.  There are proofs of why the power rule
works, and you do not want to gaze upon them.



THE “SHOW ME THE MONEY” TECHNIQUE

A quick check of Chapter 4 of Calculus Made Easy (Thompson, 1910) answers in Prof.
Thomson’s pragmatic style the question of “why and wherefore,” or if not, then at least
“how”.  It’s not too exotic, in fact it’s downright mundane, but we’ll try to make it
exciting by reframing it in quipples, if the opportunity arises.

Since the power rule applies simply to the simplest of cases, we’ll track the derivation
(no relation to derivative) of the operation from any order of function, for example a 2nd

order monomial, the simplest case.

We’re interested in how much a “unit of increase” (differential = infinitesimal = dx)
causes y to change.  That’s easy.

y = x2

y + dy = (x + dx)2

y + dy = x2 + 2x(dx) + (dx)2

Eliminate any occurrences of the infinitely small dx that have a quipple count greater
than 1, because we know in order to be infinitely small, a number has to be less than
1, a fraction.  And if you multiply a fraction by a fraction, you get a fraction of a
fraction: the product is smaller than both of the factors.  So from “infinitely small” to
“even smaller than that” yields a quantity that’s infinitely negligible, if it’s even a
quantity at all.  Its only measurable characteristic is that it’s not zero, but it’s not big
enough to affect anything serious, not even math!  So it’s not math and we drop it!
The way I dropped engineering school after one day when I learned I was going to have
to take classes in elementary algebra for the fourth (4th) time—and pay for them—after
having accumulated high grades in selfsame subject three times in the supposedly
distant past.  Drop it!

y + dy = x2 + 2x(dx)

Compare this true equation with the true equation we started with:

y = x2 → y + dy = x2 + 2x(dx)

Since both equations are simultaneously true, we can subtract y = x2 from the
equation on the right.

dy = 2x(dx)

Solve for the derivative dy/dx by dividing both sides by dx:

dy/dx = 2x



And that’s the same derivative of y = x2 that the power rule would have given us, if
only we had asked.

This arithmetic and algebra approach works for any order of simple function that you
want to multiply out and simplify.  What happened to get rid of the higher order
quipple counter?  It only existed in the function because it was planted there from the
beginning and the simplifying got rid of it, and always will, no matter what order of
function you diff-ate this way, such as…

y = x3 → (y + dy) = (x + dx)3

…but you can do the math yourself.

So the act of “deriving” (no relation to derivative) the power rule for diff-ation is what
gets rid of all the quipple counters of a higher or equal degree to that of the original
function.  But where does the new multiplier come from?

y = 1 * x2 → dy/dx = 2 * x1

Once again, it’s just part of the multiplication and simplification, the second step of
the procedure, repeated here with emphasis on the multiplier which had been a
quipple counter.  The multiplier that will not go away:

y + dy = x2 + 2x(dx) + (dx)2

If there’s an x3 in the function, there will be a 3x when you multiply the right side of 
(y + dy) = (x + dx)3. And if there’s an x7 in the original function, there will be a 7x that
doesn’t go away when you simplify, after multiplying the right side of (y + dy) = (x +
dx)7.

AN INTUITIVE PICTURE OF THE POWER RULE: UP TO GEOMETRY

There are many intuitive pictures of the power rule, and all of them are geometric.  We
will expand on a few of the pictures we looked at in an earlier chapter and let the truly
interested carry the pattern through a look at any number of other shapes.

This is really the best intuition of the power rule as a literal doer of calculus that
exists, anywhere on the internet.

From x2 we get a quipple counter 2, and x which plays the role of quippling in the
term, but which plays the role of changer or independent variable in the function.
When we diff-ate x2 we get 2x: the changer hasn’t changed, it’s still x, but the quipple
counter 2 has changed into a multiplier within the term and a different quipple
counter has taken its place.

Knowing that a square, as a special kind of rectangle, has two dimensions or
measuring directions—height and width—and knowing that the area of a square is a
2nd order function such as x2, we are tempted to assert that quipple counters—also



known as powers or exponents—are dimension counters.  Like a picture on a TV vs the
real thing, a square is a 2-dimensional abbreviation of a cube.

The change of area da is also 2-dimensional, but nothing can be squared because the
added value dx has become something like a new dimension and the old x or x1 is now
being counted twice but by multiplication against a new length dimension or extension
of x—dx—instead of as a quippling.  This is because the added area is not square.

There is nothing to square; it’s linear like x1.  And x1 * dx is 2-dimensional, an area,
but not a square shape.*

I GOT MY “C” IN RIDING A BICYCLE, NOW WHERE’S THAT UNICYCLE?

In case my exposition of the square didn’t hit you squarely in the intuition, let’s see if
we can all get tubular about The Cube.

Cube x and see what happens.  That’s 3 quipplings of 1, or y = 1 * x3/1.  According to
our new way of thinking, the 3-count can be visualized as 3 successive quipplings of 1,
quippling the unit first into a width = x, then quippling the width into a width * height
= x2, then quippling width * height into a volume, or width * height * depth = x3.

*Which warns against saying that exponents are reliable dimension counters; height * width is a linear
representation of a 2-dimensional thing, and only if h = w = x do we get to say that area’s 2-
dimensionality and x2’s 2-quippletiness are equivalent in a way.  So quipple is still the best word.



OK but how does that work?

Say x = 6.  The unit has gotten sextupled from 1 to 6.  That’s width 61 obtained by
quippling unit 60 once.  You see how you quipple once and the quipple counter goes up
one.  Then another dimension is added to the first-order or 1-dimensional width 61 to
get a square, a 2-dimensional object measuring x1 + 1 = x2, and the line of x1 has been
sextupled a second time.  So width * height already comprise the square, the 2-
dimensional object, and to make it 3-dimensional we add the 3rd dimension, depth.
Now y = 63, or 62 * 61 = 63 such that the 36-unit square is sextupled and the volume is
now 36 * 6 = 216 cubic units.

With the cube complete and correctly demonstrating quippling  y = 1 * x3/1, it still
remains to grow the cube by a linear magnitude dx, the unit of change, in all three
dimensions.  Since dx is not in essence a change of the cubic measurement but rather



a change of the unit measurement x0, it seems that x is the base for both quipple
counts and multiple counts, because now that x is bigger, both counters will produce
total measurements now in proportion to the new size of x.

When x adds to its length a new increment of length dx, the politics of quippling don’t
apply because nothing is being doubled, tripled, singled, zeroed, quadrupled, halved,
or anything of the sort.  But in order for the cube to remain a cube, it has to grow by
an equal dx in all three dimensions prescribed by the function y = x3.  How does that
work?  It’s going to have to grow a new number of parts—a number of parts equal to
the original function’s quipple counter 3, which corresponds to 3 dimensions.  One
new part for each dimension so the cube grows equally in three directions and stays
cubical.

For this to work, a whole side at a time has to grow outward the distance dx, and by
whole side I mean x2, the side’s area.  So three new parts are grown, corresponding to
growing width, height, and depth, and the volume of the cube v grows according to
dv = 3x2 * dx to get the added volume, or to get the derivative or the rate at which
volume changes sith respect to side length x:

volume change per side length change = 2
2

3
3

x
dx

dxx

dx

dv





When a function such as y changes because its independent variable x
changes, the rate of change described by dy/dx is proportional to the
number of dimensions prescribed by the original function.

Therefore the quipple counter of the changer in the function y becomes the
multiplier in the derivative or function y’, because the growing of x must be
repeated (multiplied) once for each dimension in which the function is
growing.

If the function describes a result y that is a function of x in seven dimensions (x7), then
the growing of y in 7 dimensions is mathematically represented in part as 7 multiples
of a change or 7x.

Also, one of the function’s dimensions is replaced by dx, which is the 7th dimension of
the function’s growing.  To visualize this, imagine the formation of a value from a base
value such as x, but growing equally in 7 directions as if a cube had 7 sides.  But no
matter how many dimensions, it’s growing for one reason only: because its 7
dimensions are all equal to x, like the width * height * depth of a cube equal to x3

because width = height = depth.  So because of the growth of only one thing—x—the
function is growing equally in 7 different “dimensions”.

To add up the total effect on x’s growing—this adding up results in the change to y—
the effect on one dimension will be added up 7 times which is to say multiplied 7
times.  But the single value that is growing as a model for the seven multiples—the



UNIT of growth dx—the x in the derivative can’t be quippled to the count of 7
(septupled).  Partly because the added value dy has to be 7th order like the y from
which it is grown, so that after a small change dx, the new value of y will have grown
equally in 7 dimensions and still be 7th dimensional and still be the same shape.

It’s easier to understand the cube example.  The volume of the cube y = x3 is
3-dimensional.  The volume added to the cube, in order to still be volume—keeping
consistent units—also has to be 3-dimensional.  But for each direction the cube grows
in, there are 3 dimensions that will account for the volume of the dx in that direction.
A fixed x (say height) times an equal fixed x (say width) times the new added portion of
x, say a fraction of added length, called dx.  So in a 3-dimensional cube, in each of the
3 dimensions width, height, and depth, two dimensions equal x and the other is
replaced by dx.  That yields an added volume that is 3-dimensional and the quipple
counter on the derivative’s x is only 2 because one quipple has been replaced with a
differential dx.

There are more technical explanations that are more rigorous, but harder to visualize
and more math intensive.  This one works for squares and cubes like me; let’s see if it
keeps working once we edge our way out of square world.

Then again, let’s not, and say we did!  I mean after all, was the purpose of this chapter
to find one intuitive description of the power rule?  We already have a few, each one
better than the last.  Why don’t I leave it up to the individual searcher to take on the
quest for mirrors of the last explanation if the curiosity exists.  I did a similar analysis
with a different geometric shape and got the same results, but the cube thing really
clicks for me so why not leave well enough alone, on the geometric thing.

I’d like to briefly mention—but could write a whole chapter about it and I’ve only
studied it for five minutes—that the torus or donut-shaped thing—which is a self-
organizing vortex ring such as a smoke ring when it spins in on itself—is nature’s
most interesting shape, is perhaps the building block of the universe, and follows the
same simple pattern as all the other geometric shapes: its expanding edge (surface
area in the case of the torus) is the derivative of its volume.
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The rest of the analysis is your homework assignment.

NOW FOR AN INTUITION ABOUT THE POWER RULE THAT ISN’T ABOUT GEOMETRY

Thanks to Professor Weiner of http://theweinerworks.com/?p=954, for a version of
this units-based intuition that I am going to try to elucidate.



Acceleration.  Its units are

duration

duration/distance
a

That’s “acceleration = velocity/time” or however you want to say it.

For example, 0 – 60 miles per hour per 15 seconds or “Zero to sixty in 15 seconds.”  In
more ecclesiastically scientific-sounding unitation, we can talk about meters per
second per second or m/sec2.  So what is that, a 2-dimensional statement?

Well I imagine that it might be, since time is the changer and position is the changee,
so any quipple counter applied to t is going to tell us the nature of the beast,
“acceleration,” dimensionally speaking.

With that cleared up, let’s use this kind of dimensionality to build our intuitive picture
of how non-geometric derivatives eat dimensions.  By showing it with derivatives of
geometric shapes, we’ve proven that the power rule is not imaginary—its results are
not coincidental—but using pictures to draw pictures is too easy.  The best I can do to
find congruency in non-pictures is the inherent dimensionality of how units stack up
in the relationships of real physical traits like the derivative chain that progresses from
position to velocity to acceleration and even beyond.  Jerk is the derivative of
acceleration, and absement is the anti-derivative of position.  Somebody had to make
up a word just to talk about that…just imagine!  But let’s stick with the ones that are
most commonly considered: position, velocity, and acceleration.

Acceleration, velocity and position all relate as changees of time the ultimate changer,
and as derivatives and/or integrals of each other with respect to time.

v = p’ = dp/dt

a = v’ = p’’ = dv/dt

Remember that duration means t2 – t1 and distance means p2 – p1. 

The units involved can be informally represented as p (instead of meters or miles), t
(instead of seconds or hours).

Now instead of pictures, numbers, graphs, expositions, or proofs, I’ll just present a
simple interplay of units or their representeds as a demonstration of the power rule of
calculus at work in the physical world, free of numbers.  Being about units, this is
about phenomena.

v = p/t

a = v/t = p/(t * t)

p = at2



v = at

Notice that the power rule is not being used here, it is being proved here, by proving
true when it comes from a different approach.

If position as a function of time equals two quipplings of acceleration, then velocity as
a function of time equals one quippling of acceleration.  And acceleration as a function
of time equals zero quipplings of acceleration or 1.

Thus after the duration 5 time units, velocity will be acceleration quintupled (v = at1),
position will be acceleration quintupled twice (p = at2), and acceleration will be
acceleration quintupled zero times (a = at0 = a * 1 = a).

In short,

If p is a function of t2,

then v is a function of t1,

and a is a function of t0 = 1.

All this is borne out by the unit identities above as well as the geometric proofs.
Technical proofs of the power rule exist, but the only proof that…

“…the simplest method for getting the right results must be the most basic
method…”

…is common sense.*

CONCLUSION

The moral of this chapter—and maybe this book—is that Rigorism means just what
the dictionary says it means: “Rigidity in principle or practice.”  I particularly enjoy the
definition of “rigor”: “harsh inflexibility in opinion, temper, or judgment…being
unyielding…strictness…”  No reference there to factuality, objectivity, or proof of
anything, but plenty of reference to opinion and judgment!  My favorite is the obsolete
definition…that means the oldest and thus usually most faithful to the original word:
“rigidity, stiffness.”  As in rigor mortis, the rigidity of death!

May the Death Lords of Academia prove the stiffness of their poles on their own time!

POSTSCRIPT: QUIPPLING TERMINOLOGY

* The real answer is too easy so I didn’t find it when looking for it.  It was eventually found lurking within a cryptic remark
near the bottom of page 157 of Calculus Made Easy by Silvanus P. Thompson (3rd edition, 1910) but I still didn’t recognize it
for what it was till someone else pointed it out to me.  It is too simple to call intuition, it is really very simple algebra that I
didn’t know enough to try.  See Chapter 13 for that solution to this whole chapter.



At the end of this section I will reproduce a list of terms like “double, triple, etc.” that I
found on the internet, but first I want to complain about the word “tuple”.

Some people are saying that the word I was looking for when I invented “quipple” was
supposed to be “tuple”.  Based on this I went looking for an authority and maybe the
word is used that way, a lot of people say so.  It’s not in my dictionary, but neither is
“nonuple”.  “Decuple” is in my dictionary, but I am expected to pronounce it
“DEKyoople”.  I would have prefered “decipple,” pronounced “deSIPple”.  I don’t think I
can say “dekyoople” when I see “decuple”.

But this word “tuple”.

It sounded like a good idea, though I’ve grown quite fond of “quippling”, until I found
that the Wikipedia article on “tuple” gives this meaning as only historical and not in
current use.  Instead, “tuple” as now used is some kind of high-falutin’ nonsense word
abused by set theorists and other defectives who only care about math.*  There seem
to be several very technical meanings of this word, so I have decided to keep “quipple,”
and keep it clean.  It’s your word, don’t tell your friend the mathemagician, and God
forbid it should end up as the subject of a Wikipedia article!  No Wikipedia article on
math makes the slightest bit of sense, it’s as if the dudes who write that stuff are just
showing off.  Wikipedia is the last place I look for anything understandable about any
math topics.  It’s OK for other stuff though.

I’m gonna keep quippling.

The following list is copied verbatim from
http://uk.answers.yahoo.com/question/index?qid=20100201130925AAa3jAr

1 Single
2 Double
3 Triple
4 Quadruple
5 Quintuple/Pentuple
6 Sextuple/Hextuple
7 Septuple
8 Octuple
9 Nonuple
10 Decuple
11 Hendecuple/Undecuple
12 Duodecuple
13 Tredecuple
14 Quattuordecuple
15 Quindecuple
16 Sexdecuple
17 Septendecuple
18 Octodecuple
19 Novemdecuple
20 Viguple

21 Unviguple
22 Duoviguple
23 Treviguple
24 Quattuorviguple
25 Quinviguple
26 Sexviguple
27 Septenviguple
28 Octoviguple
29 Novemviguple
30 Triguple
31 Untriguple
32 Duotriguple
33 Tretriguple
34 Quattuortriguple
35 Quintriguple
36 Sextriguple
37 Septentriguple
38 Octotriguple
39 Novemtriguple
40 Quadraguple
41 Unquadraguple

42 Duoquadraguple
43 Trequadraguple
44 Quattuorquadraguple
45 Quinquadraguple
46 Sexquadraguple
47 Septenquadraguple
48 Octoquadraguple
49 Novemquadraguple
50 Quinquaguple
51 Unquinquaguple
52 Duoquinquaguple
53 Trequinquaguple
54 Quattuorquinquaguple
55 Quinquinquaguple
56 Sexquinquaguple
57 Septenquinquaguple
58 Octoquinquaguple
59 Novemquinquaguple
60 Sexaguple
61 Unsexaguple
62 Duosexaguple

* I render these terms of endearment with nearly infinite fondness, in case I ever actually meet a mathematician.  By the way,
when I bought some fat books on databases so I could start designing my own, it was SET NOTATION that stopped me and I
don’t know why that should have happened.  I suppose there is a good excuse for it.



63 Tresexaguple
64 Quattuorsexaguple
65 Quinsexaguple
66 Sexsexaguple
67 Septensexaguple
68 Octosexaguple
69 Novemsexaguple
70 Septuaguple
71 Unseptuaguple
72 Duoseptuaguple
73 Treseptuaguple
74 Quattuorseptuaguple
75 Quinseptuaguple

76 Sexseptuaguple
77 Septenseptuaguple
78 Octoseptuaguple
79 Novemseptuaguple
80 Octoguple
81 Unoctoguple
82 Duooctoguple
83 Treoctoguple
84 Quattuoroctoguple
85 Quinoctoguple
86 Sexoctoguple
87 Septoctoguple
88 Octooctoguple

89 Novemoctoguple
90 Nonaguple
91 Unnonaguple
92 Duononaguple
93 Trenonaguple
94 Quattuornonaguple
95 Quinnonaguple
96 Sexnonaguple
97 Septennonaguple
98 Octononaguple
99 Novemnonaguple
100 Centuple



CHAPTER EIGHT
The Power Rule Loses its Trick Status

-and-
Quippling about the Powers that Be

What is worthwhile for students to gain from a calculus course is the ability to read books
that use the language of calculus and, at least to some extent, follow the derivations in
those books. Unfortunately, being proficient at the sort of [expletive deleted] skills
required to get a good grade in a calculus course is not a lot of help in this respect.

—E. Lee Lady, University of Hawaii
“Calculus for the Intelligent Person”

The purpose of this chapter is to eliminate paragraphs like the following from the face
of the earth.  Please don’t try to figure out what it is trying to say:

When an initial condition multiplies by itself a number of times to attain a
final condition, the change ratio of the final condition vs the initial
condition is a product of the number of times the initial condition
multiplies by itself times the initial condition multiplied by itself one less
time than it was in the original function .  Since the initial condition is
multiplied one less time and also is multiplied by the original number of
multiples, the change in one value is related to the change in the other.
But this is not an equation.  It is a function of its derivative.  For example,
if the initial condition doubled five times to get the final condition, the
change ratio is the initial condition doubled four times and multiplied by
5.

I cannot tell a lie; I wrote that swill.  But it’s not my fault!  I was having a hard time
describing the power rule—what I’ve been calling the Trick—but I wanted to let you
know that your reward for reading this book is that I am granting you license to stop
thinking of the Trick as some back-alley version of calculus for the mathematically
unenlightened.  I set out to show that it is as elegant and virtuous as it is sweet and
willing; it’s possibly the sexiest thing I have ever found in a math book, and it became
my mission with this chapter to go up against the insistent yammering of the calculus
teaching clique that has always tried to keep the power rule held at bay, as a sort of
emergency life support system for calculus students to start using, only after they
learn how to diff-ate and integrate the hard way.  Because, they say, it isn’t really the
heart of calculus, it doesn’t really say anything relevant about what calculus is all
about.  Because, you know, we’ve all been handed this shiny line about how calculus
is built strictly from limits, blah, blah, blah…

I’m here to set the record straight, to re-install the simplest and the best in the highest
place of honor in the calculus arsenal because, by golly, it is the simplest, so it is the
best.  If I have any intuition, let it now be heard: if it’s calculus, and it gets the right



answer, and it says the simplest stuff about the simplest stuff, then it IS the most
basic expression of the heart and soul of calculus, whether the stuffed shirts of tenure
have any investment in agreeing with me or not.  If it’s any comfort to those starched
souls, it’s not that easy to find, even on the internet, an intuitive explanation for why
the power rule is unerringly effective in those simple cases when it applies.

Before starting, let me remind myself that a TERM in math is something separated
from other entities by addition or subtraction, but not by multiplication or division.
Thus the following:

SINGLE TERMS
(MONOMIAL)

TWO TERMS (BINOMIAL) TRINOMIALS

x x + 0.99z x + 0.5z − q
2x 2 + x1/5 2x + x −5q
3x5 3x5 + 9 3x5 + 9 − 9
½ ½ − 12 ½ − 12 + z3

And the other thing to remember is the actual structure of the DEFAULT TERM vs the
abbreviated version that we usually see written down.  The default term can be written
“x” or “z” or “212” or whatever, but here is the full story on these examples:

ABBREVIATION FULL DEFAULT TERM

x
1

1

1
x

z
1

1

1
z

212 1212
1

1


In the writing of this chapter, which mostly involved thinking out loud on paper, I
spent several days filling 42 sides of perfectly good long-sized paper with all kinds of
drivel which I refuse to share with you.  Among that which I kept is a graphic I used in
my conjecturations to remind me that the power rule works equally well with either
integration or diff-ation.  It is also a reminder of the usefulness of the default term
notation fully written out with all the ones.
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EXPONENTIATION MADE SELF-EXPLANATORY BY NEW JARGON

In the search for power-rule-related expositions that any kindergartener could
appreciate, and naturally in the related search for the requisite words and phrases
within my own limited experience, there came a hurdle to be hurdled, and its name



was the Powers that Be.  No, this isn’t more conspiracy theory, I’m talking about the
power of the exponentiation, the wee numbers placed after and above other numbers,
that have the power to throw an otherwise educated person into a frenzied search for a
scientific calculator and a headache tablet.  I’ve been using exponents longer than I
can remember, and in light of that, the research and soul-searching I had to do to
write this chapter was amazing to me.  I was aware that the everyday exponent is
mysterious and confusing if you ever go so far as to try and describe what one actually
does, but nothing brings home the immediacy and centrality of a problem like that
more effectively than to actually try and describe something that one barely
understands, when that description is of key importance to something of key
importance.  Like how do you say something simple and intuitive about the power
rule, with its use of exponents, when you have nothing simple or lucid to say about
exponents?

I am happy to report that my victory over the confusion was somewhat stunning: I re-
invented the basic exponentiation terminology, not willingly, not because I had some
predisposition to do so, but because the need for it to be done presented itself
beseechingly and with due diligence; I could not say no.  It had to be done in order for
this chapter to be written and for it to have any significance.  Because the power
rule—formerly referred to as the “Trick” in this book because I naively believed those
who smirkingly besmirched its name—is in large part about so-called exponents.

Don’t re-read the bad paragraph quoted in full at the top of this chapter, but recall its
utter inability to communicate straightforwardly.  Did you even know it was about
exponents when you read it?

The reason that explanations of things exponential avoid being put into properly
communicative expositions is that either the word needed to do it well doesn’t exist, or
no one (least of all me) knows what the word is.

I know what an exponent is.  A little number up and to the right of the “base”.  Who
cares about that kind of description?  A typesetter?  A font designer?  What’s the word
that represents the quantity that a unit of change notated by this little number causes to
take place?  What do exponents do?

The closest thing I could come up with was “multiple” or “repetition,” but these words
have too many other uses.  If our language is inadequate, why hasn’t someone
invented the needed word?  For example, to describe the basic act behind the simplest
of calculus, the power rule.  Is it because, without a simple description, educationists
can pretend that the simple act of performing the power rule doesn’t actually mean
anything?

Look behind the exponent: what do you see?  Hard to say; there’s no word for it.  The
problem is that there is a real quantity of key importance for which we have no name.
Math teachers who use exponents all day and night have no word for this ordinary
quantity…it’s no wonder that the inverse of the exponent—the logarithm—also defies
simple description.



Behind the little number we call an exponent, there lies a reality that is never
described straightforwardly because there is no word in our language to describe its
general effect on the term it’s in.  Fortunately, we can get to a description by using
examples.  The pattern is obvious when approached from the right direction and all
the variables are known; but we lack a general term for things like “doubling, tripling,
quadrupling, etc.  Meet our new nomenclature for the so-called “base” of the exponent.
The actual activity of the base within the exponential term was formerly known as ???:

1 * 20 = 0 doublings of 1 = 1
1 * 23 = 3 doublings of 1 = 1 * 2 * 2 * 2 = 8
1 * x3 = 3 ???s of 1 = 3 quipplings of 1
1 * 43 = 3 quadruplings of 1 = 1 * 4 * 4 * 4 = 64

2 * 35 = 5 triplings of 2 = 2 * 3 * 3 * 3 * 3 * 3 = 486
6 * 33 = 3 triplings of 6 = 6 * 3 * 3 * 3 = 162
6 * x3 = 3 quipplings of 6
6 * 13 = 3 singlings of 6 = 6 * 1 * 1 * 1 = 6

1 * 42 = 2 quadruplings of 1 = 1 * 4 * 4 = 16
1 * 4−2 = 1/(2 quadruplings of 1) = 1/(1 * 4 * 4) = 1/16
1 * 4−2 = 2 quarterings of 1 = 1 * ¼ * ¼ = 1/16
3 * x−2 = 1/(2 quipplings of 3)
3 * 5−2 = 2 fifthings of 3 = 3 * 1/5 * 1/5 = 0.12

1 * 71/2 = 2.64575
1 * 73/2 = 18.52026
What’s the quippling between 2.64575 & 18.52026?

1 septupling.  That’s the difference between the quipple counters:
3/2 − 1/2 = 1
2.64575 * 7 = 18.52026

1 * 20.30 = 0.30 doublings of 1 = 1.23
1 * 20.25 = 0.25 doublings of 1 = 1.19
The quippling between 20.30 and 20.25 is the difference between the quipple
counters:

0.30 − 0.25 = 0.05 quipplings exist between the two numbers.
20.25 * 20.05 = 20.30

1.19 * 20.05 = 1.23

5 * −34 = 4 negative triplings of 5 = 5 * −3 * −3 * −3 * −3 = 405
5 * −33 = 3 negative triplings of 5 = 5 * −3 * −3 * −3 = −135
5 * −32 = 2 negative triplings of 5 = 5 * −3 * −3 = 45
5 * −31 = 1 negative tripling of 5 = 5 * −3 = −15
5 * −30 = 0 negative triplings of 5 = 5

I’m trying to show the versatility and accuracy of what is basically a reading of the
exponential term that is backwards to what we’re used to.  Instead of reading 2x4 as
“two times x to the power of four”—which is meaningless, just instructions to a



typist—we can say “four quipplings of 2”.  Then if a number, say 8, is substituted for x,
then substitution is, appropriately, what makes the whole operation perfectly clear:
“four octuplings of 2.”  Whereas substituting 8 into the truly backwards “power”
phraseology adds nothing to our understanding of the operation.  Current “power”
notation is broken and can’t be fixed.

But I’m not trying to start a new religion.  Use what works.  When I’m typing 2x4 from
my notes I just mutter “two x to the 4th” but when did expediency in dictation start
making our math decisions for us?  Obviously the exponent notation should have
always been 4x2 for “four somethings we do to 2”, but it’s too late to change that.

It has already been noted that sometimes quipple counters are called “multiples” but
that gets confusing when confronted with the real thing: the 2 on the front of 2x.
Words like “multiples” or “repetitions” should not be used to describe exponents.

On the other hand, while the dimension count or quipple count hangs around as a
wee number up top, the thing in the front of the term that we call a multiplier, or a
multiplied coefficient, or a proportionality factor, is also a counter.  It is a counter of
multiples of x.  Consider 4 * 38.  It is “8 triplings of 4,” and it is also “4 multiples of the
quantity (3 multiplied by itself 8 times)”; both are true.  Whatever trips your tripler.



This is all in support of a better intuition of what the power rule is trying to say, with
the hypothesis still in place that if the Trick wasn’t equal to the Truth About Calculus,
then it wouldn’t get the right answer.

But we’ve been instructed to view the power rule as a meaningless routine not to be
taken literally, a “derivation” (no relation to derivative) from some other more true
truth.  This is just double-talk shoring up bluster, from the “let’s make calculus as
hard as possible” sector of the Discouragement Fraternity.  The cynical, politics-over-
education top end of the academic power structure.

I wouldn’t mind an airtight rigorous proof of the power rule if I could breathe math,
but as a non-mathemagician, I need to breathe air and I need wiggle room in order to
find a perspective that connects the facts to the imagination.  So I have used quipple
nomenclature as a springboard to let my imagination fly and while frantically googling
phrases like “exponent goes down by one” I crash landed on the home planet of Kalid
Azaz (http://betterexplained.com).  To him I am eternally grateful for several of the
things I read on his site, although “quippling” is not his fault.  I do think it’s more
practical than his exponentiating microwave oven, but he’s the mathemagician, not
me.

MORE QUIBBLING ABOUT QUIPPLES: A QUIPPLY PICTORIAL

The picture below shows the quippling 2 which doubles unity when the quipple count
is positive and halves unity when the quipple count is negative.



The top layer shows (1 * 24)/1 or “four doublings of one,” and the bottom layer shows
1/16 = 1/24 or “four halvings of one.”  If a multiplier were factored in, nothing unique
would occur on any level, the whole picture would just be duplicated m number of
times.



WHY DOES A SLOPE GENERATING FUNCTION ALWAYS HAVE ONE LESS
QUIPPLING THAN THE FUNCTION ITSELF? IT’S NO TRICK!

A derivative is a slope generating function, that is, for any value pairs of (x, y) in the
original function, the derivative of the function gives the slope for those values.  When
working with simple terms, the power rule easily gives us the derivative, so easily that
it is highly suspect by professional mathemagicians whose livelihood depends on math
not being easy.

The power rule is no coincidence and it’s no trick.  Since the easiest way to do
calculus should be the heart and soul of calculus itself, let’s assume that it is…while
this approach lacks rigor, it’s “close enough” since it doesn’t affect the ability of the
power rule to get the right answer.  Here’s an analogy.  When I was barely five years
old, I knew we were moving to another town, and one day I suddenly became aware of
the existence of time as a linearization of events.  I asked my Mama, “When are we
moving?”  To which she replied, “In about two weeks.”  Well I knew what “about”
means; half the time, it means never!  I was anxious to move, because I was tired of
hearing about it and then not getting to do it, so I said, “No, I mean when are we
moving really!”  I thought she was gonna send me to my room.  She almost hollered at
me, “We’re really moving in about two weeks!”  That’s when I should have given up on
getting any usable information out of women, but to be perfectly honest I’m still being
punished for trying.  Regularly.

But I have to adopt my Mama’s pragmatic approach and say, If it works, don’t fix it:
now here’s my best answer to why, and I know it’s not good enough to go up against
City Hall, but the “really” is well beyond the comprehension of anyone who isn’t
already way past this discussion anyway.  There are proofs of why the power rule
works, and you do not want to gaze upon them.



THE “SHOW ME THE MONEY” TECHNIQUE

A quick check of Chapter 4 of Calculus Made Easy (Thompson, 1910) answers in Prof.
Thomson’s pragmatic style the question of “why and wherefore,” or if not, then at least
“how”.  It’s not too exotic, in fact it’s downright mundane, but we’ll try to make it
exciting by reframing it in quipples, if the opportunity arises.

Since the power rule applies simply to the simplest of cases, we’ll track the derivation
(no relation to derivative) of the operation from any order of function, for example a 2nd

order monomial, the simplest case.

We’re interested in how much a “unit of increase” (differential = infinitesimal = dx)
causes y to change.  That’s easy.

y = x2

y + dy = (x + dx)2

y + dy = x2 + 2x(dx) + (dx)2

Eliminate any occurrences of the infinitely small dx that have a quipple count greater
than 1, because we know in order to be infinitely small, a number has to be less than
1, a fraction.  And if you multiply a fraction by a fraction, you get a fraction of a
fraction: the product is smaller than both of the factors.  So from “infinitely small” to
“even smaller than that” yields a quantity that’s infinitely negligible, if it’s even a
quantity at all.  Its only measurable characteristic is that it’s not zero, but it’s not big
enough to affect anything serious, not even math!  So it’s not math and we drop it!
The way I dropped engineering school after one day when I learned I was going to have
to take classes in elementary algebra for the fourth (4th) time—and pay for them—after
having accumulated high grades in selfsame subject three times in the supposedly
distant past.  Drop it!

y + dy = x2 + 2x(dx)

Compare this true equation with the true equation we started with:

y = x2 → y + dy = x2 + 2x(dx)

Since both equations are simultaneously true, we can subtract y = x2 from the
equation on the right.

dy = 2x(dx)

Solve for the derivative dy/dx by dividing both sides by dx:

dy/dx = 2x



And that’s the same derivative of y = x2 that the power rule would have given us, if
only we had asked.

This arithmetic and algebra approach works for any order of simple function that you
want to multiply out and simplify.  What happened to get rid of the higher order
quipple counter?  It only existed in the function because it was planted there from the
beginning and the simplifying got rid of it, and always will, no matter what order of
function you diff-ate this way, such as…

y = x3 → (y + dy) = (x + dx)3

…but you can do the math yourself.

So the act of “deriving” (no relation to derivative) the power rule for diff-ation is what
gets rid of all the quipple counters of a higher or equal degree to that of the original
function.  But where does the new multiplier come from?

y = 1 * x2 → dy/dx = 2 * x1

Once again, it’s just part of the multiplication and simplification, the second step of
the procedure, repeated here with emphasis on the multiplier which had been a
quipple counter.  The multiplier that will not go away:

y + dy = x2 + 2x(dx) + (dx)2

If there’s an x3 in the function, there will be a 3x when you multiply the right side of 
(y + dy) = (x + dx)3. And if there’s an x7 in the original function, there will be a 7x that
doesn’t go away when you simplify, after multiplying the right side of (y + dy) = (x +
dx)7.

AN INTUITIVE PICTURE OF THE POWER RULE: UP TO GEOMETRY

There are many intuitive pictures of the power rule, and all of them are geometric.  We
will expand on a few of the pictures we looked at in an earlier chapter and let the truly
interested carry the pattern through a look at any number of other shapes.

This is really the best intuition of the power rule as a literal doer of calculus that
exists, anywhere on the internet.

From x2 we get a quipple counter 2, and x which plays the role of quippling in the
term, but which plays the role of changer or independent variable in the function.
When we diff-ate x2 we get 2x: the changer hasn’t changed, it’s still x, but the quipple
counter 2 has changed into a multiplier within the term and a different quipple
counter has taken its place.

Knowing that a square, as a special kind of rectangle, has two dimensions or
measuring directions—height and width—and knowing that the area of a square is a
2nd order function such as x2, we are tempted to assert that quipple counters—also



known as powers or exponents—are dimension counters.  Like a picture on a TV vs the
real thing, a square is a 2-dimensional abbreviation of a cube.

The change of area da is also 2-dimensional, but nothing can be squared because the
added value dx has become something like a new dimension and the old x or x1 is now
being counted twice but by multiplication against a new length dimension or extension
of x—dx—instead of as a quippling.  This is because the added area is not square.

There is nothing to square; it’s linear like x1.  And x1 * dx is 2-dimensional, an area,
but not a square shape.*

I GOT MY “C” IN RIDING A BICYCLE, NOW WHERE’S THAT UNICYCLE?

In case my exposition of the square didn’t hit you squarely in the intuition, let’s see if
we can all get tubular about The Cube.

Cube x and see what happens.  That’s 3 quipplings of 1, or y = 1 * x3/1.  According to
our new way of thinking, the 3-count can be visualized as 3 successive quipplings of 1,
quippling the unit first into a width = x, then quippling the width into a width * height
= x2, then quippling width * height into a volume, or width * height * depth = x3.

*Which warns against saying that exponents are reliable dimension counters; height * width is a linear
representation of a 2-dimensional thing, and only if h = w = x do we get to say that area’s 2-
dimensionality and x2’s 2-quippletiness are equivalent in a way.  So quipple is still the best word.



OK but how does that work?

Say x = 6.  The unit has gotten sextupled from 1 to 6.  That’s width 61 obtained by
quippling unit 60 once.  You see how you quipple once and the quipple counter goes up
one.  Then another dimension is added to the first-order or 1-dimensional width 61 to
get a square, a 2-dimensional object measuring x1 + 1 = x2, and the line of x1 has been
sextupled a second time.  So width * height already comprise the square, the 2-
dimensional object, and to make it 3-dimensional we add the 3rd dimension, depth.
Now y = 63, or 62 * 61 = 63 such that the 36-unit square is sextupled and the volume is
now 36 * 6 = 216 cubic units.

With the cube complete and correctly demonstrating quippling  y = 1 * x3/1, it still
remains to grow the cube by a linear magnitude dx, the unit of change, in all three
dimensions.  Since dx is not in essence a change of the cubic measurement but rather



a change of the unit measurement x0, it seems that x is the base for both quipple
counts and multiple counts, because now that x is bigger, both counters will produce
total measurements now in proportion to the new size of x.

When x adds to its length a new increment of length dx, the politics of quippling don’t
apply because nothing is being doubled, tripled, singled, zeroed, quadrupled, halved,
or anything of the sort.  But in order for the cube to remain a cube, it has to grow by
an equal dx in all three dimensions prescribed by the function y = x3.  How does that
work?  It’s going to have to grow a new number of parts—a number of parts equal to
the original function’s quipple counter 3, which corresponds to 3 dimensions.  One
new part for each dimension so the cube grows equally in three directions and stays
cubical.

For this to work, a whole side at a time has to grow outward the distance dx, and by
whole side I mean x2, the side’s area.  So three new parts are grown, corresponding to
growing width, height, and depth, and the volume of the cube v grows according to
dv = 3x2 * dx to get the added volume, or to get the derivative or the rate at which
volume changes sith respect to side length x:

volume change per side length change = 2
2

3
3

x
dx

dxx

dx

dv





When a function such as y changes because its independent variable x
changes, the rate of change described by dy/dx is proportional to the
number of dimensions prescribed by the original function.

Therefore the quipple counter of the changer in the function y becomes the
multiplier in the derivative or function y’, because the growing of x must be
repeated (multiplied) once for each dimension in which the function is
growing.

If the function describes a result y that is a function of x in seven dimensions (x7), then
the growing of y in 7 dimensions is mathematically represented in part as 7 multiples
of a change or 7x.

Also, one of the function’s dimensions is replaced by dx, which is the 7th dimension of
the function’s growing.  To visualize this, imagine the formation of a value from a base
value such as x, but growing equally in 7 directions as if a cube had 7 sides.  But no
matter how many dimensions, it’s growing for one reason only: because its 7
dimensions are all equal to x, like the width * height * depth of a cube equal to x3

because width = height = depth.  So because of the growth of only one thing—x—the
function is growing equally in 7 different “dimensions”.

To add up the total effect on x’s growing—this adding up results in the change to y—
the effect on one dimension will be added up 7 times which is to say multiplied 7
times.  But the single value that is growing as a model for the seven multiples—the



UNIT of growth dx—the x in the derivative can’t be quippled to the count of 7
(septupled).  Partly because the added value dy has to be 7th order like the y from
which it is grown, so that after a small change dx, the new value of y will have grown
equally in 7 dimensions and still be 7th dimensional and still be the same shape.

It’s easier to understand the cube example.  The volume of the cube y = x3 is
3-dimensional.  The volume added to the cube, in order to still be volume—keeping
consistent units—also has to be 3-dimensional.  But for each direction the cube grows
in, there are 3 dimensions that will account for the volume of the dx in that direction.
A fixed x (say height) times an equal fixed x (say width) times the new added portion of
x, say a fraction of added length, called dx.  So in a 3-dimensional cube, in each of the
3 dimensions width, height, and depth, two dimensions equal x and the other is
replaced by dx.  That yields an added volume that is 3-dimensional and the quipple
counter on the derivative’s x is only 2 because one quipple has been replaced with a
differential dx.

There are more technical explanations that are more rigorous, but harder to visualize
and more math intensive.  This one works for squares and cubes like me; let’s see if it
keeps working once we edge our way out of square world.

Then again, let’s not, and say we did!  I mean after all, was the purpose of this chapter
to find one intuitive description of the power rule?  We already have a few, each one
better than the last.  Why don’t I leave it up to the individual searcher to take on the
quest for mirrors of the last explanation if the curiosity exists.  I did a similar analysis
with a different geometric shape and got the same results, but the cube thing really
clicks for me so why not leave well enough alone, on the geometric thing.

I’d like to briefly mention—but could write a whole chapter about it and I’ve only
studied it for five minutes—that the torus or donut-shaped thing—which is a self-
organizing vortex ring such as a smoke ring when it spins in on itself—is nature’s
most interesting shape, is perhaps the building block of the universe, and follows the
same simple pattern as all the other geometric shapes: its expanding edge (surface
area in the case of the torus) is the derivative of its volume.










































 RrRrv

2
2

22
2 22

2











































 RrRr

dr

dv
va

2
2

2
2

2
4

2


The rest of the analysis is your homework assignment.

NOW FOR AN INTUITION ABOUT THE POWER RULE THAT ISN’T ABOUT GEOMETRY

Thanks to Professor Weiner of http://theweinerworks.com/?p=954, for a version of
this units-based intuition that I am going to try to elucidate.



Acceleration.  Its units are

duration

duration/distance
a

That’s “acceleration = velocity/time” or however you want to say it.

For example, 0 – 60 miles per hour per 15 seconds or “Zero to sixty in 15 seconds.”  In
more ecclesiastically scientific-sounding unitation, we can talk about meters per
second per second or m/sec2.  So what is that, a 2-dimensional statement?

Well I imagine that it might be, since time is the changer and position is the changee,
so any quipple counter applied to t is going to tell us the nature of the beast,
“acceleration,” dimensionally speaking.

With that cleared up, let’s use this kind of dimensionality to build our intuitive picture
of how non-geometric derivatives eat dimensions.  By showing it with derivatives of
geometric shapes, we’ve proven that the power rule is not imaginary—its results are
not coincidental—but using pictures to draw pictures is too easy.  The best I can do to
find congruency in non-pictures is the inherent dimensionality of how units stack up
in the relationships of real physical traits like the derivative chain that progresses from
position to velocity to acceleration and even beyond.  Jerk is the derivative of
acceleration, and absement is the anti-derivative of position.  Somebody had to make
up a word just to talk about that…just imagine!  But let’s stick with the ones that are
most commonly considered: position, velocity, and acceleration.

Acceleration, velocity and position all relate as changees of time the ultimate changer,
and as derivatives and/or integrals of each other with respect to time.

v = p’ = dp/dt

a = v’ = p’’ = dv/dt

Remember that duration means t2 – t1 and distance means p2 – p1. 

The units involved can be informally represented as p (instead of meters or miles), t
(instead of seconds or hours).

Now instead of pictures, numbers, graphs, expositions, or proofs, I’ll just present a
simple interplay of units or their representeds as a demonstration of the power rule of
calculus at work in the physical world, free of numbers.  Being about units, this is
about phenomena.

v = p/t

a = v/t = p/(t * t)

p = at2



v = at

Notice that the power rule is not being used here, it is being proved here, by proving
true when it comes from a different approach.

If position as a function of time equals two quipplings of acceleration, then velocity as
a function of time equals one quippling of acceleration.  And acceleration as a function
of time equals zero quipplings of acceleration or 1.

Thus after the duration 5 time units, velocity will be acceleration quintupled (v = at1),
position will be acceleration quintupled twice (p = at2), and acceleration will be
acceleration quintupled zero times (a = at0 = a * 1 = a).

In short,

If p is a function of t2,

then v is a function of t1,

and a is a function of t0 = 1.

All this is borne out by the unit identities above as well as the geometric proofs.
Technical proofs of the power rule exist, but the only proof that…

“…the simplest method for getting the right results must be the most basic
method…”

…is common sense.*

CONCLUSION

The moral of this chapter—and maybe this book—is that Rigorism means just what
the dictionary says it means: “Rigidity in principle or practice.”  I particularly enjoy the
definition of “rigor”: “harsh inflexibility in opinion, temper, or judgment…being
unyielding…strictness…”  No reference there to factuality, objectivity, or proof of
anything, but plenty of reference to opinion and judgment!  My favorite is the obsolete
definition…that means the oldest and thus usually most faithful to the original word:
“rigidity, stiffness.”  As in rigor mortis, the rigidity of death!

May the Death Lords of Academia prove the stiffness of their poles on their own time!

POSTSCRIPT: QUIPPLING TERMINOLOGY

* The real answer is too easy so I didn’t find it when looking for it.  It was eventually found lurking within a cryptic remark
near the bottom of page 157 of Calculus Made Easy by Silvanus P. Thompson (3rd edition, 1910) but I still didn’t recognize it
for what it was till someone else pointed it out to me.  It is too simple to call intuition, it is really very simple algebra that I
didn’t know enough to try.  See Chapter 13 for that solution to this whole chapter.



At the end of this section I will reproduce a list of terms like “double, triple, etc.” that I
found on the internet, but first I want to complain about the word “tuple”.

Some people are saying that the word I was looking for when I invented “quipple” was
supposed to be “tuple”.  Based on this I went looking for an authority and maybe the
word is used that way, a lot of people say so.  It’s not in my dictionary, but neither is
“nonuple”.  “Decuple” is in my dictionary, but I am expected to pronounce it
“DEKyoople”.  I would have prefered “decipple,” pronounced “deSIPple”.  I don’t think I
can say “dekyoople” when I see “decuple”.

But this word “tuple”.

It sounded like a good idea, though I’ve grown quite fond of “quippling”, until I found
that the Wikipedia article on “tuple” gives this meaning as only historical and not in
current use.  Instead, “tuple” as now used is some kind of high-falutin’ nonsense word
abused by set theorists and other defectives who only care about math.*  There seem
to be several very technical meanings of this word, so I have decided to keep “quipple,”
and keep it clean.  It’s your word, don’t tell your friend the mathemagician, and God
forbid it should end up as the subject of a Wikipedia article!  No Wikipedia article on
math makes the slightest bit of sense, it’s as if the dudes who write that stuff are just
showing off.  Wikipedia is the last place I look for anything understandable about any
math topics.  It’s OK for other stuff though.

I’m gonna keep quippling.

The following list is copied verbatim from
http://uk.answers.yahoo.com/question/index?qid=20100201130925AAa3jAr

1 Single
2 Double
3 Triple
4 Quadruple
5 Quintuple/Pentuple
6 Sextuple/Hextuple
7 Septuple
8 Octuple
9 Nonuple
10 Decuple
11 Hendecuple/Undecuple
12 Duodecuple
13 Tredecuple
14 Quattuordecuple
15 Quindecuple
16 Sexdecuple
17 Septendecuple
18 Octodecuple
19 Novemdecuple
20 Viguple

21 Unviguple
22 Duoviguple
23 Treviguple
24 Quattuorviguple
25 Quinviguple
26 Sexviguple
27 Septenviguple
28 Octoviguple
29 Novemviguple
30 Triguple
31 Untriguple
32 Duotriguple
33 Tretriguple
34 Quattuortriguple
35 Quintriguple
36 Sextriguple
37 Septentriguple
38 Octotriguple
39 Novemtriguple
40 Quadraguple
41 Unquadraguple

42 Duoquadraguple
43 Trequadraguple
44 Quattuorquadraguple
45 Quinquadraguple
46 Sexquadraguple
47 Septenquadraguple
48 Octoquadraguple
49 Novemquadraguple
50 Quinquaguple
51 Unquinquaguple
52 Duoquinquaguple
53 Trequinquaguple
54 Quattuorquinquaguple
55 Quinquinquaguple
56 Sexquinquaguple
57 Septenquinquaguple
58 Octoquinquaguple
59 Novemquinquaguple
60 Sexaguple
61 Unsexaguple
62 Duosexaguple

* I render these terms of endearment with nearly infinite fondness, in case I ever actually meet a mathematician.  By the way,
when I bought some fat books on databases so I could start designing my own, it was SET NOTATION that stopped me and I
don’t know why that should have happened.  I suppose there is a good excuse for it.



63 Tresexaguple
64 Quattuorsexaguple
65 Quinsexaguple
66 Sexsexaguple
67 Septensexaguple
68 Octosexaguple
69 Novemsexaguple
70 Septuaguple
71 Unseptuaguple
72 Duoseptuaguple
73 Treseptuaguple
74 Quattuorseptuaguple
75 Quinseptuaguple

76 Sexseptuaguple
77 Septenseptuaguple
78 Octoseptuaguple
79 Novemseptuaguple
80 Octoguple
81 Unoctoguple
82 Duooctoguple
83 Treoctoguple
84 Quattuoroctoguple
85 Quinoctoguple
86 Sexoctoguple
87 Septoctoguple
88 Octooctoguple

89 Novemoctoguple
90 Nonaguple
91 Unnonaguple
92 Duononaguple
93 Trenonaguple
94 Quattuornonaguple
95 Quinnonaguple
96 Sexnonaguple
97 Septennonaguple
98 Octononaguple
99 Novemnonaguple
100 Centuple



CHAPTER TEN
Exponential Growth and its Opposite, “Exponential

Decay,” which was Apparently Named
in Honor of Nuclear Waste

An old lady lives in a quiet village, and every Sunday she drives herself to church.  You
ask her if it is easy to drive a car.  “Oh, yes,” she says, “I have no mechanical aptitude,
and I find it quite simple.”…In this book I begin with the simple ideas of calculus, with
country driving.  I do not look for awkward exceptions.  In the main, I look at things as
mathematicians did in the 17th century when calculus was being developed.  I have
found that 9th- and 10th-grade students, who are interested in mathematics, can follow
this treatment of calculus without difficulty.  Towards the end of the book…I give some
examples to show you how things become as you approach the heavier traffic of the big
cities.  This is to warn you of complexities that can arise.  But you should not think of
these complexities simply as being difficulties.  They are not so by any means.  Some of
the complications are very strange and unexpected and interesting.

—W. W. Sawyer
What is Calculus About?     1961

…American culture is currently breeding a selfish and delusional mentality. This new
American culture isn't suitable for academic advancement and will likely lead to an
exponential growth of stupidity. Which will cause us to be incompetent in comparison to
much of Europe and Asia.

—anonymous commentator on the internet     2011

SEPARATION OF VARIABLES

“Separation of Variables.”  That terminologisticism is just a way for calculoidicians to
scare you.  Separation of variables is old hat from algebra, you just get all the y stuff
on the left of the equal sign and all the x stuff on the right.  In this context we’re all
about solving a differential equation, which you already know how to do in the easy
cases, and differential equations are just equations that contain a derivative.  They are
solved by finding the anti-derivative.  We’ll just do one easy one now and get back to it
later on.

In this differential equation (that’s just an equation that contains a derivative—or did I
already say that?) there is a very important constant as you will learn.  Also, instead of
the usual x, we’ll have time or t as the changer and retain y as changee.  Here’s the



simple differential equation which we want to solve by finding its anti-derivative or
primitive:

ky
dt

dy


The first thing I noticed about this is that the changer or independent variable t
doesn’t occur on the right side of the equation which is a no-no* if we are to judge the
influence of time on the function y.  The usual way to judge the influence of changer
on changee is to isolate them from each other with the equal sign between them.

We are starting with the derivative which is known and working back to the function
which isn’t known.  That is antidifferentiation and it is “solving a differential equation.”
But before changing anything, look again at the differential equation and try to grok
its essence.  What is this all about?

ky
dt

dy


First of all, it’s defining the change of y with respect to t in terms of y itself under the
influence of a constant.  It’s as if y and k are both proportionality factors of each other.
What’s most interesting is that y should find itself a proportionality factor in its own
rate of change.  It should become apparent right about now that we’re working up to a
definition of something whose own value is a proportionality factor in any change of
that value.  It’s sort of a feedback situation and we will call it, for lack of a better word,
exponential growth.  We’ll get back to that definition when we have more to work with.

Let’s get all those y things isolated on the left and the t things isolated on the right of
the equal sign.  Assume that k should stay to the right since we’re used to seeing
something on the right with the changer that affects the changer to arrive at the
answer—the changee—which will be on the left:

dtk
y

dy

k
dty

dy

*

*





Now prepare it to be integrated both sides of the equation.  Here you’ll see a neat trick
based on inegration notation previously discussed…that the dx—or dy in this case—
which you should see on the right of the left side of the equation when you see an
integral sign on the left of the left side of the equation is a number, an algebraic item,
not just optional notation as it is treated by some authors.  Review that previous
chapter and then take note here, how the dy/y—which we fans of You Already Know

* Keeping it simple here.  Explicit functions are solved for the dependent variable (our changee y here) so you’d expect to see
the independent variable (our changer t) only on the right side of the equation.  There is another form for functions called
implicit function where this format isn’t needed but I haven’t gotten there yet.



Calculus recognize to be an actual fraction—can be manipulated, fraction that it is, till
it resurfaces with a whole new look:

dtkdy
y

dtk
y

dy

**
1

*





Now it’s set to be anti-differentiated on both sides; remember what that means: we
already have the derivative, and we will seek the function that it is a derivative of.

  dtkdy
y

*
1

Notice that dy and dt now inform us as to what the numbers 1/y and k are going to be
integrated with respect to.  At times like this you have to understand and appreciate
our ongoing discussion about the notation-like role played by dy and dt in this
example, whereas they started life—and were manipulated algebraically—as full-
fledged members of the community of numerical objects; which they still are.  Review
that prior chapter* and satisfy yourself as to why the numbers don’t seem to do
anything mathematical in this example but could in other examples—making their
inclusion in the notation non-optional, and their status as numbers very real.

At some prior part of this book you may or may not have learned to recognize 1/n as
the derivative of ln|n|.  Change n to y and here’s where we stand:

(d ln y)/dy diff-ates to 1/y

or,

1/y is the derivative of ln y with respect to y

or, the change of ln y with respect to the change of y = the reciprocal of y which is 1/y.

But that’s diff-ating; we want to integrate:

1/y antidifferentiates to (d ln y)/dy

or,

* It’s in the chapter on integration, in “footnotes to chart” near the end of the chapter, and here is the text
in case it’s all the reminder you need:  “—A) When the function y has a constant slope, the multiplication
of dx is ordinary as shown: dy/dx * dx.  —B) But when the function y has a varying slope, the
multiplication of the derivative by the dx value represents an infinite summation or dx * (y1 + y2 + y3
etc) when infinitely many different y values are multiplied by the matching infinitely small increment of
x.”



the anti-derivative of 1/y with respect to y is ln y.

 dy
y

1
 means “the anti-derivative of 1/y with respect to a change in y.”

The anti-derivative of 1/y = ln |y|.

To explain the absolute value bars || around the y, look at the natural logarithm rule
for derivatives:

0  where,
1ln

 x
xdx

xd

All absolute values are positve, we’re just keeping y in the positive world where all
growth and decay actually takes place.  The bars can be dropped later when we get
beyond the logarithm so the left integral is now:

  ydy
y

ln
1

The right side of the equation is easy, just use the power rule for anti-differentiation:

01*
    or,   anti-differentiate  with respect to time

1

kt
k dt

NOTE: When I first wrote this chapter I was using the
term “integrate” for “find the anti-derivative”, regarding a
process generally mis-named “indefinite integration”.  I
have tried to go through and replace “integrate” used this
way with “anti-differentiate” which is non-ambiguous…or
is it?  Now I see above a case where so-called “indefinite
integration” is not only notated with the elongated S that
indicated integration—definite integration—
uncontroversially; I see a real parallel being drawn
between this so-called indefinite integration and its
opposite, differentiation, that depends absolutely on the
integral notation.  That is the mysterious “dy” (more
commonly dx) shown here following the 1/y to say what is
the “with regard to” item.  I hope that makes sense
because I’m not going to deal with this right now.

Thus:

Ckt
kt

dtk 
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The whole equation now reads:

ln|y| = kt + C

Now if you’re like me, you see a logarithm and just want it to go away.  Don’t we non-
multi-taskers hate these inversities?  Knowing* that a log is an exponent and knowing
that natural logs—signified by ln—are exponents of e or 2.71828…, it’s easy to get rid
of the natural log on the left side of the equation by just making it an exponent again,
and what’s done on the left has to be done on the right, so we get:

eln|y| = ekt + C and eln y = ln(ey) = y

As promised, this application of inversity gets rid of the logarithm so the simplified
version of the equation is:

y = ekt + C

Algebraic manipulation according to the exponent laws:

y = ekt * eC

Don’t let e fool you; it’s just a certain number 2.71828…not a variable.  C is an
unknown constant, so its placement as an exponent atop e has no real effect; eC is just
an unknown constant so we’ll call the whole thing C and not worry about it.

y = Cekt

EXPONENTIAL GROWTH

Exponential growth is a change of a value that is proportional to the value itself.
Which implies that the rate of the value’s change stays proportional to the changing
value as the value changes.

The change in the value of the function y is proportional to the value of y itself when…

ky
dt

dy


…as dictated by proportionality factor k.

The fact that the value of y itself is a proportionality factor of its own function is
reflected if the equation is alternatively written to elucidate this by using y values on
both sides of the equation:

y = Cekt becomes yt = y0ekt

* This is explained better in the next chapter which is all about logarithms.



Thus the initial value y0 or y at time 0 is part of the proportionality factor in the
function that determines the changing value of y at time t or yt; while k names the
essence of the change, y0 is the base from which all else springs.  The number e forces
the change to take place according to exponential growth, and t is still the changer.

The number e = 2.71828… is used to express exponential growth because it is the only
number that is equal to its own rate of change.  The changer t signifies the time
duration and k is a constant that expresses the physical aualities of the substance
itself as it grows.  It’s not a variable.  In terms of the quipple scenario in regards to…

yt = y0ekt

…we see that the effect of the constant k is to act as part of the proportionality factor
upon the independent variable or changer time, which itself acts as a quipple counter,
such that k * time is the number of times that the initial value of y is eepled.  Since e =
2.71828…, which is between 2 and 3, eepling y0 k * t times is a matter of more than
doubling it kt times but less than tripling it kt times.

While all of the parts of the formula are important, k has a kind of pre-eminence since
it expresses the nature of the thing that is changing.  Many problems in exponential
growth/decay will first be solved for k.  Its value cannot be guessed at.

ONE STEP BACKWARD AND TWO FORWARD

Usury is the selling of money for a profit.  In our time it has become a thousand-
headed beast.  People who engage in usury are often just trying to put food on the
table like anyone else, especially in these days when those who came before them have
nearly destroyed the reputation of their so-called industry with unbridled greed.  For
those whose intentions are superior to the average scumbag mortgage peddler or
insurance speedrapper, let me just say that there is honest work to be had in this
world in areas where real wealth is generated by one’s work, and sold somewhere as
the creation that it is.  Skimming off the good work of others is not the only way to
jump to a higher income bracket.

In my quest to eradicate the automatic acceptance of usury from the face of the earth,
I will teach its math so we may know what is being done to us by those who are so
eager to enslave the whole planet in the grip of debt.

Most calculus books will use some kind of infestation as an example of exponential
growth and this book is the same but more useful: instead of an infestation of some
imaginary germ we will take a look at the real infestation—debt—that is destroying the
ability of the average human to experience a feeling of freedom and abundance in his
lifetime.

Modeling planetary debt as exponential growth is also more realistic than modeling
growth of a germ that way, because sooner or later the proliferating population of a
germ will kill its host, because it is real.  Whereas debt is a matter of pretend money



generated by signatures of debtors and recorded on electronic ledgers, and mostly just
mistaken for real by its proponents.  Whereas in truth, this kind of debt is imagined.
The money was borrowed into existence on the power of a handshake.  We are
handshaking ourselves into a grave, but meanwhile there’s no telling how long we
might continue at the same petty pace, strapping ourselves to the cynical bankster’s
torture wheel and sacrificing our families’ financial well-being in order to pay debts
that the bankster got us to imagine into being.  It is the ultimate in winning by
intimidation, but the winner is not the person who needs the loan.

Unlike the bacteria, virus, or slime mold, which grows exponentially only so long as its
host has the resources to support it, imaginary debt can continue to sap resource after
resource until finally the ultimate resource that makes all this gluttony possible—
petroleum—is itself glutted forever.  Only then will we see that even the proliferation of
usury (selling money for a profit) must someday kill its host.

Because of this phenomenon, logistic growth is a more realistic model for most
phenomena that start out growing exponentially.  While exponential growth is
described by a curve whose steepness increases more and more with time till it
approaches verticality, logistic growth is a more realistic and more complicated
function that starts out as exponential growth but starts to level off as the ceaseless
feeding upon the host starts to affect the host’s ability to provide support.  Eventually
the curve will flatline because of the hosts’s death.

Since money is an agreed-upon fiction, the expansion of its supply by the signing of
debt papers may continue long after the host of any real phenomenon would have
croaked from the abuse.  So we’ll look at usury as exponential growth and leave
logistic growth as a more advanced topic.  Debt slavery, in our experience so far,
seems to know few limits within the realm of normal common sense.

But first, let’s take a step backward and look at what exponential growth is not, with
the example of simple interest.

As usury goes, there is the simple gambit of getting something extra back as payment
for making someone a loan, as if loaning some poor unfortunate some imaginary
money requires the kind of effort that inherently deserves a reward.  This simple
interest can almost be overlooked as only human, compared to the odious ploy of
loaning at interest and then charging interest on the interest!

If a unit of money is loaned, call it unity or 1, then the interest is some fraction of 1 or
1/t, for example 1/100 = 1%, or 1/10 = 10%.  Since banksters heard somewhere that
time is money, there will be a time unit involved, let’s say the Month.  For example, I
have a credit card that has a monthly interest rate of 3.33% which relates to the loan
amount or unity as 1/30th of the loan amount per month.  Since 100%/3.33% = 30%.
There is no doubt not a drop of simple interest involved in any credit card transaction
on earth, but what if my credit card were being dispensed at simple interest?

For this scenario:



loan amount = 1
simple interest = 1/30
time unit = 1 month

Now my very reasonable banker, who would in reality be fired for offering anything at
simple interest, is going to haul in a thirtieth of a dollar each month or 3-1/3¢ for
every dollar I’ve borrowed and he’s agreed to keep it at simple interest as long as I
continue to pay the interest.  Obviously this banker works for a nice guy credit union
as he is not charging an outrageous fee each month for my luxury of not paying on the
principal or loan amount.

My guess is that after 30 months of this fairly reasonable treatment, I will have paid
3-1/3 * 30 = 1 dollar for each dollar I have borrowed.  Well bankers have to eat too,
right?

Now let’s say that my banker is more clever than he seems, and that when I signed on
the dotted line upon initial receipt of the loan, I gave the bank permission to change
the rules any time they wanted.  Let’s say that sometime near the end of the 30
months I received a many-page booklet in the mail, printed in tiny letters of legalistic
mumbo-jumbo in what appears to be standard English, but upon closer inspection
turns out to be indecipherable gobbledy-gook.  Let’s say that on page 13 of this
booklet—which of course I file carefully for future reference but do not read—I am duly
warned that if I ever should pay a total amount of interest equal to the principal, I
shall be punished for my generosity by a switch to compound interest.

Alternatively, if the rent on the principal was 1/t = 1/20 or 5%, the interest would
reach that critical point equal to the principal in 20 months: 20 * 1/20 = 1.  Or if the
interest was 1/t = 1/10, then 10 months would get there.  If 1/t = ½, the interest
would equal the principal in only 2 months.

Now getting back to that 3.33% interest of 1/30 of the loan amount per month.  The
total loan amount y can be used in place of unity such that the total interest will be
y/t per month.  The original loan amount y started life as a multiplier upon the
proportion 1/t, and y/t is the total monthly interest while 1/t is still the monthly rate.

Working toward notation already familiar from earlier in the diatribe, we’ve already
noticed that whatever t is in the interest rate 1/t can also be the multiplier applied to
1/t to arrive at unity (when interest equals principal) or applied to y/t to arrive at the
total interest.  There might be times when we want to talk about the whole loan
amount as 1 or “100% of the amount,” but generally we want to talk about the actual
amount of the loan or y.

We know that:

1/t = interest rate per time unit, i.e, 1/30 per month
y/t = total interest per time unit, i.e., if y = $600, 600/30 = $20 per month

(3.33% per month is not cheap!)
y = total loan amount, i.e. $600



t = number of time units (i.e. months) duration before interest equals loan
amount

We have defined a stuation where the loan amount or principal has doubled, or
become 2y, by addition of interest.  Thus our new equation:
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y0 = total loan amount, original amount, i.e, $600
2y0 = doubling of total loan expense because of interest
t * y0/t = total interest after t time units, i.e. months

Something about the new equation snagged on my memory.  Look at it again:
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Doesn’t that resemble the standard form of the linear equation?

y0 = starting place or y-value when x = 0, the y-intercept
t = independent variable or changer, time duration
y0/t = slope; a linear or constant slope with 1st order equations
2y0 = final value of y

Now able to place this equation correctly within the pantheon of mathematical objects,
we can rephrase it to make sense according to a consistent sort of function notation
using different subnotes for different values of y.

t
t

y
yyyt

0
002 

or,

new debt cost = twice the old debt cost when (y0/t) * t is added to old debt.

Which brings us to the inescapable conclusion—since we have become so interested in
doubings, tripling eeplings, and other quipplings—that we are about to see this whole
thing get pushed over the edge into exponential growth.

y0 * 21 is 1 doubling of y0…no?

BANKSTERISM AT ITS PUTRIDEST—OR—WHY THE HOUSE ALWAYS WINS

If you will travel to Wilmington, Delaware—and don’t get a parking ticket while you’re
there!—by asking around and pretending to be the deputy associate administrative
assistant to the undersecretary of any federal regulatory agency, you may eventually



find at the end of some dark alley guarded by several humorless skinheards dressed in
black, a doorway descending deep into a place where—if you knew the password,
which you don’t—you would find interred the unholy remains of the patron saint of all
banksters, one Adolphus Histericus, whose sole contribution to society was the
observation that the mathematical expression of compound interest is such a sweet
formula that people would give anything to be beaten to death with it, and come back
for more in their next life.  For you see, one’s first debt is like the first time one shoots
heroin: the line has already been crossed.  Nothing matters anymore; when someone
decides to ignore enough innate survival instinct to go into debt, he no longer has
enough common sense left to deal intelligently with what’s left of his life.  His soul is
now at stake, and he doesn’t care.

So hey, banker boy, just double my debt as often as you like, eh?  I’m only the
customer…I have nothing to say about how much I will pay for something…right?

Compound interest.  Easy enough for you banksters to use—with a chart or a
computer program to do the thinking—but scary enough that customers will get that
blank-eyed “I’ll take your word for it” look when you tell them how much they’re going
to owe you for that loan—house, car, stereo, education, computer, license to exist—
they’ve already decided they can’t live without what that loan represents.

The first step in understanding compound interest is to define a rate of increase using
familiar terminology, because the final goal is to draw a parallel between the
conjecturations we are about to endure and the equation for exponential growth that
we already figured out.

Rate of increase is proportionate to loan amount.  Rate of increase and interest rate
are not the same thing, try to pick them out from each other as we proceed.  Knowing
that the rate of increase—something your banker would rather not divulge as he
pockets it, cackling—is based on the loan balance, and that as the loan balance grows
due to added interest, the rate of increase grows proportionately…doesn’t seem to
help.

OK start with a real example.  The interest rate is 1/t like before.  The original loan is
y0 like before.  The y0 will no doubt be multiplied by some relatively unsimple factor to
make it become yt, the new balance after time t.  We just need to learn the nature of
the factor by which y0 must increase in order to become yt while satisfying the
insatiable nature of compound greed, I mean interest.

OK.  Something to multiply the old balance by.  First if the interest were zero, the
multiplier would be 1: old loan * 1 = new loan amount.  We know that’s not going to
happen, so we also know that the factor we seek is not only going to be positive, but it
has to be more than 1.

So the factor we seek, by which the original balance must be multiplied, is (1 + ?) to
ensure it is greater than 1.  And what might we add to 1?  How about 1/t?  It’s
flopping around loose out there with nothing to do, so let’s try it.



If t = 1/30, then 1 + 1/30 = a quantity of time since you couldn’t add them together
unless they were the same units, and 1/30 = 1/5 = a quantity of time.  I’ll bet you
didn’t know that, did you?  A rate of “interest is a quantity of time, not money; just ask
yourself, how much interest must be paid in zero time?  Zero!

But we can’t count on the bankster “industry” to not charge interest or some dozen or
so “fees” before we get out the door with the money, so it must be more correct to say
that the money is a function of time:
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While 1/t is just the nominal interest rate—in my case 1/30 or 3.33%--it seems that
more needs to happen.  Thus the wee question mark where exponents go.

But first.  Test what we have.  1 + 1/30 = 31/30.  So for a straight calculation,
y0 * 31/30 = some kind of estimated balance that is to increase continuously.  I say
estimated because this calculator holds the rate the same at 31/30 for a whole month,
while in reality the balance goes up continuously without respite while the interest
incresases the balance at the same time.

This doesn’t mean the interest rate is going up—it means the balance is going up
because of the interestso the tatal interest increases since interest is being charged on
interest.

Sounds like attonrey snake oil to me: “This watch will never stop ticking—unless it
breaks or wears out…”

What if the interest rate were 5% or 1/20?  Then our factor would be (1 + 1/20)? or
21/20 with an exponent to make it get bigger.  Realistically speaking, these are
banksters; if there is a number they can tack on to make interest get bigger faster, it’s
not likely that they didn’t think of it first.  I promise you, the wee exponent—at a value
greater than 1—is a safe bet.

What if the interest rate were 10% or 1/10?  Then our factor would be (11/10)?.
Interest rate = 6%, or 6/100, then 1/t would be 1/16.66 and (1 + 1/t)? would be:
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Let’s stick with…
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…as either one shows a multiplier involving a 1 * y0 increased by the value of the thing
that makes balances increase, or 1/t.

What we’re really missing here is a clear picture of this whole mess being a function of
time.  That’s not all that’s missing but it’s a good start.

What is the wee question mark, anyway?  The so-called exponent whose existence we
merely postulate?

It’s a quipple counter.  It means an unknown quantity of quipplings of y0 = yt.

Well what is it that acts as a counter of doublings or triplings (for example) of a
quantity, in order to increase that quantity?  Months, years, minutes, let’s say t for
time.  Then test it.  Because maybe it’s finished.
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When t = 30—that is, 30 months to quipple a quantity when the interest rate is 1/30—
and the original loan amount y0 is $600:
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yt = $1604.59   (That’s 30 quipplings of 600!)

That’s why we make loan payments…even with no late fees etc., this loan is almost
triple the original amount in only 30 months.  No wonder credit card companies are so
happy when we fail to pay or when we make small payments.

But this is still only an estimate.  We’re still using the monthy as the unit of time,
whereas the bankster—at the urging of his patron saint Adolphus Histericus—is using
the indivisible Moment of Onrushing Time as the measure of how fast our little debt is
growing.  There’s no time to stop and look at a watch or calendar—the balance goes up
moment by moment, technically.

But how is that done?  Sooner or later, those t’s are going to have to be swallowed up
by some all-encompassing influence or factor.

If in doubt, try more examples.



t (1 + (1/t))t

2 2.25
5 2.49
10 2.59
30 2.67
100 2.70
1000 2.71
10,000 2.718
100,000,00
0

2.71828…

It seems that we are inexorably approaching a limiting value, a value beyond which we
cannot go, no matter what degree of accuracy we shoot for by lowering the interest
rate to a silly degree of smallness and then giving the customer a very many periods of
time in which to watch his debt grow as slowly as possible…and to a degree that would
give any bank president a heart attack.

Based on all we have learned so far, we have every reason to believe that it is the
number e = 2.71828… that governs the exponential growth of debt.  Bywriting e in
place of (1 + (1/t))t we have—by the nature of e itself as the number that is equal to its
own derivative—replaced the klunky system of guessing with a precise standard for
how things increase exponentially.

Here is the newest formula:

yt = y0 * e?

Yikes!  Not another question mark!

Well yes, we know that e is involved but there still has to be a way of finding yt—that’s
the value of the loan after the passage of t time units.  While giving perfect accuracy,
the inclusion of e has swallowed up all our choices and the function needs a t in it,
because compound interest is a function of time.

In desperation we turn to what we already know.  We already have a general formula
for exponential growth, temember:

Let’s compare the general formula with our current incomplete formula to see if the
difference finishes the picture.

General formula for exponential growth (finished):
yt = y0ekt

Specific formula for compound interest (unfinished):
yt = y0e?



Looks like we’re almost there.

There’s the t we need as well as a pesky constant.

Go all the way back to this: where did k and t come from anyway?  Look at this, and
remember:
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This is the very definition of a change in a quantity that depends on a change in time,
wherein the definition of the rate of change is the original quantity times a constant
that reflects the nature of what’s being changed.  This nature is (according to the slime
mold problem I just consulted) going to be the thing’s natural rate of growth through
some observed period of time.  In our case—slimy money—the constant k is then going
to be the interest rate over the period of time which is being used.  The changer t is the
quantity of those periods which exist.  The application of k to t gives us the quipple
counter, the number of eeplings that the original loan amount will undergo in order to
arrive at the final debt value.

We now have every reason to suspect that the bankster’s magic formula…
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…is one and the same as the physicist’s equation:

kt
t eyy 0

In fact I already worked an example so I know they’re the same…at heart.

Yes, the heartless bankster’s equation is not at fault; it has at its heart the more
perfect yt = y0ekt and the difference is simple to explain.

If compounding of interest were done moment-by-moment, then the starndard form for
exponential increase would be used, because it is the most accurate.  It is more
accurate because it contains not only the interest rate corresponding to the time
period being used (k) as well as the quantity of these time periods that will be endured
(t); it also contains e, the very model of accuracy in exponential increase.

The bankster’s formula however—while it does contain t and a form of k (as 1/t), does
not express e directly.  It does express e but only indeirectly as (1 + (1/t))t and this is
only an approximation of e.  The larger t is—that is, the more compounding periods
there are, thus the smaller the applicable rate of interest through that period—the
closer (1 + (1/t))t is to e.  But with the practical periods used such as monthly,
quarterly, etc, the two formulas will get different results from each other and from the
ideal formula.



Finally, a bank error in your favor: the perfect formula using e puts out the maximum
final debt vale of the loan; the banker’s approximation will never reach that amount,
so it will save you money.

Let’s find out what that credit card is costing me.

First the standard physicist’s formula.

yt = y0ekt

y0 = 600
k = 0.033
t = 30

How much will the debt be with no payments made after 30 months?

600 * e0.033 * 30 = 2.71828… * 600 = $1630.97

Now the banker’s formula:

59.1604$
1
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See how the banker’s sloppy formula saves you money?

My credit card company is kind of different.  While most credit cards come with an
APR or annual percentage rate, my credit card came with a monthly rate of 3.33%
because my credit card company didn’t want me to know that the APR on thes
account is 3.33 * 12 = 40%!  Now why—with my perfefct credit rating—would I have
such an exorbitant card?  Because it’s low limit and all low limit cards are high
interest.  I paid off my high limit card and had to threaten to report the abnk to a
federal agancey before they would stop lying and making excuses and do as they were
told, and close the account.  After that I didn’t want a high limit card again.

Of course that’s the short version but the rest is none of your business.

But we’ll work another example, eh?

You’ve “bought” something large, say about the size of a house, for nothing down and
no payments due for two years.  During the so-called grace period of 2 years, interest
is of course accumulating faster than you want to know, but you’re going to wake up
one day and out of curiosity—since the first payment is due in a week and you lost
your job right after “buying” the house-sized thing—you decide to see how much the
price of the house has increased while you watched cablt TV for two years and
pretended to look for a job.

The price of the house-sized thing was $195,000.



The interest rate (APR) is 4%.

The interest is compounded quarterly.

Start with the bankster’s formula:
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APR 4% / 4 compounding periods per year = 1% effective interest rate per
compounding period.

1/t = 1% = 0.01
2 years * 4 quarters = 8 compoundings @ 1%
(1 + 0.01)8 = 1.0828
195,000 * 1.0828 = 211,157

That’s 8 quipplings of 195,000, with a quipple equal to 1.01.

Between $211,157 and $195,000 it only cost you $16,157 to watch TV in the banker’s
house for two years.  That’s some grace period, eh?

What if your banker had used the more accurate formula with e, keeping the
compounding valve open continuously instead of just cracking it wide four times a
year?

yt = y0ekt

= 195,000 * e0.01 * 8

= 211,241

Costing you $16,241 to watch TV.  16240 − 16157 = $84.

See how much money you saved by getting your mortgage from a bankster instead of a
mathemagician!  $84 will pay your cable TV bill for 3 weeks!

And what if—like many exponential growth problems—you didn’t know the interest
rate?  Finding k is often the first order of business.

Let’s say you bought a handmade cottage in the foothills of the Sierra Mountains in
northern California, paying five times its value because you’re a worthless scumbag
yuppie from the flatlands and you don’t care what happens to property values in the
area because of people like you.  In fact, you intend to yank all of the handmade Old
World cabinetry out of the cottage and replace it with glass and stainless steel fixtures
which you can buy from yourself at a write-offable loss at the furniture store you and
your ex-wife own together…(can you tell this is a true story?  So sue me!)

The cost of the property is 2.5 million but by the time it’s paid off many years from
now, you’ll have paid 6 million to the bank.  And you know that in 2 years you will pay



150,000 on the interest.  But you’ve forgotten the intereest rate and you wonder how
long it will take to pay off the whole 6 million.

Start by finding the interest rate based on knowing that you’ll pay 150,000 in 24
months.  Solve for k:

yt = y0ekt 

2,500,000 + 150,000 = 2,500,000 * ek * 24

1.06 = e24k

ln 1.06 = 24k

ln 1.06/24 = k = 0.00243

The interest rate is 0.243%, and 0.243 * 12 = 2.9% APR.

Plug the k into the original formula with other known info:

yt = y0ekt 

6,000,000 = 2,500,000 * e0.00243t

2.4 = e0.00243t

ln 2.4 = 0.00243t

ln 2.4/0.00243 = t = 360 months = 30 years

Sounds about right for selling your soul to the devil!

HERE’S A QUICK EXAMPLE OF EXPONENTIAL “DECAY”

Decay, I really hate the choice of nomenclature.  Can we forget about plutonium, slime
molds, and filthy, overpaid, rotting banksters long enough to get a handle on some
practical engineering facts?

Knowing that atmospheric pressure at sea level* or P0 is 760 mm of mercury or 14.7
psia…

1 km = 3280.84 ft
1 psi = 1 lb per sq in = 51.715 mmHg
psia is absolute pressure whose zero is total vacuum; from this subtract

atmospheric pressure (whatever it is at a certain elevation) to get psig or
gauge pressure: atmospheric pressure + gauge pressure = absolute pressure

* Keeping it simple, this is at some standard condition which includes a standard temperature which we aren’t going to pay
much attention to.  By assuming it doesn’t change.



The atmospheric pressure at altitude h kilometers is given by:

Ph = p0e−kh

Ph=10 = 199.2 mmHg = 3.85 psia

Ph=20 = 42.2 mmHg = 0.816 psia

Ph=50 = 0.32 mmHg = 0.00619 psia

The constant −k is negative because we’re into the changee (atmospheric pressure)
getting smaller while the changer (elevation) gets bigger.  Exponential decay is always
a negative exponent of e.

Find the constant k for atmospheric pressure at sea level and at the three elevations
10, 20, and 50 kilometers.

—A) at sea level:
14.7 = 14.7e−k * 0 = 14.7 * 1 = 14.7 k is irrelevant

—B) at 10 kilometers elevation:
3.85 = 14.7e−k * 10

0.262 = e−k * 10

ln 0.262 = −k * 10
ln 0.262/10 = −k = −0.134

—C) at 20 kilometers elevation:
0.816 = 14.7e−k * 20

0.0555 = e−k * 20

ln 0.0555 = −k * 20
ln 0.0555/20 = −k = −0.145

—D) at 50 kilometers elevation:
0.00619 = 14.7e−k * 50

0.000421 = e−k * 50

ln 0.000421 = −k * 50
ln 0.000421/50 = −k = −0.155

CONCLUSION: k has no units so it’s the same for SI units or American units.  If you
work out the same problems with the original mmHg pressure units that this exercise
came with*, you get the same values for k.  But the real value of k is the same at all
elevations, because it is not an expression of different altitudes, but an expression of
what air is like.  The expression of different altitudes is e, since air pressure change
rates change proportionately to any change in air pressure.  These values of k are
approximations of the real value, which Thompson estimated by averaging the three
found values.

MORE FUN WITH AIR PRESSURE AT ALTITUDES: THE GENERAL EQUATION

* Calculus Made Easy by Silvanus P Thompson (1910)



Don’t be thrown off by the inadequate term “decay.”  It’s just the word they use to
mean “get smaller,” when they’re talking about the opposite of exponential growth.  It
sounds OK when you’re talking about radioactivity, but we’re going to use the example
of atmospheric air pressure, which exponentially gets smaller with an increase of
elevation.  It does this for the same reason that a vius population grows exponentially
with time: the change rate of the changee (pressure) has a proportional relatioinship
wo the changing changee itself (pressure) equal to a constant—a proportionality
factor—applied to the change rate of the changer (elevation).  Px/P = k * dh

Before diving headlong into the practical work of doing this example, let me first
launch into a mini-diatribe about why it took me two days to figure it out.  It came
from a very good engineering book** but that’s not saying much, because all
engineering books seem to be written in deference to the prerequisite system and
therefore are coded so that the average worker of medium intelligence will not be able
to get any use out of them unless he has jumped the usual hurdles and gaimned
admittance in the Right-to-Know Society.

I say this book is very good because it only took two days to figure the example out;
most books would have taken a lot longer or even been impossible to make sense of.  I
had a photcopy of the pertinent pages in my files because it looked like there was
enough information to get it figured out someday, but the inclusion of a little calculus
had at one time stopped me from working on it.

I’ll start by saying what the textbook writer did not mention.  Most importantly, the
math was just thrown out there with no mention that “Air Pressures at Various
Altitudes” was at all relevant to some basic topic such as exponential decay or
logarithmic shrinking or whatever it was called back in 1921 when the book was
written.  Of course any modern textbook would have been thick as a brick and I am
grateful for the older textbooks because at least some of the steps were shown and
there was more exposition of pertinent facts.  But not enough of either.

It wasn’t Simons’ main thrust to reveal basic mathematical phenomena such as
exponential anything, but quite the opposite.  He is on a beeline to developing a
formula from some functions and constants.  His formula contains constants that
have digested several other quantities so his final formula bears no obvious relation
and is very simple but its structure is not a comment about the real world in spite of
its correctness or practicality.  The problem with formulas like this is that generations
of engineers will use themm without bothering to look into where they came from, and
sooner or later a space shuttle will explode on impact with a bug because some zombie
engineering was done by an automaton.

Be that as it may, I finally figured it out using the first part of THIS chapter as my only
resource since my computer is broken as I write this and I have no access to
Wikipedia, Khan Academy, or any of the online resources I normally would have
consulted, and I live in a village in Asia and they won’t let me into a college library (one
hour or more from my house) unless I remember to wear long pants on my journey,

** Compressed Air by Theodore Simons (1921), p 1-2b



which I couldn’t possibly do.  So I had to re-read the first part of THIS chapter and
that is what I suggest that you do if what follows doesn’t make perfect sense, and this
time don’t just read it but do the math yourself.

The purpose of this book is to make engineering books more accessible to uneducated
would-be inventors like myself, so let’s pretend I have just picked up the Simons
chapter and I’ll walk you through the basic procedure of making the text come alive
with forbidden knowledge.

We will use the exponential growth formula as a template around which to organize
our thinking.

yt = y0ekt exponential growth

yt = y0e−kt exponential decay (use this one)

The constant is negative because as the changer increases, the changee decreases.
The first question is to identify among the variables Simon presented, which one is
which in relation to our exponential decay function.  Doing this first could save you
about two days!

yt = the changee’s final value at some time t
y0 = the changee’s initial value at some 0
e = 2.71828…
−k = the constant that mathematically defines the nature of atmospheric

pressure in a way that is relevant to our question
t = the changer or controlling variable

Since we’re no longer talking about how compound interest grows with time, some
changes have to be made.  Our template for doing this is Simons’ exposition.
Identifying the changer and changee is step one.  We’re talking about air pressure
changing with elevation instead fof loan value changing with time.  So pressure P is
the changee an altitude or height h is the changer.  I’ll retain all Simons’ function
notation (subscripts) so x denotes an elevation h whose corresponding pressure we
want to find out.  It’s confusing to use both h and x for altitude but he might have had
a reason and you can judge for yourself as I’ve reproduced his chapter at the end of
this one.

Here are Simons’ illustration and notations with my explanations:



Pa = absolute atmospheric pressure at sea level = 2116.8 psfa (lbs/sq ft)
= 2116.8/144 psia (lbs/sq in) = 14.7 psia

wa = density of air at sea level, weight per cubic foot, lbs/ft3
P1 = absolute pressure at bottom of an air column, psia
P2 = absolute pressure at top of an air column, psia
Px = absolute pressure at a point x ft above P1, psia
wx = density of air at point x, lbs/ft3
h = altitude, elevation, or height in feet

a

a

P

w
= ratio of air density to air pressure at sea level

First the solution: the formula for exponential decay of atmospheric pressure with
increased elevation:

h
aP
aw

ePP ax




The most helpful of hints that someone could have given me as I tried to sniff around
Simons’ chapter for a hint of this formula:

—1) Find the constant (−k in the standard or generic formula for exponential
decay yt = y0e−kt.
—2) Make the constant negative since the answer or the changee Px gets smaller
when the independent variable of changer h gets bigger.
—3) Simons knows this is exponential decay but he doesn’t mention this
because his focus is on something else: getting a bottom line formula that can
give the answer with just a few numbers plugged into it.

For these reasons the best place for me to start would have been:



h
aP
aw

kt ePPeyy axt


  0

First we’ll compare each variable:

yt final loan value after exponential
decay

Px final air pressure after
exponential decrease

y0 original loan value Pa atmospheric air pressure at
sea level

−k interest rate in effect during time t −wa/Pa ratio of air density to air
pressure at sea level

t time duration in question h elevation under consideration

Before going on to comment on Simons’ text line-by-line, I’ll work the examples he
used at the end of his chapter, using my formula, not his, so we can see that (1) he and
I get the same answer, and (2) this is in fact exponential decay, as it should be, and as
it must be if the formula for exponential decay gets the right answer.

EXAMPLE 1:

atmospheric pressure at sea level = 14.7 psia = 2116.8 psfa
What is atmospheric pressure at 5000 ft and temperature 60° F?

h
aP
aw

ePP ax




psia
e

Px 27.12
144

8.2116
5000

8.2116

0764.0





Notes on Example 1:
wa: Simons derives this from one of his pet formulas wa = 39.804/abs temp.  For

ambient temperature he uses 60° F and for absolute ambient temperature he
adds 461 so the final formula is 39.804/(60 + 461) = 0.0764 lbs/ft3 at sea
level.  See my book Compressed Air Power Secrets (3rd ed.) for the derivation
of his formula.

144: conversion factor for air pressure, psf/144 = psi.  Since he measures
altitude in feet, the corresponding unit for pressure is psf which has to be
changed to psi.

EXAMPLE 2:

Px = 11.24 psia
ambient temperature = 60° F
What is the elevation?



h
aP
aw

ePP ax




h
aP
aw

e
aP
xP 



h
P

w

P

P

a

a

a

x ln

a

a

a

x

w

P

P

P
h  *ln

0764.0

8.2116
*

8.2116

144*24.11
ln




= 7435 ft (Simons’ answer 7400 feet is probably less precise)

EXAMPLE 3:

hC = 5500 ft, elevation at top of shaft where compressor is
hD = 5500 − 2850 = 2650 ft, elevation where drills use the air
psig = 60
—a) What is absolute pressure (psia) of the 60 psig air?

gauge pressure + atmospheric pressure = absolute pressure
psig + Pa = psia

h
aP
aw

ePP ax




psia
e

Px 36.13
144

8.2116
2650

8.2116

0764.0





13.36 + 60 = 73.36 psia

—b) What is gauge pressure (psig) at top of shaft?

h
aP
aw

ePP ax




psia
e

Px 05.12
144

8.2116
5500

8.2116

0764.0







h
aP
aw

ePP
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psiaeP 19.6636.73
2850

8.2116

0764.0

2 


66.19 − 12.05 = 54.14 psig

Note on Example 3b:

This example requires some thinking.  It actually suggests a better general formula for
exponential loss of pressure with altitude:

h
aP
aw

ePP
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This is the exact formula used with the P1 referring to the initial pressure at the
bottom of a vertical pipe, and P2 = the pressure of the same trapped volume.

This then becomes a model for all such problems, with the atmosphere itself serving
as the “air column” in regards to air not otherwise trapped in a pipe or other
receptacle.  Thus for Examples 1-3a, P1 = Pa but for Example 3b, P1 is unique because
the air is trapped in a pipe.

As for Px, good riddance.

As for the poor slobs who didn’t do all four exercises or at least read through them,
they didn’t get the best version of the formula, nor the benefit of knowing that Simons’
model of an air column P1 to P2 can be interpreted as starting from sea level = P1 for air
not otherwise contained.

Now I will try to explain how Simons derived his final formulas, starting with his first
statement and commenting line-by-line.

Simons’ statement My comment
1. an air column having a base area 1 sq
inch and a height of h ft

1. The sizing of his air column is in mixed
units: square inches and feet.  The reason
is so that he can use psi and so that a
column will measure change of height on
his column will also read out a change of
air weight contained in the column with
the two values being the same or
porportional.  The best I can do is to say
that 144 feet of column will contain 1 ft3

of air so it remains for further study or
the contribution from someone intimate
with barometer design to feed me more



clues why he needed his air column to be
a certain size.  It doesn’t affect the math
in regards to the study above.

2. absolute pressure at a point dh ft below
x will be Px + dPx psi

2. dPx is a negative number.  The Px is the
changee.  This is like the generic y + dy.

3. dPx = weight in lbs of shaded air
column

3. Kind of a mystery, see #1 above.

4. dPx = (1/144)(dh)wx lb 4. A second thing that dPx is equal to,
making the magnitude in #3 above equal
to (1/144)(dh)wx lb.  #4 is based on his
knowledge that wx = the area 1 of the air
column, see #1 & 3 above.

5. dh = 144 * dPx/wx 5. Solving #4 for dh.
6. wx/wa = Px/Pa 6. Pressure changes in direct proportion

to a change in density and vice versa,
proven in Article 22 of Simon’s book.

7. wx = wa * Px/Pa 7. Solving #6 for wx.
8. dh = 144 * (Pa/wa) * (dPx/Px) 8. Substituting solution of #7 into #5.

9. 
2

1log144144
1

2 P

P

w

P

P

dP

w

P
h e

a

a
P

P
x

x

a

a  
9. This defines Px/wx as a multiplied
constant and Px as the dependent variable
or changee.  Since it’s the part being
integrated it shows the author integrating
the definition of exponential change—
proportionality of a change in chngee with
the value of the changer as it changes.
dPx/Px.  It shows him integrating this ratio
(a derivative) as the anti-derivative
loge P1/P2.  Most interesting besides the
fact that e is being elicited to express
exponential decay is that the solution is
by way of the Fundamental Theorem of
Calculus: because of the low of
logarithms: loga M/N = logaM − logaN.  I
don’t have a finished analysis of this to
share so let me know what you figure out.

10. wa = 39.804/Ta lb 10. This was derived elsewhere in Simons’
book; see my book Compressed Air Power
Secrets, 3rd ed., for a complete derivation.

11. )log(log302.2
804.39

7.14
144 21 PP

T
h a 

11. Substituting #10 into #9. Also 2.302
converts natural log into common log.

12. 
)461(deg4.122

loglog 12



F

h
PP

12. More clearly stated as:
log P2 = log P1 * h/(122.4 * Ta)
and 122.4 = 144 * 14.7 * 2.302/39.804

13. three final formulas 13. Further reducing the formula to
automaton gobble-de-gook by
incorporating the assumption that
ambient temperature = 60° F.







CHAPTER ELEVEN
What in Quippledom is a Logarithm?

I find that exponents are the bane of many calculus students.  Whether they
never learned exponents well in the first place or simply make careless mistakes,
exponential errors are a treasure trove of frustration.

—W. Michael Kelley, The Complete Idiot’s Guide to Calculus

Does the noise in my head bother you?

—The Gods Must be Crazy

You can’t open a calculus book without seeing log this, log that, e over here, xe over
there, ln x…there’s no end to it, and up till a few days ago there was no better way to
get me to skip a page or chapter or just but the whole book down altogether, than to
pepper it with logarithms.

Some authors are particularly fond of logarithms, and I hear tell we once had a device
called a slide rule which was used to dabble in them.  This contraption has been
lovingly retired by scientific calculators, spreadsheets, and computer programs, but I
suspect that logs are secretly as useful as ever.  Older technical books tend to have
pages full of logarithm charts but a $10 calculator now finds the same values more
accurately.

In writing the last few chapters I have suddenly become interested in logarithms for
the first time in my life.  The feeling of dread is giving way to a kind of curiosity tinged
with anticipation.  The joy of discovery is starting to seep under the great wall of
ignorance, making me wonder…

…what has been done wrong in the teaching of logarithms to make them seem so
odious to the uninformed?

My first clue came from the dictionary: the word “logarithm” means absolutely
nothing!  I mean, look at any descriptive word, like, for example, “penguin.”  It’s from
the Welsh, it means “white head”  That’s meaningful, straightforward, descriptive.  But
“logarithm” is a word that starts nowhere and goes nowhere.  What a waste of four
perfectly good syllables!

With that as a clue, I took another look at the log phenomena.  Is there something
about this expression that makes it self-explanatory?  Intuitive?

log10 5

When I see that sort of thing I have tended to shrug and sigh, “Oh well, I was planning
to learn something today but never mind, I’m stymied again.”



“Log ten five.”

Nope, nothing there.  Its facial expression doesn’t respect my experience as a human
being by relating to anything.

Of course I really know better.  And this book is more than The Joy of Whining.  I have
the positive intention of seeing what stops capable people from learning math and
suggesting alternative approaches that will encourage learners, where traditional
methods have frustrated them.  And “log ten five” stops me every time.

It would help if “logarithm” meant something.

But it doesn’t, so let’s just forget that silly word and get on with the Good Work.

Log ten five is the Exponent that Ten has to be raised to
in order to get the Number Five.

Or, according to my calculator:

log10 5 = 0.69897 because 100.69897 = 5

But re-read the indented description again:  “Log ten five is the Exponent…”  STOP
RIGHT THERE!

Strip the statement down to its essence: “a logarithm is an exponent…”or, better yet:

A logarithm is just an exponent.

OK, so can anyone tell me, if a logarithm is just an exponent, why we have to call it a
logarithm instead of calling it an exponent?

The first excuse for calling them logarithms is that once upon a time these things were
invented or discovered by a guy named Napier who probably enjoyed inventing or
discovering them so much that he felt he must give them a name.  If not he, then one
of his followers.  Scientists and inventors love figuring stuff out, they love it more than
life itself, sometimes more than they love puppies and children!  And they want to be
remembered for figuring stuff out.

But imagine this.  Napier fails to name his brainchild and a few decades down the road
when the idea is becoming so acceptable that fewer and fewer teachers, professors,
and monks’ aides are being publicly beheaded for teaching the notion openly in
classrooms, a couple of professors are sharing shop talk over a light brunch and one
of them enters this into the conversation:  “You know, I was trying again to teach
that—um—er—you know, the thing Napier figured out—you know, that thing we do with
exponents when we already know the end result—call it “the number”—and when we
know as well the base over which the exponent resides, but we need to learn the value
of the exponent itself…”



Kind of hard to talk about something that has no name.

So here is the anatomy of a logarithmic expression.  Do you see any problems with
this?

“The Number”?  Really?  Is that the best these geniuses can do?  First they invent a
meaningless word, “logarithm” to take the place of the perfectly meaningless word we
already had—“exponent”—and then another piece of the puzzle gets named, of all
things, “The Number!”  I sense the exponential growth of confusion!  The death of
intuition!  Dude!  I’m no longer comfortable saying “number” in a generic sense…what
if I have to explain what I mean by “number” every time I use the word?!

Let me suggest that since this number is the result of something that was done, we
might label it for the action that brought it into being instead of nominalizing it into a
word as specific as, for example, stuff.  Better to call it a “result” since it is the result
of a quippling.  Call it “resultification” if you want; anything but “the number”.

The complaints I had about exponent terminology back in the quippling chapter hold
true here, except now we have inadequate terminology like “base” and “exponent”
being used to build another layer of obfuscation on top of the old one.

The human brain can tolerate a lot of insult, but are we going to continue saying
stupid things aout numbers for another 500 years and then try to mend our
foundation?  Wouldn’t it be easier to do something now?

Start by saying “exponent” whenever you see “log”.  Go ahead and try it:

Look at this:

log10 5 = 0.69897

But say this, “reading” the items from left to right:

“The exponent that 10 gets raised to in order to get 5 as the result is 0.69897.”



Or more succinctly, “The power of 10 to get 5 is 0.69897.”

That’s better already.  But you know how I feel about being stuck with the terms
“exponent” and “power” so let’s see if this description can be worked gracefully into
quippledom.

Here’s the short list of quippling terminology:

1 singling
2 doubling
3 tripling
4 quadru-

pling
5 quintupling
6 sextupling
7 septupling
8 octupling
9 nonupling
1
0

decippling*

e eepling
x quippling

* Sorry, I can’t write “decupling” and I can’t pronounce it “DEKyoopling” as instructed by Websters 7th New Collegiate
Dictionary.  I can change it if I want because nobody uses the word.  Nobody uses the word because nobody understands what
exponents do.  Nobody understands what exponents do because nobody talks about it.  And nobody talks about it because the
terminology is more embarrassing to use than “quippling” and “quipple counter”.  See the end of Chapter 8 for the whole table
up to 100.



Let’s face it, I was right: the term “quippling” was sorely needed.  But will it help with
logarithms?

Read this:

1 * 100.69897 = 5
“0.69897 decipplings of 1 = 5.”

Or:
1 * x0.69897 = 5
“0.69897 quipplings of 1 = 5.”

Without taking anything away from Professor Napier’s ingenious discovery of More
Fun with Exponents, and with no harsh words for those who get math—as
traditionally presented—the first time through and leave the rest of us behind in the
dust, I’d really like to get to the bottom of this, in fact I find the psychology of learning
as fascinating as learning itself, but I’m afraid most innovators in math and science
enjoy inventing impressive Royal Apellations for easy notions more than they enjoy
making easy notions easy to learn.

Hey, how about that “resultification”?  You like that?  Six syllables, very scientific!
Instead of “The Number.”

OK, well—about that question of finding a place in quippledom for logarithms—I slept
on it, all night and into the morning, and again after lunch, but I still have no brilliant
answer to replace the already noted, “Use it where it helps, but don’t make it your
religion.”  So in line with the basic principles of brainstorming, let’s feed the question
with some exploring in hopes that it will start to seep hints.

Say you have an annoying logarithm standing in the way between you and the next
step in your calculating.  We’ll use one from the previous shapter:

ln|y| = kt

Speaking of natural logarithms, I’d guess that the natural result of naming something
badly is liable to be a proliferation of even more bad names for the thing, as each
unassuming genius along the way renames the thing.  The whole topic of logarithms
gets a lot easier once you get down and dirty with it and learn what it’s about, and for
starters, there are about three categories of this thing.

Naturally Professor Napier has one kind of logarithm named after him, and fortunately
all logarithms really do the same thing, and the only thing that changes among these
three types is the base.

—1) Napierian logarithms.  This is a logarithm to the base e or 2.71828…  Since e is
the only number whose derivative equals itself, the log to the base e is also called
“natural logarithm”.  And since the curve drawn by exponential growth is a shape



called the hyperbola, the same kind of log is also called a hyperbolic log.  These terms
all mean exactly the same thing.

Notationwise, the little number after the log tells us what base the exponent is
supposed to hover over.  So for natural logs we can use loge x to mean “the exponent of
e to get x.”  But ln x means exactly the same thing.  “ln” stands for “natural logarithm.”

—2) Common logarithms.  The log with base 10: log10 x is “the exponent of 10 to get x.”
But it can be written just log x.  Any time there is no little base number written after
log, just assume it’s log10.  My calculator has a button for log10 that just says “log” and
next to that is a button for natural logs that says “ln”.

—3) Other logarithms.  A log can be written with anything as the exponent’s base.  The
first example below was found in two seconds by using a spreadsheet, and the others
were done in my noodle:

SEE SAY INVERSE OPERATION
log11 12 the exponent of 11 that gets 12 is

1.036287
111.036287 = 12

log3 9 = 2 the exponent of 3 that gets 9 is 2 32 = 9
log12 144 = 2 the exponent of 12 that gets 144 is 2 122 = 144
log5 125 = 3 the exponent of 5 that gets 125 is 3 53 = 125

Back to that problem we had in the last chapter:

ln|y| = kt
“The exponent of e that gets the absolute value of y is kt.”
ekt = |y| the inverse statement

What we ended up doing was to recall that a log is just an exponent, so to get rid of
the log we made it an exponent again, and the same has to be done on both sides of
the equation so we get:

eln|y| = ekt

The final solution is to mentally re-write the left side as:

yeelog

“e to the power of the exponent of e that gets y…”

The danger here is thinking too hard.  For someone like me, it’s best to use a different
example to come up with some kind of general principle.

10log1010

10 to the power of the exponent of 10 that gets 10 is 101 = 10



So we can rewrite the description as:

101010 110log10 

One more example:

100log1010

10 to the power of the exponent of 10 that gets 100 is 102 = 100

See the pattern?  I mean the first and last scenes, forget the rest of the movie:

1010 10log10 
10010 100log10 

ye ye log

Extend the pattern and consider it learned.  Some people understand this sort of
thing.  Other people learn the pattern and use it.  For me, inversitites are adversities
and that’s why I used to hate logarithms.  When my mind starts going in a circle, my
attention gets sucked into the whirlpool.  Extend the pattern to any number of
contrived examples:

zu zu  log

1219 21 log19 
QQ  016.14397 016.14397log

5123 5log  123 
yx yx  log

4747 log ee

But I hate to say, “Just learn the pattern,” just because of some dang mental
whirlpool.  Now that I see the pattern, what can I say about the learning behind it?
Without getting sucked into the whirlpool?

Yes, I already answered it.  Break the question into digestible portions:

9310 39 log10 

10 to the power of the exponent that 10 gets raised to, to get 93 is 93

log10 93 = 1.9685

101.9685 = 93



Back to the main sub-topic:

ln y = kt

Or,

loge y = kt

Disappear the log notation by making it an exponent, since that’s what logs are
anyway:

kty ee e  log

y = ekt

Let’s make up another example:

log10 63 = y

y1010 36 log10 

63 = 10y

Not only was that really sweet, it points out the main purpose of logs, which is to say
directly that we know the quipple 10 and the result 63 but we don’t know the quipple
counter y.

A few more contrived examples should close this case:

logz 29 = uw
uwzz z 92 log

29 = zuw

log10 12 = v
v1010 21 log10 

12 = 10v

But to find v, the log notation is better:

log10 12 = v

The exponent that 10 is raised to in order to get 12 is v = 1.0792.

Now to apply this routine backwards.  Starting with an unknown exponent, get rid of it
by changing both sides of the equation:



10v = 12 v decipplings of 1 = 12
v = log10 12 v is the exponent that 10 is raised to in order to get 12

It just depends on what you don’t want to look at.

PARALLELS BETWEEN LOG RULES AND EXPONENT RULES

Exponent rules are taught in arithmetic or pre-algebra class, and log rules are taught
at the end of an algebra course to students whose brains are full already after dealing
with topic after topic that they had no idea they would need in real life.

Exponents and logarithms should be taught at the same time.  If they were taught at
the same time, it would help drive home the main point that connects them: they are
the same thing!  Kind of a lame idea to teach them in different classes.

The following table is put together from a log rule table found in one easy calculus
book, and an exponent rule table found in another easy calculus book.  Can you easily
spot the obvious connections between a log rule and its corresponding exponent rule?
I think you can!  Defining the exact nature of the connection isn’t as easy as it looks,
but that’s what makes pattern-spotting fun: once you’ve seen a connection—clued by a
shared pattern—it can take days to prove that the commonality is not a coincidence by
uncovering its significance.

RULE NAME EXPONENT
RULES

LOGARITHM RULES

Product Rule 2121 nnnn xxx  logx r1r2 = logx r1 + logx r2

Quotient Rule 21

2

1
nn

n

n

x
x

x  logx (r1/r2) = logx r1 − logx r2

Reciprocal
Rule

x−n = 1/xn logx (1/r) = −logx r

Power Rule   2121 nnnn xx  121 loglog 2 rrr x

r

x 

Roots Rule   122 12

1
nnn nn

n

xxx  - - - 

Base Change - - - logx r1 = logy r1/logy x

The first thing to realize about the above chart—the unrealization of which cost me two
days of frustrated head scratching—is that n1 and n2 of the exponent rules are not r1

and r2 of the log rules.  (At first I was calling all four of them just “a and b”, like the
only “easy calculus” book I’ve seen that manages to get both sets of rules onto the
same chart.)

x or quipple or base is the same for both rule sets.



n is an exponent in the exponent rules; in the log rules, anything with the
format logx r is the equivalent of an exponent.

r is a result in the log rules; in the exponent rules, anything with the
format xn is the equivalent of a result.

Obviously r and n won’t work the same since they’re not the same thing, and until I
figured this out, I couldn’t find the significance of—or even a description of—the
visually apparent connection between exponent rules and corresponding log rules.

I don’t know what it is about my brain that has to see things in a chart before
anything makes sense, but here for example is a combination of the Product Rules for
logarithms (row 1) and for exponents (rows 2 & 3).  Reading straight down in columns
shows part of the relationship of one rule to the other by indicating notational
equivalence.

logx r1r2 = logx r1 + logx r2

n n1 + n2

x = x

This kind of thing is cute and even a useful visualization aid, but what blew my mind
a little when I finally found a way to get both rules onto one chart was that the result
was six ways to get the same number.

Sticking with the product rule for now:

RULE
NAME

EXPONENT RULE LOGARITHM RULE

Product
Rule

2121 nnnnn xxxx  logx r = logx r1r2 = logx r1 + logx r2

EQUIVALENCIES IN EXPONENT/LOG PRODUCT RULE EXAMPLE

x = base of exponent 2
n1 = a first exponent 3
n2 = a second exponent 4
n = n1 + n2 = logx r1 + logx r2 7

r1 = 1nx 8

r2 = 2nx 16

r = r1 * r2 = 21 * nn xx 128

= xn = 21 nnx 
= 21  log log rr xxx  128

The 6 numbers above are all equivalent to each other.

I don’t expect to get the Nobel Peace Prize for figuring this out, but that isn’t going to
stop me from carrying this pattern through the rest of the exponent and log rule
correspondences, to the best of my ability.  And when I see what sort of things



professional math teachers leave out of their textbooks, I can only pity them for being
bored with the most beautiful math of all, and that is 2nd grade arithmetic.

RULE NAME EXPONENT
RULES

LOGARITHM RULES

Quotient
Rule

21

2

1
nn

n

n

x
x

x  logx (r1/r2) = logx r1 − logx r2

EQUIVALENCIES IN EXPONENT/LOG QUOTIENT RULE EXAMPLE

x = base of exponent 2
n1 = a first exponent 3
n2 = a second exponent 4
n = n1 − n2 = logx r1 − logx r2 −1

r1 = 1nx 8

r2 = 2nx 16

r = r1 / r2 = 
2

1

n

n

x

x 0.5

= xn = 21 nnx 
= 21  log log rr xxx  0.5

The 6 numbers above are all equivalent to each other.

Interestingly enough, while the first chart (regarding the Product Rule) took days or
even weeks to complete*, the second chart regarding the Quotient Rule took five
minutes to make, from start to finish.  All I had to do was replace every plus sign with
a minus sign and every multiply sign with a divide sign, and copy the new examplish
values that were offered up by my spreadsheet when I just as easily changed the same
formulas on it.  That’s why pattern-spotting is useful.  When you understand the
correspondences between two different sorts of things, sometimes the pattern does
most of the thinking for you and all you have to do is fill in whatever blanks don’t fill
themselves in.  Since rote learning is something I don’t do, this is what happens when
I am determined to learn about something anyway.  I write about it while I learn it,
that way I know—because I am able to say it in my own words—that I am learning
something.  Everyone has their own style of learning.

One of the many times that I decided I needed to attend college, I had to take a college
orientation course taught by an interesting counselor named Mr. Atwood.  I sat in the
front row next to a beautiful Filipina girl who wore a hearing aid and who kept giving
me the eye and smiling at me.  I smiled back, but since I didn’t ask her out, she
shunned me the rest of the year.  I didn’t ask her out because Mr. Atwood looked at
me directly when he said, “Some of you are going to put yourself in dangerous
positions because of social alliances you make in school with people from other
cultures.”  Or something to that effect.

* If you count the five days I was in the hospital, Christmas, New Years, two family birthdays, and the
death and burial of my former family computer.



That’s not all Mr. Atwood said.  He said that the way to buy a textbook in the college
bookstore is this.  Get there first, and go through all the used books.  Separate out the
ones that are all marked up and underlined.  Then buy the one that looks like it was
marked up by a genius.  If you get lucky, all you’ll have to study is the underlined
parts.

Well I’m here to tell you that the underliner was not necessarily a genius.  He or she
might have been a pattern-spotter.  Many people wouldn’t know a pattern if it slapped
them in the face.  That’s what makes typical people typical.  The appearance of
stupidity is a ruse; the unthinking majority is just looking for a leader, someone to
ape.  I am no genius, but I am a bit of a pattern-spotter.  If you are not learning from
me, I want you to write to me and tell me why.  And while you’re at it, please tell me
why on God’s Green Earth I didn’t ask that beautiful Filipina for a date.

Once I wrote to the author of an “easy calculus” book and admitted that I had breezed
through part one of his book in a week.  Instead of pinning a medal on me, he scolded
me for not meditating upon his work at more length.  Well his work was too easy and
thus boring; he had given me nothing to meditate upon.  I fear nothing in this life
more than boredom, so I avoid it if possible.  These charts I make for you are not
meant to work magic, but to give you some meat upon which to meditate.  I hope you
like meat.

Another author of such a book said you can’t “absorb” calculus; you have to “do” it.
“Calculus is not a spectator sport.”  These authors are always talking about how to
pass tests and get good grades.  That’s what’s wrong with these books: most of them
are the same as the bad textbooks upon which they are based, but with cartoons and
bad jokes and silly verbiage added.  My cartoons are better.  And I don’t give two
donuts whether you get a good grade on some test.  I care that you become interested
enough in the topic to want to learn it.  If that happens, you will teach it to yourself,
with whatever book or teacher you happen to use.  This book is for people who want to
want to use calculus.

That said, you might have noticed by now that this is not an exercise book.  That book
has been written a thousand times.  Find the one you like or dip into a variety of them.
The key is to stay interested.  And once I have worked my freaking magic on your
unrottable soul, use the “real” calculus books to get the rote stuff done.  I only intend
to mark the door of your soul, so that understanding will gravitate to you when it
ambles through your part of town.

RULE NAME EXPONENT
RULES

LOGARITHM
RULES

Reciprocal
Rule

x−n = 1/xn logx (1/r) = −logx r

EQUIVALENCIES IN EXPONENT/LOG RECIPROCAL RULE EXAMPLE

x = base of exponent 2
n = exponent 7



xn = r 128
1/r = x−n 0.007183

logx 1/r = −logx r −7
The 2 numbers above are equivalent to each other.

This just keeps getting easier.  How could someone publish a chart of Exponent Rules
without the corresponding Logarithm Rules?  No wonder people don’t know that logs
are just exponents.

RULE
NAME

EXPONENT
RULES

LOGARITHM
RULES

Power Rule   2121 nnnn xx  rnr x
n

x loglog 3
3 

EQUIVALENCIES IN EXPONENT/LOG POWER RULE EXAMPLE

x = base of exponent 2
n1 = logx r = a first exponent 3
n2 = a second exponent 4
n3 = a third exponent 5

r = 1nx 8

n = n1 * n2 12
xn = 21nnx = 2nr 4096

3log n
x r = rn xlog3 = n1 * n3 15

The 3 numbers above are all equivalent to each other.

As any jazz musician knows, it is what we do by mistake that makes us enjoy our own
work, and I must admit that I am still reeling in disbelief that the anwer on the log
side of the rule book equals the utterly simple n1 * n3.  You will not find this in any of
the books I consulted while working on this chapter, and the fact that my
spreadsheet—which I worked on for several hours—revealed it to me personally, is
what makes the learning special and interesting to me.

In case there is one (1) person in the known or unknown universe who finds these
charts interesting, valuable, or elucidating, I’ll go so far as to say that the kind of
pattern-spotting I did to make these charts was to list every irreducible element in the
two rules for a single category such as Power, Reciprocal, Product, or Quotient; define
the relationship of the elements to each other; and put them in an order that
expresses that relationship.



CHAPTER TWELVE
Revisiting Integral Notation,

and Staying for the Numerical Approximations

Tell me and I’ll forget; show me and I’ll remember; involve me and I’ll understand.

—Chinese proverb

…but if I stay with you, I’d have to cut myself in two
…there’s not a thing that I can do.

—“My Male Curiosity” by Kid Creole & the Coconuts, 1984

In an earlier chapter we covered a group of rules that tell us what to do with diff-ation
problems that weren’t extremely simple; rules such as the product rule and quotient
rule.  The next chapter is going to cover some basic rules for integration.  But first I
have a personal need to underscore some of the concepts that were explored in
Chapter Seven when we first got serious about discussing integration.  A lot of water
has gone under the bridge since Chapter Seven and integration is of utmost
importance for actually using calculus or understanding what someone else claims to
be doing with it.  For example, let’s say you try to read an engineering article in hopes
of actually learning something from it that is of practical use, but you find that the
article is written in a way that is meant to impress and intimidate.  There’s nothing
wrong with the guy who wrote it, he just has a career to protect so he has to fit in by
trying to sound smarter than everybody else or else he’ll be “publishing and perishing”
in the UFO Quarterly.

Not me, I have nothing to protect except my ignorance, which I fly on a flagpole so no
one has to bribe me by threatening to expose it for me, and I don’t read the UFO
Journal because I already saw a UFO, so I’m satisfied and I can move on.

Something new has come to my attention since I wrote Chapter Seven, and that is
because I keep buying more and more “easy calculus” books.  Each one makes a new
point, or agrees with some point I became smitten with in the process of figuring
things out for myself.  None of these books are as interesting or downright unique as
the one you are reading at this very moment, but then this book is sort of the “Mary
Poppins” of calculus books—perfectly unique and uniquely practical—and besides, the
other writers can’t help it if they were over-qualified for the job of addressing the
interests of newbies, being so far removed from newbyism themselves.

Yes, that’s what I said: my unique contribution as a writer in the “easy calculus” field
is my complete ignorance of higher math.

Here’s a quote from page 89 of Calculus the Easy Way by Douglas Downing, PhD*.

* 2nd ed., 1988, Barron’s, Hauppauge, New York.



“…the most important thing to remember about differentials is that a
differential does not mean anything if it is all by itself.  For example, the
equation dx = 4t does not mean anything.  Differentials must always come
in pairs, as in dx = 4t dt, or in a derivative, as in dx/dt = 4t, or with an
integral sign, as in x = ∫ f(t) dt.”

The author then goes on with a routine similar to the one I showed at the very end of
Chapter Seven, which you should now read over, and if it doesn’t make sense, then
that should be your cue to read the whole chapter over before returning here to digest
further information based on what is in that chapter.

While Prof. Downing had relegated the above quotation to the protective interior of a
pair of parentheses, I’d like to haul it out into the open and ask just what is it about
this and other halves of pairs that make them meaningless when isolated from a
partner.  A head without a tail…what is that?  Sounds like half of a dualism.  As
Taoists boldly claim, if you ignore happiness, you will not be hounded by
unhappiness.  Dualisms analyze into complementary pairs.  To mention the heads
side of a coin implies the existence and even the relevance of its tails side.  But heads
and tails cannot occupy the same side of the coin.  Complementary means they
complement each other to form the whole.  A duality.

The professor’s statement was tantalizing yet frustratingly shy of content: what he
claimed to be a most important notion didn’t even make it out of a set of parentheses,
much less congeal a few paragraphs of exemplification.  Therefore, I will attempt to
guess what the heck he was trying to say, to stretch the meat of it into a whole
sandwich instead of just an hors d’oeuvre.  No doubt, knowing me, I will be hard
pressed to keep it brief, but before you skip this chapter in favor of a topic that is more
central to traditional calculus courses, ask yourself these questions:

What can I say about integral notation?
What happens in my mind when I gaze upon integral notation?
Do I know what to do about that?

My point exactly.

I want to know why dx or dt or dy cannot occur alone in an equation.  So what is
heads without tails?  Love without marriage?  A horse without a carriage?  Soup
without sandwich?  Macaroni-n-cheese without ketchup on it?

Well, according to Eastern philosophy, the two parts of a duality invoke each other;
you can’t really think or talk about one without the other one being strongly implied.
All these pop songs you constantly hear about “I’ll never leave/betray/forgive you…”
just serve to make the disillusioned or “wise” man snort in contempt.  That’s sort of
the point of Eastern notions about dualism: protestations of eternal devotion generally
introduce the topic of imminent desertion.  “I couldn’t be happier,” means—obviously,
to anyone over the age of 50—that there is nowhere to go but down.  We oldsters try



not to fall for every duality that offers itself up to us.  We like to take our happiness in
smaller bites, it’s safer for all concerned.

What that has to do with anything goes back to what I was talking about.  Any
dualism draws a parallel of a pair that is meaningless without both its better halves.

The gist of it is that dy/dx is a ratio, and a ratio is a precise comparison performed by
a division problem.  These quantities are supposed to by unnameably small, so of
what use are they in a real equation?  See later in the chapter.  There still has to be a
way to name both, in an expression that you are using, or else the one that you do
mention will have no meaning because it is part of a comparison or ratio, not a stand-
alone quantity.  A ratio without both its parts is nothing.

Returning to the professor’s examples:

“Differentials must always come in pairs, as in dx = 4t dt, or in a derivative,
as in dx/dt = 4t, or with an integral sign, as in x = ∫ f(t) dt.”

The first two examples are obvious.  Then in the third, regarding integration notation,
like any math teacher with a conscience, Prof. Downing agrees with us that the dt in
x = ∫ f(t) dt is not optional; that it is a something and that it belongs in the expression.
Of course we already proved this in Chapter Seven by showing that it got there in the
first place by virtue of its having done something in an earlier arrangement of the
same expression, and therefore can’t just be dropped because somebody doesn’t know
where it came from and has no idea what it does or what it signifies.  But the point of
the third example is this: not only is the dt a bona fide quantity—even if unnameable—
as well as not optional; its partner is, according to the professor, the integral sign ∫.
Which more than implies that ∫ is a differential too, or the functional equivalent of one.
Well I guess I find that pretty interesting.  But it begs for evidence.

Starting with the professor’s expression x = ∫ f(t) dt and translating it out of FunkNot
into the sort of notation we can use…

x = ∫ y dt

…we now have a few more questions to stir up…

…because it is our feeling around here that until an answer comes spontaneously, the
question has not been diddled long enough.

Like what are we doing with three variables x, y, & t?  Well that’s my mistake.  The
original x = ∫ f(t) dt indicated that the changer is t and the changee is a function of t
without a name of its own; I just called it y out of habit.  So what is x?  Obviously it is
not the changer.  You know what that means.  Before I’m going to try to figure out
what it is, I’m going to stop calling it x.  That gives a better looking formula for
students of “easy calculus” to apply their one-track minds to:

z = ∫ y dt



But it’s not good enough.  I have the variables backwards according to the convention
that I use to keep things simple.  Don’t analyze it, because I’m not doing math right
now; just switch codes (translate) and then check the new version for alarm bells:

y = ∫ z dt

Oh yeah, now that I see a familiar pattern, I remember what integration is about!
Change it even better:

y = ∫ y’ dt

…and there is your two-only variables, the changer t and the changee y.  Even better:

 dt
dt

dy
y

If you are now confused, take comfort in knowing that we are trying to make
something of a casually dropped statement but I prefer not to try it without first
rewriting the statement to be consistent, simple, and user friendly.  I am just saying
the same things in the terminology I prefer; the point is that Prof. Downing had
published a book on “easy calculus” while reversing the usual roles of x and y.  Since t
was the changer, x was used as the changee instead of y.  And this is excusable, since
it is perfectly factual that x doesn’t have to be the changer and y doesn’t have to be the
changee.  But we already know that; what we’re actually trying to learn here is
calculus.

Calculus you can take to the bank, if you can actually perform it.  Learn the other
junk, the conventions and high-brow notations, later.

Looking at our translated version of a generic integration problem…

 dt
dt

dy
y

…we see two differentials dt and dy, expressed as a derivative or what used to be
called a differential coefficient, dy/dt This is the function we are wanting to integrate.
We know that’s so because it follows the big S, the integration sign ∫.  Remember,
integration is when you already know the derivative—which is a ratio, even if it doesn’t
look like one—and what we want to find is the founding function* that would generate
this function dy/dt if said founding function were to be diff-ated.  No, do not say
“backwards differentiation,” because as soon as I try to think about doing something
backwards, my whole brain starts running backwards.  No, I want to focus on doing
integration forwards.

* The term “primitive” is sometimes used for this, but “primitive” has too many uses already.  If you don’t like “founding
function,” just call it the anti-derivative.



I know, I take the long way around to the main point.  Which made me a lousy miner
at an earlier portion of my devolution.  I’m a treasure hunter and a compulsive
revisionist, and looking for bits of what’s wrong with how math is taught is a veritable
pig’s heaven for the earnest seeker.

Our professor has presented us with an equation equivalent to…

 dt
dt

dy
y

…as an example of a very important principle involving, in some unstated fashion, the
restriction that all differentials must occur in pairs, and then calls the integral sign
and the final dt a pair of differentials or the equivalent.

We know that while (dy/dt) dt appears to be a multiplication problem—and is one in a
way—it cannot always be overtly treated as direct multiplication because y or the
founding function might be a 2nd-degree-or-higher expression, in which case straight
multiplication is replaced by the innate manipulations of the power rule of integration
or some other integration procedure that effectively performs multiplication upon an
infinite summation rather than upon a simple monomial factor, so the expression is
never written (dy/dt) “*” dt even though it does represent a type of multiplication.

We know that, and we’ll be forced to look at it more deeply later in this chapter,
because I find it so interesting.

The above equation more or less suggest that perhaps the integration sign really does
act as the better half of the final dt, without saying why; except that no one else wants
the job.  This stands behind the statement of myself and others that if you install an
integral sign, you can’t omit the final dt even though it doesn’t seem to do anything.
Remember, mathematically speaking, the integral sign doesn’t do anything either.  You
are the one who has to do the math, the integral sign is just sitting there telling you
“do something that gets this function integrated”.  But you have to decide how to get
the integrating accomplished, and the next chapter, if I live long enough to write it, is
going to give the most basic rules beyond the power rule for doing that.

Look again:   dt
dt

dy
y

I think we are going to get at the question of what the integral sign is doing.  Because
it can’t represent one half of a pair of anything if it isn’t doing something pairlike with
its better half.

Thinking, thinking…

OK, I tried staring at the integral sign for what could have been five useful minutes
but it did nothing for me.  Just made me quiver with fear.  Like anyone, I fear and
respect the unknown.  And find myself unnaturally attracted to it.  But enough about
me.



If you can’t figure out the wife, talk to the husband.  If they’re really a pair, then it
could throw some light on the situation.  If they’re just passing in the hall and
grunting g’bye at breakfast, maybe not.  So what’s that final dt doing there?  And how
does that make it partners-in-crime with the integral sign?

THE FINAL WORD ON THAT NOTION OF THE PAIRING OF DIFFERENTIALS

Before I get started, let me just mention in passing that the mystery which stimulated
this whole discussion was solved by another person’s comment about my true
assertion that the final dx in an integral problem is a factor in a kind of multiplication.
And about what makes the integral sign and this dx get to be partners.

First look at an easy multiplication problem.

6 * 7 = 42

Now look at an integration problem.

∫ y’ dt = y

It’s a rough analogy but it’s good enough because it’s perfectly true.

Looking at the arithmetical multiplication problem at the top, what part of the 42
refers overtly to the 6, the 7, or the multiplication sign that became said 42?  No part.
The answer swallows up the question and all its parts.  The answer is a complete
translation of the question.  If not for the equals sign—and having memorized
multiplication tables in elementary school—we might not suspect, by looking at 42,
that it had swallowed any such thing.  But it did, and we don’t waste our precious
time trying to figure out why.

Now look at the integration problem.  As the correct answer to the left part of the
equation, the right part of the equation has every right to cause everything on the left
to disappear, as long as it doesn’t break any rules doing it.  We know that y′ is a
derivative.  We know we are going to integrate it.  Because of the following dt, we know
that we are looking at changes caused in y by independent changes of t.  So we know
that y′ = dy/dt.  So dt mentions the fact that t is what we’re integrating with respect
to.  We also know that the equation…

∫ y′ dt = y

…is a multiplication problem of some kind.  We know that we are integrating not
y′ dx but an instantaneous change of y with respect to the differential of x.  It so
happens that in the process of integrating y′, it is t (because dt says so) that we are
working with as an independent variable.  And the process itself—of integrating y′—is
done by means of some overt or covert method of multiplying y′ by dt.



We also know that derivatives are ratios of one change compared to another, such as
dy/dt, which makes one meaningless without the other.  This is especially true since
any such infinitely small change is undefinable in numerical form; to discuss such a
comparison, we need both of the two things we are comparing to take part in the
conversation.  The two infinitesimals are real quantities; the ratio between them is an
actual number.

So here is the best answer I’ve found about what makes the integral sign and the dt
partner up.

Nothing.  The writer who said that was speaking in terms of a mental device he uses to
make sure he hasn’t forgotten something.  What does make a difference to us—since
differentials must still occur in pairs—is this: where is the other half of the pair?  The
integral sign may or may not have to occur in a paired relationship, for example, if you
integrate one side of an equation, you have to integrate the other too.  Presenting pairs
of integral signs makes obvious sense, though, compared to presenting an integral
sign as the partner of a differential.  What we don’t know is that its presence on one
side of the equation tells us that we are still seeking an integral; the integration has
yet to be accomplished.

To find the missing differential, we have to go back into the history of y = ∫ y’ dt.  Or
better yet:

 dt
dt

dy
y

What would happen if we were to just delete the integral sign from the right side of the
equation?  We’d have to make an equivalent adjustment to the left side, and this is
what we’d get:

dt
dt

dy
dy 

Or as they say, dy = dy.

And the point being: differentials do come in pairs, but the existence of an integral
sign on only one side of the equation tells us that an operation is incomplete: the
single integral sign is missing its partner integral sign on the other side, because what
you do on one side, you have to do on the other.  So integral signs, in that sense, also
must come in pairs, so to speak.  The single integral sign on the right matches the
lack of a differential elsewhere in the equation.

And the reason the writer who made the statement about the obligatory pairing of
differentials didn’t go into any explanation of what he was talking about is that the
rigorists would have eaten him alive in critiques based on the assumption that
rigorism is right.  And rigorists are very quick to further their claim that infinitesimals
(differentials) are not really numbers, therefore derivatives are supposedly not real
ratios.



However, many people don’t know that someone named Abraham Robinson proved
way back in 1960 that there actually is a rigorous perspective with which
infinitesimals can be viewed, which situates outrageous confabulations like the
following in the dung heap at the monkey house where they belong:

“If you're a beginner, you probably don't want to worry about these things
yet. You can just pretend that the "dx" in an integral doesn't mean anything;
i.e. that it's only there to tell you that you're integrating with respect to x
instead of some other variable. This isn't actually true, but it's probably good
enough for now. When you write dx/dt, there isn't any ratio involved.
Instead, dx/dt is simply* notation for a derivative, and this notation happens
to look like a ratio.”

No offense to the well-meaning junior rigorist who said this, but this is mathematics;
must we pretend?  As would-be rigorists—aka skeptics—tend to do, he presented his
opinions as unquestionable facts without presenting any evidence or citing any
authority.  This backs up the claim that the “formal proof” school of mathematics is
actually a metaphysical belief system based on blind faith.

In a previous discussion of similar topics, I presented a picture of differentiation and
integration together.  One works in a forward direction one way, and the other works in
a forward direction the opposite way.  Remember that graphic, it had arrows and stuff.
Now look at this progression again:

 dt
dt

dy
y   ↔ dt

dt

dy
dy 

Do you see what I see?  If you’re an equation, and you’re going down the street, and
you arrive at an intersection, and half of you turns left—say towards integration—then
in order to continue being an equation, the other half of you must also turn left,
towards integration.  Same if you turn right: if one half of the equation turns toward
differentiation, so must the other half.  So once you view integration and diff-ation
together as a whole, what they become are directions upon the path of describing rates
of change.

While differentiation—as a ratio—performs the act of division, integration performs the
act of multiplication.

A NOTE ON THE INFINITESI-MALICIOUSNESS OF INFINITESIMALS

I often wonder, if dx and friends are so darn infinitely small, then how do they even get
to be in a real equation?  For example, here is a real engineering problem from
Thompson (1910, p. 39-40):

* Always be wary of someone who inserts the word “simply” into a sentence to make himself sound infinitely educated.  There
are many alternatives to information in academia, snooty language being only one of them.



At temperatures greater than 80° Centigrade, absolute pressure of steam at
temperature* t° Centigrade is:

P = [(40 + t)/140]5

The derivative of pressure with respect to temperature is:

dP/dt = [5 *(40 + t)4]/1405

Find the rate of change of pressure with respect to temperature when the temperature
is 100°.  Substitute 100 for t:

dP/dt = [5 *(40 + 100)4]/1405 = 1/28 = 0.036

At this point it looks like dP = 1 and dt = 28.  Neither 1 nor 28 is infinitely small, so
what gives?

Just look at what happened.  First of all, the quantity 0.036 is a ratio.  Its real value is
0.036/1, or better yet, 0.036 atmospheres change of pressure per 1 degree Centigrade
change of temperature.  So as suggested earlier in this chapter, dP is not an
expressible quantity by itself, nor is dt.  However, a ratio of one to the other is going to
be some number.  It doesn’t matter how small the two differentials are, if you divide
one by the other you will get an actual quantity.  You just have to assume the two
differentials are real quantities.  For example, if they were both the same number
(whatever inexpressibly small quantity that may be) you can bet your bottom dollar
that the derivative would be 1.  You accomplish the finding of the ratio, the derivative,
by knowing calculus tricks.  It’s OK that we never know what the two wee numbers
really are, because The Calculus knows that for us and It keeps our brain less
uncomfortably full to not know absolutely everything.  This is the difference between
us “we already know calculus” dimbulbs and them rigorists what know all.  They just
enjoy doing calculus the hard way, because after all, they are rigorists.

What else happened?  This ratio 0.036/1 is correct only at a certain condition, that is,
when the temperature is 100°.  By introducing an actual non-abstract quantity into
the abstraction that is the derivative, we are changing dP and dt into ΔP and Δt.
Here’s why I say that.  Rearrange the equation above that gave us dP/dt = 1/28.

dP/dt = [5 *(40 + t)4]/1405 = ? (The derivative is already the simplest answer.)

dP/dt = [5 *(40 + 100)4]/1405 = 1/28 = 0.036 (This is a ratio at a certain
condition, that is, when t = 100.)

ΔP = (5 *1404)/1405 * Δt = 1 (You can’t say that dt = 28 or that dp = 1)

Δt = 1405/(5 *1404) * Δp = 28 (ditto)

* This is one of those derived formulas whose derivation would have to be investigated before having confidence that you
could use it.  The original equations would have used absolute temperature.



No doubt this quirkiness of having to work around quantities too small to spend at the
mall are what give the current status quo a queasy feeling about using infinitesimals.
Instead of getting used to the easy manipulation above—substituting Δ for d when real
conditions are substituted for variables in the derivative—they would have us trade
easy calculus for hard calculus.  I can’t disagree more exuberantly.  The work of
Abraham Robinson, C. K. Raju and others is well ahead of the “rigor and limits” crowd,
and eventually the world will catch up.  If I ever tackle a real calculus textbook of the
classroom variety, I’ll start with Elementary Calculus—an Infinitesimal Approach, by
H. Jerome Keisler, 2nd ed., revised 2007.  This book is available online.  He has treated
the topic uniquely by including both infinitesimals and rigorosity.  That makes me
curious.  But not infinitely curious, as he still uses both limits and function notation.
Another book that is supposed to fit somewhere between the loose use of infinitesimals
by Thompson (1910) and the rigorous use of infinitesimals by Keisler (2007) is
Calculus by Benjamin Crowell (2012).  It is free online at:
http://www.lightandmatter.com/calc/calc.pdf

INFINITE SUMMATION, NUMERICAL INTEGRATION, AND THE CO-MINGLING OF
ADDITION AND MULTIPLICATION

It has been stated many times in this tome that integration is a matter of
multiplying—usually by other than direct or simple arithmetical means—the integrand
such as y′ by the differential that follows it.  Here is a quote that refers to this topic.
This is one of the more lucid things I’ve seen on Wikipedia about math; just remember
that x here is the changee, t is the changer, and FunkNot such as v(t) means “velocity
as a function of time”.  Position or x—used here as the changee—is a function of time,
so the derivative of position with respect to time, or velocity, is also a function of time
= v(t) = dx/dt.  But pay special attention to the term “infinite summation”:

http://en.wikipedia.org/wiki/Fundamental_theorem_of_calculus

Physical intuition

Intuitively, the theorem simply states that the sum of infinitesimal changes in a quantity over time (or over some other quantity) adds up to the

net change in the quantity.

In the case of a particle traveling in a straight line, its position, x, is given by x(t) where t is time and x(t) means that x is a function of t. The

derivative of this function is equal to the infinitesimal change in quantity, dx, per infinitesimal change in time, dt (of course, the derivative itself is

dependent on time). This change in displacement per change in time is the velocity v of the particle. In Leibniz's notation:

Rearranging this equation[5], it follows that:

By the logic above, a change in x (or Δx) is the sum of the infinitesimal changes dx. It is also equal to the sum of the infinitesimal

products of the derivative and time. This infinite summation is integration; hence, the integration operation allows the recovery of the

original function from its derivative. It can be concluded that this operation works in reverse; the result of the integral can be

differentiated to recover the original function.

Reminder that while Δ and d are not the same thing, they blend into each other
regularly because both mean “change”; they are on the same functional spectrum.  Δ



is just the Greek letter delta and it refers to a change that can be measured and
treated like a regular run-of-the mill number.  On the other hand, d is notation for
change so small it can only be useful by comparing it to one of its own kind; its actual
value isn’t worth guessing at since describing it would be impossible, so (some say) it
must not “have” an actual value.  It boils down to—among other neato-keeno
solutions—the concept that an indescribably small quantity doesn’t “have” a value; it
IS value itself.  Whether that is a word game or a high-level state secret pilfered from
the archives of the gods, we are here to wonder and wander about the
multiplicationesque activity that people keep calling “infinite summation”, “Riemann
sums”, and “adding small changes”…as if integration were more addition than
multiplication!

Well it’s both; this isn’t a contest, it’s a cooperative effort among the many descriptions
to find the ones that resonate most clearly with the non-multi-tasking mind of he who
demands to know the “why” of things before he can proceed one step at a time to
follow or at least learn the rules.

To sort-of define infinite summation, I’ll first sort-of define sequence and series.

A sequence is a string of numbers like this: 1, 2, 3, 4…  Or like this: 23, 34, 45, 56…

A series is a lousy name for the sum of the members of such a sequence, like this:
1 + 2 + 3 + 4…  Or like this: 23 + 34 + 45 + 56…

The difference between summation and series is a matter of nitpicking that I haven’t
bothered to go into.  You could invent something cute like, “The series is the sum and
the summation is the act of summing the sum,” but you see what I mean about
nitpicking.  I’ll just say they’re the same thing and any inaccuracy therein will
doubtless have no affect on your ability to learn calculus.  It’s not uncommon for
synonymous terminology to exist in many fields, making it hard to say when one term
needs to be differentiated from the other.

An infinite sequence is one that just keeps going, like…

 1, 2, 3, 4…∞

…and a finite sequence is one that stops somewhere…

1, 2, 3, 4…99, 100

…or the symbol n is used for a finite finale that we don’t necessarily know:

1, 2, 3, 4…n − 1, n

Likewise, in series or summation, a finite series like 1, 2, 3, 4…99, 100 adds up to a
definite number, but an infinite (endless) series like  1, 2, 3, 4…∞ − 1, ∞ adds up to an
algebraic or other symbolic expression.  I watched Khan Academy’s videos on this



topic today and it was a lot more interesting and easy to do than I thought it would be;
even fascinating.

Now what if we had both an ending place like the 100 in the finite series 1, 2, 3,
4…99, 100, and an infinite number of members to the set?  I won’t go anywhere near
the proper mathematical expression of such a thing in this volume, but I think you
can see what I’m saying.*  Many times in discussion of integration, we talk about an
area or volume or other quantity being hard to quantify until we divide it up into a
myriad of teensy weensy pieces, measure the pieces, then add up all the
measurements.  So anyway, you’ll see the term infinite summation bandied about in
reference to this aspect of integration, as in the above excerpt from Wikipedia, but in
my attempt to get a better grasp of the terminology I have found that there is a related
practical solution for approximating integrals that is called numerical integration.

But to first get infinite summation completely out of the conversation, just remember
that if your graph is linear, then you really can write and perform integration as
straight multiplication:

y = 4x + 9; dy/dx = 4 (The constant slope 4 is a straight line; it is the same
value at all values of (x, y); the graph and its tangent the slope are the same
line.)

∫ 4 dx = 4x + C (Indefinite integral found using the power rule.)


5

2
 4 dx  = 29 − 17 = 12 (Definite integral can be solved with the Fundamental

Theorem of Calculus if C is known to be 9.)

4 * Δx = 4(5 − 2) = 12 (The 4 dx in the integration problem can just be
translated to 4 * Δx and multiplied directly since the slope 4 is constant—it
contains no variables—so it applies to the whole change of x.)

…whereas if your founding function graph is a quadratic or other higher order
function, then the multiplication involves multiplying an infinite number of rectangles
by making the rectangles so infinitely thin—width measuring dx—that the sum of all
the areas of the rectangles that comprise the area under the curve is precisely the sum
of the whole shape.  Obviously with an infinitude of calculations, it would be
impossible to do this kind of multiplication such as dx * (y1 + y2 + y3… yn − 1 + yn)
without the power rule of integration and all its little friends.

Integration accomplishes its task using infinite summation as its silent partner.  The
infinite summation that would be done automatically by some method of integration to
find a non-linear founding function is just replaced by the finite summation (5 − 2) or
3 in the fourth example above:

* I have never read about this in any book or article; it just occurred to me as I was writing this.    Maybe we could name it after
me, or better yet, how about naming it after my ex-dog?  The “Bobbins Effect” first discovered by the ex-owner of dog
Maxwell Maxfield Bobbins.  What I am talking about—the thing I haven’t seen mentioned anywhere—is the exact nature of
the connection of the term “infinite summation” to the fact that the definite integral has bounds, a definite starting and stopping
place, but within those bounds it has an infinite number of divisions.



4 * 3 = 12

Contrast the linear example above with an example of a problem that cannot use
direct multiplication because the founding function is not linear; therefore the type of
multiplication used will involve a real infinite summation.

y = x2 + 8; dy/dx = 2x (The slope 2x varies since the curve is a parabola; slope
is different at different values of x.)

∫ 2x dx = x2 + C (Indefinite integral found using the power rule.)


5

2
 2 dxx  = 33 − 12 = 21 (Definite integral can be solved with the Fundamental

Theorem of Calculus if C is known to be 8.)

2x * Δx = 2x(5 − 2) = ? (The 2x dx in the integration problem can’t just be
multiplied directly as 2x * Δx since the slope 2x has an infinite number of
values even between the finite bounds x=5 and x=2.)

The Δx = (5 − 2) = 3 is still the width of the area being sought by definite integration,
but since the height of the area’s shape is variable, in order to use multiplication to get
the exact area, the width Δx would have to be split up into an infinite number of
infinitely small widths each measuring dx, implying somewhere an infinite summation
of the height values between x=5 and x=2 in order to get a single height factor for the
area that has many elements; that’s all the y-factors added up inside the parentheses.
Thus the kind of multiplication implied by 2x dx (remembering that 2x is a function of
x as well as the slope of the function y:

dx(y′1 + y′2 + y′3 + …y′n)

The term “infinite summation” doesn’t include the multiplication that takes place, it’s
just the height factor or the sum inside the parentheses.  The multiplication itself is
just the good old-fashioned distributive property of multiplication over addition.

So to get an accurate area from the simple area formula height * width, we would need
a way of incorporating this abstract height factor into a do-able calculation, and that
amounts to the power rule, the Fundamental Theorem, and any other technique that
gets a precise value for an integral problem.  The tricks of integration.

WHEN PRECISE ANSWERS TO THE INTEGRAL ARE NOT NECESSARY,
CONVENIENT, OR POSSIBLE, AN APPROXIMATION CAN BE BASED ON A FINITE
SUMMATION

Numerical integration works the same way, except instead of an infinitude of
rectangles whose areas must be added to get the whole area, you purposely divide the
area between the curve and the horizontal axis of the graph into such a relatively
small number of rectangles that the calculations can easily be done and thus we arrive



at an approximation of the integral.  The more divisions exist between the bounds of
the definite integral, the more accurate the answer will be; you know the
disadvantages.  Time spent calculating or setting up a spreadsheet to do all those
calculations.

Within the general category of methods that can be called numerical integration there
are the most basic (and least accurate) techniques, which are the three Riemann Sum
methods: upper estimates, lower estimates, and midpoint estimates.  More accurate
and similar methods of numerical integration include trapezoidal sums and Simpson
sums.

Numerical integration, while approximate, can be used to get a usable answer in cases
where it is impossible or inconvenient to find the anti-derivative or founding function,
the function you are trying to integrate.  Remember, the anti-derivative itself is the
indefinite integral, the founding function, the function that, if diff-ated, would become
the derivative that you are trying to integrate.  If you’re evaluating a definite integral,
you don’t stop with finding the anti-derivative; you find it and then use it in
conjunction with the Fundamental Theorem of Calculus.  If you can’t find the founding
function, you can’t use the Fundamental Theorem to evaluate the function you are
trying to integrate.  That’s when you use an approximation such as one of the
numerical integration techniques.

In place of an infinite series of y-values under the curve, each of which would have to
be multiplied by an infinitely small dx (not possible without a Trick), we can choose
any number of y-values corresponding to a width much larger than dx, a measurable
width or x-value which we’ll call Δx.  Each y-value will then be multiplied by the same
Δx and the products all added together.  For example, if there are six divisions of the
whole area’s width—instead of an infinitude of them—the multiplication that we’ll
eventually do in order to approximate the integral will look something like this.

area = Δx(y1 + y2 + y3 + y4 + y5 + y6)

Because there are seven verticals when there are six rectangles, one of the verticals
will not be used, and which vertical gets left out depends on:

—whether you are doing lower or upper Riemann sums,
—whether the curve opens up or down, and
—whether the area is positive or negative.

There’s really nothing to it; the drawings are self-explanatory.  Because of all this flip-
flopping, don’t get hung up on numbering the rectangle legs y1, y2, etc.  Instead, you
should think of these y-values or height factors as numbered terms within the
summation.  The rest of the chapter will assume that you understand that distinction,
so look at the pictures.  Since Riemann sums use only six of the seven verticals, start
numbering the terms with y1.  Later you’ll have to start the numbering with y0, since
other approximation methods use all seven verticals (for a six-division approximation;
but all five verticals for a four-division approximation, etc.)



The areas we are trying to find by integration are imperfectly composed of several
small rectangles.

If there are only six divisions of the area’s width, then the small rectangles
approximating the larger area will get a pretty crude approximation, but maybe it’s
good enough.  If not, use sixty divisions and do sixty calculations.  Once you get a
spreadsheet set up, it’s not hard to change stuff around to see what happens under
different conditions.  But for now we’ll use six divisions of the area, comparing the
results among various methods of approximation, and then in the next chapter we’ll
try to find the precise answer with one or more of the integration rules to see how
close the approximations got to the real integral.

The result is six big rectangles, and because the area is curved at top, instead of
square like the rectangles, there will be some error in the results.  It’s easy to see, by
comparing the two drawings above, that an infinite number of rectangles dividing up
the area would each be infinitely small in width, thus the error at the top where the
curve is not square would be infinitely small too.  Precise.

I hope by now you’ve noticed that all the methods of integration that we’ve looked at so
far amount to versions of the same pattern: finding the area under the curve by
dividing the area into a number of smaller shapes, finding the areas of the smaller
shapes, and adding the areas to get the area of the whole thing.  That whole thing is
the area between the curve and the horizontal x-axis, and if part of the curve is
negative, then the area goes up from the curve to the x-axis and its value is negative,
being subtracted from the positive area if any.  The x-axis is really the function y = 0.



The applications for integration are vast.  For example, in a graph of pressure which is
dependent on volume, changes in volume caused by a compressor squeezing air
molecules closer together result in a continuous change in pressure until tank
pressure is reached inside the cylinder where the piston is moving.  Then the rest of
the graph shows a flat curve since the air already compressed is just delivered at
constant pressure into the tank through the rest of the piston stroke.  Now what if you
wanted to know the P * V = Work for only the compression (varying pressure) portion
of the piston stroke; or for only the delivery (constant pressure) portion.  You’d just
figure out the area of the PV chart for that portion of the piston stroke.  Or what if you
wanted to find the MEP or mean effective pressure (average pressure) that the
compressor piston is resisting during its advance?  It’s like an averaging problem but
it involves adding up all the different P values (verticals) after multiplying each one by
dV…sound familiar?  Integration.  Finding the area under the curve and dividing it by
the number of verticals measured between the V-axis and the curve.  Or more easily
and precisely, by integration.  The illustration* also shows how the engineer is
concerned with various areas under different parts of the curve.

* From Compressed Air Power Secrets, 3rd ed, by Scott Robertson, published by http://AirCarAccess.com.
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Later I will come along and add applications and real examples.  Since this book is so
long already, I anticipate the applications coming in the form of another book to be
called Compressed Air Power Secrets, Volume 2.

RIEMANN SUMS AND OTHER APPROXIMATIONS OF THE INTEGRAL

Since these numerical integrations are approximations, we have to classify them as
upper estimates, lower estimates and in-between or midpoint estimates.  The rest of
this chapter is going to be oh-so-easy.

As you can see in the next illustration, the six rectangles between the x-value bounds
3 and 7 reach six different heights.  The verticals that comprise the legs of the
rectangles will together reach for the curve, and when one of them touches the curve,
they both stop and get capped off with a horizontal end.  The thing to watch out for is
the “right, left” terminology.  I happened to draw these graphs with a curve that opens
down, so the right leg reaches the curve first even though this is the “left” Riemann
sum.  That’s because if the curve were to open upwardly, then the left leg of the
rectangle would touch the curve first.  So the “right, left” terminology is arbitrarily
oriented to curves that open upward.  The “upper, lower” terminology is better because
it is always accurate and doesn’t make your mind do flip-flops.  Lower Riemann sums
have rectangles that end before the curve and they generate lower estimates.  Upper
Riemann sums have rectangles that end beyond the curve and generate upper
estimates.



At distance Δx further up the x-axis, that is, 1/6 of the total width, the rectangle ends
and another one begins.  Notice now that the two adjacent rectangles share a vertical
side, which makes them not only adjacent but contiguous; this information will
actually be used later in a more accurate type of approximation.  For now, the second
vertical is just the front vertical for a second rectangle, and so on till the sixth
rectangle completes the shape.  Now repeating the simple formula:

area = Δx(y1 + y2 + y3 + y4 + y5 + y6)

Just do the math; it’s that simple.  I started setting up a spreadsheet so I could easily
do an approximation with hundreds of rectangles’ areas computed automatically, but I
was having too much fun with the spreadsheet and had to pull myself off it and back
into the easy kind of loose approximations that can be done with a few taps of a



calculator.  The point being, if you did have hundreds of divisions in your area’s total
width, the “approximation” reached in this way would be practically indistinguishable
from the exact integral.  I actually did this once, regarding Mean Effective Pressure of
air, while writing a book on compressed air calculations; I did it because I didn’t want
to burden my readers with any calculus.  That’s when I began to suspect that calculus
is not a separate branch of math, but just a more interesting application of easy
arithmetic.

The first step in numerical integration could be to choose your Δx value.  But we
already chose n = 6 rectangles.  Since the bounds are x=3 and x=7, I could have
chosen n = 7 − 3 = 4 rectangles so the Δx value would be 1, but that is too easy.  I
don’t want to bore you with too easy.  The way to retrofit the situation to adjust it to
the number of rectangles already chosen is to change the formula for choosing the
number of rectangles or…

n = (b − a)/Δx

…and solve it instead for Δx:

Δx = (b − a)/n

Δx = (7 − 3)/6 = 2/3 or 0.66 for the rectangle width

The six voids above the rectangles where the flat shape of the rectangles don’t meet the
curved shape of the curve are areas that will add up to the total error: the difference
between the underestimate and the precise integral.

If we had instead chosen Δx = 2/3 first, then we would have used this formula to find
the number of rectangles:

n = (b − a)/Δx

n = (7 − 3)/(2/3) = 6

Unlike when using the Fundamental Theorem, you don’t need the indefinite integral
aka anti-derivative aka founding function.  Just do this:

area = Δx(y1 + y2 + y3 + y4 + y5 + y6)

I should mention that y here refers to the y in the graph, the vertical rise, and x refers
to the horizontal change.  We are not making any reference here to the anti-derivative
because we don’t know yet how to find it for the contrived formula that was used to
draw the curve:

  20*100
5

12 2  xxy



Now we have to find the y values, but first let’s make a chart and fill in the x-values at
the Δx intervals we chose, 2/3 or about 0.66.  Make extra rows for x- and y-values in
the chart so we can use the same chart for the other methods of numerical integration
for ease of comparison.

Simpson’s Rule Approximation (Numerical Integration Example)
Δx = 2/3                   y = (12/5) * (sqrt(100 - x2) + sqrt(x)) - 20

x y
lower
Δx * y

upper
Δx * y

midpoint
Δx * y

trapezoid
rule

Simpson
Rule

exact
integral

1st vertical 3.00 7.05 4.70 Use

1.5 3.33 7.01 4.67 the

2nd vertical 3.67 6.92 4.62 4.62 funda-

2.5 4.00 6.80 4.53 mental

3rd vertical 4.33 6.63 4.42 4.42 theorem

3.5 4.67 6.41 4.27 of

4th vertical 5.00 6.15 4.10 4.10 calculus

4.5 5.33 5.84 3.90 if

5th vertical 5.67 5.49 3.66 3.66 the

5.5 6.00 5.08 3.39 anti-

6th vertical 6.33 4.61 3.08 3.08 derivative

6.5 6.67 4.09 2.72 is

7th vertical 7.00 3.49 2.33 known:

sum =
integral 24.57 22.19 23.48 ???

I’d like to re-iterate that the techniques of basic calculus are so simple that the
greatest thing to fear is boredom, and the greatest thing to overcome is not getting the
WHY part covered before you dive in to try and do the work.  Boredom + confusion =
“where’s that remote control”.  No way could I get interested in doing such easy math if
I hadn’t somehow gotten caught up in the why of it.  Also I have applications in mind
which require doing calculus.  (My application isn’t to pass a test, or to get a grade or
a diploma; my goal is to learn how to use calculus to accomplish things, not how to
schmaltz past some curriculum authorities into some job or career.  I believe that if I
spend my life doing what is important to me, then I will go to heaven when I die with a
full heart and empty pockets, and that’s the way I want it.)

Next, look at the next graph of the rectangles we have to set up to visualize the upper
estimate.  Opposite to the lower Riemann sum, all the rectangles extend beyond the
curve, and the extra areas add up to the error, the over-estimate.



Next, look at the graph of the rectangles that meet the curve at the midpoint of their
Δx interval.  This is the midpoint method.  It seems to be much more accurate than
either of the first two, because the positive error and negative error partially cancel
each other out.  Also, if I had just averaged the first two results I would have gotten
pretty close to the real thing.  However, each method has its advantages.  Maybe you
want to overestimate or underestimate something for a rough look at a conservative
figure.  Or maybe you want to bother doing the average formula only, which is a little
more work than either of the others, but even so, it’s easier than doing both the upper
and lower and then averaging the answers.



The lower, upper, and midpoint Riemann sums all use the same formula with a simple
summation being multiplied by Δx.  What changes is whether the vertical is the left leg
or right leg of the rectangle, or halfway between.  The y-values are found by plugging
the x-values into the function.

The next two methods of numerical integration are based on the same logic but are
more accurate.



The trapezoid rule for numerical inegration is more accurate that Riemann sums
because it divides the area under the curve into trapezoids instead of rectangles.
Since the top edge of the trapezoid is sloped, its slope is the same as the curve’s slope
at one point of each dx where the sloped side of the trapezoid and the curve are exactly
parallel to each other.  This is in contrast to the rectangular divisions of a Riemann
graph, where the tops of the divisions are always parallel to the x-axis.

A trapezoid is just a rectangle with one end sliced off at an angle, so it has the same
width at all points but a changing height, as does a curve.  To find its area, instead of
the rectangle area formula width * height, the formula is width * average height.*  Since
the sloped end is straight, its greatest and smallest y-values added together divided by
2 equal the average height.  The two heights used are the places where its two vertical
sides meet the curve.  The sloped end is drawn between these two points.  Formula for
the area of one of the trapezoids:

* I’m adapting the usual formula without changing the math.  Since our trapezoid is disposed vertically to put its sloped end in
the sky to meet the curve.



Δx(ya + yb)/2

Since the bounds of the whole area are going to be the leftmost leg of the leftmost
trapezoid and the rightmost leg of the rightmost trapezoid, those two y-values will be
used once each as summation terms in the final formula for the whole area.  On the
interior of the whole area, trapezoids share contiguous legs, so an interior trapezoid
shares y-values with the trapezoids on either of its two sides.  So the formula for the
whole trapezoid will include each of these shared y-values twice.  From this
information you can see how the area formula is derived.  The subnotations for
y-values start at zero since every vertical will meet the curve and get used in the
formula**.  The subnotation for y-values stop at a finite number n that is equal to the
number of trapezoidal divisions used to estimate the whole area:

area = Δx(y0 + 2y1 + 2y2… + 2yn − 1 + yn)/2

Or for six divisions of the whole area:

area = Δx(y0 +2y1 + 2y2 + 2y3 + 2y4 + 2y5 + y6)/2

What happened to the chart we were trying to fill out so we could contrast the
accuracy of the various methods of numerical integration?

Here it is again:

Simpson’s Rule Approximation (Numerical Integration Example)
Δx = 2/3                   y = (12/5) * (sqrt(100 - x2) + sqrt(x)) - 20

x y
lower
Δx * y

upper
Δx * y

midpoint
Δx * y

trapezoid
rule

Simpson
Rule

exact
integral

1st vertical 3.00 7.05 4.70 2.35 Use

1.5 3.33 7.01 4.67 the

2nd vertical 3.67 6.92 4.62 4.62 4.62 funda-

2.5 4.00 6.80 4.53 mental

3rd vertical 4.33 6.63 4.42 4.42 4.42 theorem

3.5 4.67 6.41 4.27 of

4th vertical 5.00 6.15 4.10 4.10 4.10 calculus

4.5 5.33 5.84 3.90 if

5th vertical 5.67 5.49 3.66 3.66 3.66 the

5.5 6.00 5.08 3.39 anti-

6th vertical 6.33 4.61 3.08 3.08 3.08 derivative

6.5 6.67 4.09 2.72 is

7th vertical 7.00 3.49 2.33 1.16 known:

sum =
integral 24.57 22.19 23.48 23.38 ???

Note re: Trapezoid rule: 24.57 + 22.19 /2 = 23.38

** In the next approximation, this numbering is more important since everyone does it that way, and there are other reasons to
start with y0.



New values for six trapezoidal divisions have been filled in for the same whole area.  All
seven verticals are used this time, and I posted the individual terms in the row that
contained the applicable y-value.  These values are for terms within the summation
such as y0, 2y1, etc., following the formula, not the areas.  The note at the bottom
reminds us that the area of a trapezoid is based on the averaging of the length of the
two unequal legs.  This means that if you’d rather calculate both the upper and lower
estimates and average the bottom lines from the two procedures, you can do that
instead of using the trapezoid procedure, since they results are exactly the same.

But in case you want to use the trapezoid method explicitly, here is the derivation for
the formula above.  I have chosen to phrase the first equation as if we started out with
an area that is one big trapezoid, but don’t get hung up on this, because a complex
curve would not look anything like a trapezoid.  It just made the progression of
notation smooth and beautiful.

Area of a trapezoid = Δx(y0 + yn)/2

Total area of 6 contiguous trapezoids added up:

area = Δx(y0 + y1 + y1 + y2 + y2 + y3 + y3 + y4 + y4 + y5 + y5 + y6)/2

So the generalization is this.  Remember that n is an actual number.*  It is the number
of trapezoids, not the number of verticals.

area = Δx(y0 + yn + 2(y1 + y2 + y3 … + yn − 1)/2

SIMPSON’S PARABOLOID DIVISIONS FOR APPROXIMATING INTEGRATION

Finally we have arrived at Simpson’s Rule for guessing at integrals.  It continues the
trend we have already seen of using more and more accurately analogous shapes to
get closer and closer to a curve, and then easily calculating the area of the analogous
shape(s).  I hope I am scaring you awake by saying this one isn’t as easy as the others,
because if it wasn’t for the task of wading through my endless hyperbole, I’m afraid
this chapter has been way to easy too include in any book about calculus.  But there
you go: calculus is just practical uses for the math you already know.

Riemann used rectangles; Professor Trapezoid used trapezoids, and Professor Simpson
used parabolas!

Since all quadratic equations draw a parabolic curve, this method gets almost exact
solutions for areas under parabolic curves.  For other stuff it is just a superior guesser
because—like the curve you’re trying to do something with—it’s curved.

* I don’t know about you, but to me, a number symbolized by n always seems like a horrible, unfathomable soul-eating
abstraction.  This is because when I was a small child, my older sisters used to sit for hours staring at their math homework,
muttering epithets about “n” in a desperately frustrated tone of voice, and eventually they would dissolve in tears and run to
their rooms.  I don’t have this problem with other letters.



As in the trapezoid rule, the first and last terms of the summation have no coefficient
(multiplier).  No shared dimensions on the first and last verticals.

There will be one term for each vertical, for example our area with six divisions will
make a summation with seven terms.

The pattern is for interior terms of the subdivision to be multiplied by 4, then 2, then
4, then 2, etc.  Always starting with 4.  Because of this pattern, there has to be an
even number of divisions.  Don’t fail to notice that the restrictions involved will cause
4 to also be the last coefficient, not 2.



And the summation times dx is divided by 3.  We’ll work out the derivation of the
formula last, for the sheer pleasure of being the only easy calculus book in the known
universe that bothers to show how this sort of thing is (easily) derived…the other
books either skip the topic altogether or give the formula with no explanation and no
picture.  Just imagine!  Here’s the formula for our 6-division approximation, and the
finished chart.

area = Δx(y0 + 4y1 + 2y2 + 4y3 + 2y4 + 4y5 + yn)/3

Simpson’s Rule Approximation (Numerical Integration Example)
Δx = 2/3                   y = (12/5) * (sqrt(100 - x2) + sqrt(x)) - 20

x y
lower
Δx * y

upper
Δx * y

midpoint
Δx * y

trapezoid
rule

Simpson
Rule

exact
integral

1st vertical 3.00 7.05 4.70 2.35 1.57 Use

1.5 3.33 7.01 4.67 the

2nd vertical 3.67 6.92 4.62 4.62 4.62 6.15 funda-

2.5 4.00 6.80 4.53 mental

3rd vertical 4.33 6.63 4.42 4.42 4.42 2.94 theorem

3.5 4.67 6.41 4.27 of

4th vertical 5.00 6.15 4.10 4.10 4.10 5.47 calculus

4.5 5.33 5.84 3.90 if

5th vertical 5.67 5.49 3.66 3.66 3.66 2.44 the

5.5 6.00 5.08 3.39 anti-

6th vertical 6.33 4.61 3.08 3.08 3.08 4.10 derivative

6.5 6.67 4.09 2.72 is

7th vertical 7.00 3.49 2.33 1.16 0.78 known:

sum =
integral 24.57 22.19 23.48 23.38 23.45 ???

Note re: Trapezoid rule: 24.57 + 22.19 /2 = 23.38

Note re: Simpsons rule: 23.48 * 2/3 + 23.38/3 = 23.45

By the way, I’ve never done this.  This book was written on the learn.  Since I don’t
understand how a writer could include this method in his book without including an
illustration of how parabolic divisions get closer to the curve than trapezoidal
divisions, I have to turn on the internet right now and find a good picture to look at.
I’ll be back in a jiffy.

Aha!  The real reason there have to be an even number of divisions is that each
parabola spans two divisions.  There is a reason for this.  It’s because each parabola is
drawn through three points.  Three points of verticals intersecting the curve amounts
to two divisions.

My first question about this was, how are you going to get a whole parabola to
approximate a portion of a smooth curve?  I understand if it’s like this contrived
drawing from www.dummies.com.  The important point about this drawing is to note
that the curve of the graph, with its irregular shapes, does intersect the imposed
parabolas at the evenly spaced verticals.  That because the curve of the graph was
there first, and the parabolas imposed on it were generated by three verticals matching



the dimensions of the curve.  The intersection of irregular curve with regular parabola
comprises the upper endpoints of three evenly-spaced verticals, or y-values, for each
parabola desired:

http://www.dummies.com/how-to/content/how-to-approximate-area-with-simpsons-rule.html

But then I got to thinking: what is it about the above picture that is “contrived”?  Sure,
it may or may not have been drawn by a useful function.  But the point is, would
Simpson’s Rule actually be able to approximate its area or not?  So I used an online
graphing program with a function that defines the number of brainwaves destroyed by
watching TV while standing on your head for two weeks eating nothing but chocolate,
with a background that has squares so I could try something similar and check Prof.
Simpson’s approximation by counting squares.



So here’s the graph, and we’re going to count the squares between the curve and the
x-axis and between x=6 and x=12.  There’s only one full square, and the rest will have
to be mentally cobbled together for a rough guess.  After due consideration*, I’m
guessing 3.25 positive squares and 4.9 negative squares for a net area of 3.25 − 4.9 =
−1.65.

Now let’s do the guessing Simpson’s way.

The first step is to estimate the unit length of the seven verticals.  Some are negative
and some are positive.  The one at x=10 is very short.  You can’t stop at the blue line,
you have to go halfway through it since the line is very fat and some of the curves are
very steep.

y0 y1 y2 y3 y4 y5 y6

2.
8

-2.
6

1.
6

2.1
5

-0.
5

-2.7
5

2.7
5

I used 6 intervals again for what we now realize will be three parabolas working behind
the scenes.  Since dx = 1, we can now go ahead and finish the math.  Without deriving
the formula first this time, since we will do that soon and will then be confident that
Prof. Simpson didn’t just make this up.  The formula once again:

area = Δx(y0 +4y1 + 2y2 + 4y3 + 2y4 + 4y5 + y6)/3

I’d rather arrange it with factor groupings for the multipliers 4 and 2…

area = (1/3) * (2.8 + 2.75 + (4 * (-2.6 + 2.15 + -2.75)) + (2 * (1.6 + -0.5)))

…which can be typed into a scientific calculator or checked with a spreadsheet as
below (you can paste the whole line into an MS Excel spreadsheet cell and hit Enter):

=(1/3)*((2.8+2.75)+(4*(-2.6+2.15-2.75))+(2*(1.6-0.5)))

= −1.68 (Simpson’s approximation)

= −1.65 (my laborious square count)

Which shows that, even with a contrived curve from nowhere or from a meaningless
made-up function, Simpson’s approximation is a good way to find an area of a curvy
graph.  But what do parabolas have to do with a smooth shallow curve?  A parabola is
a deep dish, no?

* “Due consideration” turned out to mean count slowly and carefully.  Since there is a small square count, sloppy guessing will
get bad results.  I had to try it several times before I got motivated to do it slow and careful.  On the other hand, another
example I tried with lots of squares and lots of parabola divisions got a manual square count of 165 where Simpson guessed
168, which is very close.  The moral of the story is that doing Simpson’s approximation is more fun than counting squares, and
more accurate too.  PS Can you find the only meaningless coincidence in this book?  It’s on this page…



It turns out that all parts of a parabola are curved.  Some parts are very curvy and
some parts are almost straight.  So subdivisions of an area bounded by a smooth
curve are approximated by the small portions of the parabola that approximate it.
Several arcs of a parabola are used to approximate the curve.  Not a whole parabola.

WHAT DOES A QUADRATIC EQUATION DO TO A GRAPH?

Remember when we learned the anatomy of a linear equation?  That’s an equation
such as the slope-intercept general form y = mx + b which describes a straight line, or
a specific linear equation like y = 4x or y = 4x − 12.  It’s the equation which also turned
out to be more than analogous to the tangent line approximation (regarding diff-ation)
and the fundamental theorem of calculus (regarding integration).  We learned that y is
always the changee, x is always the changer, m is always the slope, and b is always
the starting place.  We still thrill with the joy of discovery when contemplating upon
such marvels as a simple formula whose separate effects can be boiled down to its
separate mathematical components on a one-to-one basis.

I so enjoyed learning about the parts of the equation y = mx + b, and what those parts
represent when you’re looking at the graph, that I often can’t help but wonder what
similar anatomical analogies could be drawn about the quadratic equation and the
parabolic shape that it always draws on a graph.

Being a lover of what they used to call “pat answers,” I was a little disappointed to be
reminded that the most basic quadratic equation, such as y = x2, or z = q2, has a
varying slope at all points through the parabola that it draws.  While its one and only
derivative (not counting second derivatives, etc.) is 2x, or 2q, its slope is the unique
value of its derivative at any one point.  So it’s not exactly wrong to say that the



parabola drawn by the equation x2 always has the slope 2x, but you wouldn’t want to
imply that its slope is a single number at all times, as it is for a linear equation which
draws a straight line.  Because the x in 2x can be lots of different values, the slope
varies all the time.

Like y = x2, all quadratic equations have a varying slope.  The equation’s status as a
quadratic or 2nd degree equation is marked by one thing only: the occurrence of the
exponent 2 and no exponent higher than 2 on any occurrence of the changer.

While a monomial like y = x2 is the minimum manifestation of a quadratic equation, it
is not the standard.  The standard form is y = ax2 + bx + c.  The coefficients or
multipliers a and b can be anything, except a cannot be 0 because then it wouldn’t be
a quadratic equation.  The added or subtracted constant c has an exact parallel in the
linear equation, and that is the b in y = mx + b: the starting place.  The added
constant doesn’t change the shape or slope of the graph, it picks up the whole curve
and shifts it undamaged to another spot on the graph.

To satisfy myself about the patterns undergone by a graph under the influence of
changing characteristics of a and b, I visited many websites which failed to hold my
interest because they had few pat answers.  But the information, which I must have



picked up at least three times since I’ve taken algebra three times, is useful and you
should review it.  My favorite was the interactive applet at http://analyzemath.com
that shows what happens graphically.  For example, if a gets larger in either the
positive or negative direction—that is, if the absolute value a of |a| or |−a|
increases—the slope of the graph is going to increase faster.  This will result in a
narrower or more pinched-together parabola, all else being equal.

What I really didn’t expect was the effect of a changing value of the coefficient b on any
first-degree x that exists in the equation.  It’s all so fascinating, but I’ll let you
investigate it on your own time.  An interactive graphic is the easiest way, so try this
one*.  If you have to download and install the Java software to use it, go ahead, it’s
well worth the few minutes it takes as it really helps you understand the parts of the
quadratic equation and how they effect the end result, which is always the graph.

 THE BEST DERIVATION ON THE PLANET FOR SIMPSON’S RULE

Now, about that derivation for Simpson’s rule for numerical integration.  There are lots
of people online saying how easy it is, showing more than one way to do it, etc.  It took
a lot of stabs at google to find enough best explanations of how to derive Simpson’s
rule from the general form of the quadratic equation to satisfy me that these internet
teachers weren’t just making this stuff up, so here are those most excellent of
references:

http://www.dudefree.com/Student_Tools/materials/calc/simpsons-rule.pdf
http://aubuchon.jsc.vsc.edu/calc2DocumentSimpsonParabolaTrick.htm
http://pages.pacificcoast.net/~cazelais/187/simpson.pdf
http://mathforum.org/library/drmath/view/53670.html

But it’s better if we do it ourselves, so let’s do it.

Look again at the general formula for Simpson’s rule, and make sure that this is where
we end up at the bottom…

area = Δx(y0 + 4y1 + 2y2 + … + 2yn − 2 + 4yn − 1 + yn)/3

…and start with the general quadratic equation as the basis for all that follows:

y = ax2 + bx + c

Integrate the quadratic equation to find the area between the bounds –x to x, which
makes the y-axis the midpoint between the bounds and makes the bounds 2x distance
apart.  The distance 1x and the Δx of Simpson’s rule are the same quantity.**  This

* http://www.analyzemath.com/quadraticg/quadraticg.htm
** Every reference I’ve seen to this procedure changes x and −x to h and −h, and then at the end changes h back to Δx.  Also,
where I say “bounds,” most say “limits” but that’s one word that I only use about, you know, those limits…of which I prefer
not to speak.  However when you read about using integration to find the area under a curve, be ready to see something called
“limits of integration” which is official jargon for the teeny numbers or “bounds” at the top and bottom of the integral sign that
indicate we are after a definite integral and not an indefinite integral.  The reason for performing definite integration is to make
those little numbers go away.



represents a single parabola and the two contiguous divisions it occupies.  This
procedure uses a quantity x to refer to one division or one unit of :
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Because of the trailing numbers indicating that this is a definite integral, the
continued marking by those wee numbers indicates we have not yet found the area of
a specific parabola.  The integration (the easy part) has already been done, and the less
easy of the easy parts (the application) has not.  How to apply this formula to a real
area?  We know the bottom of our shape—the x-axis—is flat, and we know the top is a
portion of some curve to be approximated by an arc of a parabola.

Since the x-values of the y-bounds are 1x and −1x, we are looking to integrate a
parabolic shape between those two x-values, that is, to find its area.  Since the whole
distance between the first and last verticals, or the bounds, is (1x) − (−1x), we will
substitute 1x and −1x each into two copies of the above raw integration result so we
can make the wee variables go away and get a formula that applies to a real area.

area between (1x) − (−1x) 
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Which will be conveniently broken up thus:

 ccax
x
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In order to find correct lengths for the verticals since we are imposing another curve—
a parabola—onto the curve that we are going to use Simpson’s rule to approximate, we
want to go back to the quadratic equation…

y = ax2 + bx + c

…and substitute our x-values for the three verticals y0, y1 and y2.  We are putting
together a routine for finding the area under one parabola; eventually each pair of
divisions—which is defined by a trio of verticals—will have their own subnotations; for
example, the next trio will be y2, y3 and y4.  But each trio of verticals will use the same
formula, so we only have to do this derivation for the first one.

Find y0, y1 and y2.

y0 = ax2 − bx + c

y1 = c the y-intercept, the place where x = 0

y2 = ax2 + bx + c

To get a form that will be useful in the next step, it just so happens that some genius
once figured out that we desparately need to add y0 and y2.

y0 + y2 = ax2 − bx + c + ax2 + bx + c

= 2ax2 + 2c

Substitute 2ax2 + 2c into the area equation:

area =  120 4
3

yyy
x





Using an odd number of x-values, therefore an odd-number of verticals, therefore an
even number of intervals between bounds—because each parabola spans three
verticals, left, right, and middle—using first and last verticals y0 and yn once, common
boundaries twice, and interior verticals once—and writing the y-values in numerical
order, we arrive at a formula for the total area of a series of contiguous parabolas:
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Since the parabola has been set up to span 2 intervals and each interval Δx = 1x, the
usual pattern for a numerical integration formula, customized for Simpson’s rule, is
the final result when we complete the last steps:

factor out x/3
add like terms
substitute Δx for x
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Which shows that:

—1) Even-numbered y-values such as y2 & y4 are used twice because they are
common legs or borders between contiguous parabolas.
—2) Odd-numbered y-values are used four times because the interior y-value in
each parabola—the one not bordering on an adjacent parabola—has a certain
geometry proportional to 4 times the quantity c.  This has to do with the
proportions of a parabola.
—3) The odd-numbered 2*y values and the even-numbered 4*y values alternate
because interior verticals and boundary verticals alternate with each other.

Here is the comparison chart one last time.  The note at the bottom reminds us that if
you add the results from the midpoint rule twice to the results from the trapezoid rule
once, and average the three quantities by dividing the total by 3, the result is the same
as what you would have gotten using Simpson’s rule.  I find that sort of thing utterly
fascinating, so let me know when you figure out why that coincidence of results
occurs.  No doubt it is no coincidence.

I often wonder what people are going to say about my wordy little book, when of course
the industry standard is “terse x terse, let the poor student figure this stuff out.”  It’s
sort of like spy stuff—“in-tell” doled out on a need-to-know basis, like in the movies—
education of the fiercest, the James Bondest.  Unfortunately it is not always the
fiercest who are the most talented*.  Here I am, explaining things that other books
don’t explain, and why?  Because they are the questions I had that no book explained
to me.  But, I wonder, shouldn’t I leave some stuff for readers to figure out for
themselves?  Well that can’t be avoided, no matter how much I shoot for completeness.

* Please review the spy documentary Johnny English starring Rowan Atkinson and John Malkovich.



But I reject that attitude as incongruous to the goal of teaching, because my strategy
of making it as easy as possible for people to learn about what I’m discussing is my
answer to the price-fixing club that wants a homogeneity within the engineering
industry of people who won’t charge less.  After all, getting through school nearly
murdered them and they are going to use the rest of their lives to get even and pay off
their students loans, hopefully before they die.

Simpson’s Rule Approximation (Numerical Integration Example)
Δx = 2/3                   y = (12/5) * (sqrt(100 - x2) + sqrt(x)) - 20

x y
lower
Δx * y

upper
Δx * y

midpoint
Δx * y

trapezoid
rule

Simpson
Rule

exact
integral

1st vertical 3.00 7.05 4.70 2.35 1.57 Use

1.5 3.33 7.01 4.67 the

2nd vertical 3.67 6.92 4.62 4.62 4.62 6.15 funda-

2.5 4.00 6.80 4.53 mental

3rd vertical 4.33 6.63 4.42 4.42 4.42 2.94 theorem

3.5 4.67 6.41 4.27 of

4th vertical 5.00 6.15 4.10 4.10 4.10 5.47 calculus

4.5 5.33 5.84 3.90 if

5th vertical 5.67 5.49 3.66 3.66 3.66 2.44 the

5.5 6.00 5.08 3.39 anti-

6th vertical 6.33 4.61 3.08 3.08 3.08 4.10 derivative

6.5 6.67 4.09 2.72 is

7th vertical 7.00 3.49 2.33 1.16 0.78 known:

sum =
integral 24.57 22.19 23.48 23.38 23.45 ???

Note re: Trapezoid rule: 24.57 + 22.19 /2 = 23.38

Note re: Simpsons rule: 23.48 * 2/3 + 23.38/3 = 23.45

So you think I’m trying to slash fees within the industry of engineering?  Send all
those overdressed professionals back down to middle class status like common wage
slaves?  Not really.  Getting a heretofore ignored variety of talented people the
information they need to design technical stuff will not slash engineering fees.  It will
regulate them.  It will place some measure of restraint upon the fiercest.



CHAPTER THIRTEEN
What does Indefinite have to do with Integrals;

Integration Rules, and the Real Power Rule!

. . . education consists in co-operating with what is already inside a child's mind.

—Walter Warwick Sawyer
Mathematician’s Delight

No matter how cynical I get, I can’t keep up.

—Lily Tomlin

This is my last word on function notation*.

You’ll have to teach yourself FunkNot at some point so you can understand what other
people are saying in their books and papers.  Once you learn it, you do not need to use
it every chance you get just because other people do.  Once people realize it is
redundant to always say what everything is a function of, the practice will gradually
wither away because it is inconvenient, ugly, hard to understand, ugly, anti-intuitive,
ugly, and unlikable.  This book is one of the only resources that exist for learning easy
calculus without its being polluted with FunkNot.**

This came to me when I was first reading about mean value rectangle theorem in
regards to integration.  I noticed that the FunkNot in the “easy” calculus book was
slowing me down.  Imagine that.

Speaking of slowing down, I hope by now that your conscious mind is near shutdown
so that the infinitely intelligent part of your brain—the remote mind aka unconscious
mind—can get the serious work done of filing tidbits of information in the right place
and arranging all the files and directories created by your reading of this book into
usable patterns where interesting stuff can be found again when needed.  This doesn’t
work for me because I have what we in the research business call a “full brain,” so if I
need information about anything I’ve read in the past several decades, I have to go
back and read it again.  Don’t let that happen to you.  If you spend as much of your
time as possible playing with children and gardening instead of studying and
researching in your spare time, you could still be sharp as a fiddle when you reach my
age and beyond.

You may have noticed that in the last chapter, after approximating the same integral
five different ways, we were unable to compare the approximation with the real answer

* Don’t count on it.
** The only other one I know of is Silvanus P. Thompson’s classic, Calculus Made Easy.  Any edition is good and the
modernized edition is worth having just so you can read Martin Gardner’s recent introduction to it which really hits the spot.



because the function we were trying to integrate was slightly too complicated for a
direct application of the power rule.  So we will now have to learn how to integrate
slightly more complicated functions.

But before we dig into the basic rules of integration, we’re going to walk around
integration notation one more time with different colored glasses on, for a final
inspection of the tool we are so eager to begin using.

IF YOU ARE COMFORTABLE WITH INTEGRATION NOTATION, MORE POWER TO
YOU, BUT ARE YOU SURE YOU’VE REALLY LOOKED AT IT?

I think that, in the interest of rigor, mathematicians love too much such words as
“meaningless” and “undefined”.  Why can’t we just say that a fraction with zero in the
denominator is “misunderstood” or “unappreciated” by our current level of scientific
ability?  I used to read a lot of books that tried to define the indefinableness of the Tao,
the concept of One that Is the Universe, and it’s a similar concept.  If a fraction with
zero in the denominator is undefined, then who are we mere mortals to arrogate unto
ourselves the task of defining it as such?  A definition is a separation of what a thing is
from what it is not; a duality.  A fence, wall, corral.  A rigid thing.  Why are
mathemagicians so fond of their rigid things?

I mean, a health food nut doesn’t pass McDonalds and say, “That’s undefined and
meaningless.”  He says, “That’s yuck.”  Mathematicians should be so honest and just
admit when they don’t like something, for example, “I don’t like easy calculus because
it is only useful to amateurs like engineers and rocket scientists.”

I’m not arguing against the usefulness of not accepting indescribabilities such as zero
denominators as numbers—or not…—I’m just saying we need to keep an open mind
and admit that there is also a usefulness to considering the derivative or dy/dx as the
closest imaginable thing to a fraction with a zero denominator.  The usefulness of this
is that it allows us to tell the “limits” pogrom to take a hike.  To paraphrase Sal of
Khan Academy, most limits problems can be solved by plugging in values that are
indescribably close to the one we can’t legally mention, that is by approximating (but
not quite reaching) one of those illegal fractions.

In the last chapter there was this word “meaningless” being tossed around; it was
someone’s firm belief that a dy without a dx is “meaningless” and we already talked
about it and came to the conclusion that no matter how hard it is to talk about a
number which we can’t write with numerals, the fact that dy/dx is some ordinary
quantity pretty much proves that dy and dx are real quantities too.  Misunderstood
and unappreciated, but actual.  And definitely not meaningless.  The white boys who
supposedly discovered calculus in Europe used infinitesimals as the springboard for
their creation.  I think it is the personality slant of a professional mathemagician to
depreciate that which cannot be rigor-mortised or wedged into a corner by a proof-
oriented definition.  Meanwhile, the rest of the world deserves to know that calculus is
a simple tool that anyone can use, anyone can learn, and with all due respect, to hell
with rigor: let’s learn something whether they like it or not.



What is it about the art of conversation that mathematicians fail to appreciate?
Textbook writers in general these days, and ever since the 1930s and 1940s, have
been steered by their publishers and editors to write in the passive voice without using
any personal pronouns, without any repetition or redundancy, and without
mentioning what it is that someone needs to understand first, in order to understand
the point being discussed.  The terseness tactic has sent conversation and calculus to
separate corners, combatants and not companions.  But what is it that people
voluntarily talk about?  Stuff they are interested in!  And what level of interest does a
terse math book generate in its readers?  It’s a quantity very, very, close to zero…  I’m
not talking about the math aficionado, I mean someone who only needs math to
perform a task or a career he intends to take on.  These folks need to be motivated by
effective teaching techniques, so they will not be afraid to try something reputed to be
difficult, so they can seek a more challenging career, so the rich and the already-
overpaid stop getting to take home ALL the bacon.

The purpose of this long-winded process of aiming our peepers at basic calculus with
many-colored glasses is not just to teach some basic calculus, but to bolster the
resources of the lone petitioner…please sir, just a little more…please try to explain it to
me more simply…  Many people will be teaching themselves or studying online in the
near future, instead of paying stupid tuition to the sharktanks they call institutions of
learning, and the terseness teaching doesn’t work without a live human right there to
talk to about the book’s mostly gray areas.

It’s not what we try but how we try it, and whether we’re ready to try again, and to try
something different, until understanding starts to germinate.  Until I look at an
integration problem and feel unintimidated, I will continue the conversation about
integration notation, knowing that math should not frighten people.  But I know that
human coding patterns scare people all the time.  I experience this every day because I
live in a land that is foreign to me and constantly see that the reaction to an
unfamiliar human code is automatically panic in many people, no matter how
intelligent either party is or how hard someone is trying to communicate.

One of the rules of integration can be gotten out of the way right now.

When doing an integration problem, if there’s a multiplied constant within the function
that’s to be integrated, that constant can be gotten out of the way by moving it in front
of the integral sign.  This mirrors the diff-ation rule wherein a multiplied constant or
coefficient or multiplier of the changer will make it through the diff-ation process
unchanged, becoming an identical multiplier in the derivative.  Integration doesn’t
mutate multipliers any more than diff-ation does.

If y = 0.1x2 + C, then dy/dx = 2 * 0.1 * x1 = 0.2x.  The multiplier 0.1 is untouched by
diff-ation and the added constant C—no matter what it is—doesn’t leave a trace when
differentiation has taken place.

Now let’s say you have a function 0.2x that you want to integrate:



∫0.2x dx = y

According to the law of getting coefficients out of the way when integrating, or
whatever its formal name is, if x happened to be constant, our problem could be
simplified thus:

0.2x∫dx = y

Why?  Because, as we are now well aware, ∫0.2x dx = y could be written ∫0.2x ‘*’ dx = y
and it darn well should be, but who’s the brave soul that’s gonna be the first to say
this in a textbook?  Don’t hold your breath.  Anyway, that leaves us—according to
Thompson (1910) whence I stole the example—with:

∫dx = x so therefore 0.2x∫dx = 0.2x2 = y

Interesting, but x isn’t a constant, so…but wait.  We’re talking about integrating a
function or curve, which is the same thing as saying we have a slope generating
function that draws a curve, and we want to know the founding function whose
derivative is the slope generating function.

I think what just happened is that I was thrown into confusion by Thompson’s line of
reasoning because it contained a dx but no dy.  What I have to do then is to remind
myself of what the conclusion was in the last chapter when one writer said that it’s OK
for a dx to appear without a dy when there is an integral sign to take the place of the
missing dy.  And then with deeper insight we learned from an online commentator that
the integral sign isn’t really the partner of the isolated dx, but rather there is an
equation with an integral sign on one side and not the other.  The dx can appear
without its partner because it’s as if one side of the equation had already been
integrated, with its dy thus being swallowed up in that inferred process.

To repeat the question:

y = 0.2x∫dx = 0.2x2

And then to test the conclusion, what if we did add an integral sign to the side of the
equation where there isn’t one?

y = ∫dy = 0.2x∫dx

Or:

∫dy/∫dx = ∫(dy/dx) = 0.2x

OK, so from 0 to whatever x-value is comprised of equal increments of x, in that way x
has constancy.  So the x-value itself can be averaged by adding some x-value that
we’ve taken an interest in to the value of x that equals zero, and dividing by 2, to get



the average value of x.  If the curve starts at an x value of zero and proceeds to an x-
value P, then the average x-value through this portion of the graph is xP − x0/2 =
average x-value between x=0 and x=P.  The average x-value of this example is ½ xP.

Here’s one answer that I channeled as my eyes were closing: “If x is constant then any
function of x that is a derivative will have an integral that is a 2nd degree function and
because slope is a line any Δx/2 or average x can be used to find slope.”

HOW I FOUND THE REAL POWER RULE OF CALCULUS BY ACCIDENT WHEN I WAS
RESEARCHING A SEEMINGLY UNRELATED QUESTION

Oddly enough, none of that makes any sense to me, and I encourage you to ignore it.
Since I myself felt encouraged to ignore my own half-formed thoughts on the topic, I
posted a question on the internet in hopes that someone else could lead me through
the swamp.  The person with the answer used small delta δ and d in a way that was
obviously not interchangable, so here is the difference between those two symbols
according to wikipedia:

“…a differential is traditionally an infinitesimally small change in
a variable. For example, if x is a variable, then a change in the value of x is
often denoted Δx (or δx when this change is considered to be small). The
differential dx represents such a change, but is infinitely small.”

So apparently there is a somewhat loose spectrum where dx (infinitely small change)
blends into δx (small but nameable change) which blends into Δx (any nameable
change).

Here is my infinitely large question and the easy answer it gave birth to:

If y = xn, then yn/x = dy/dx; is there an application?
I wondered what's the significance of a statement on page 157 of Silvanus
Thompson's "Calculus made Easy" 3rd edition. His example is a linear
equation whose anti-derivative is naturally a 2nd degree equation. He
mentions the average of x-values which is Δx/2, which fascinated me and
now I can't figure out why he brought it up. He's very clever and I think he
is rolling in his grave because the light bulb is not going off over my head.
Can anyone tell me what is the point of bringing this up, or is he just
blabbing? Here is the whole paragraph:

(re: y =  ∫(1/5)x * dx)
"...if x had been constant,  ∫(1/5)x * dx would have been the same as
(1/5)x ∫dx, or (1/5)x2. But x began by being 0, and increases to the
particular value of x at the point P, so that its average value from 0 to that
point is (1/2)x. Hence  ∫(1/5)x dx = (1/10)x2; or y = (1/10)x2."

It seems there might be some relevance in this example since the slope of
a 2nd degree equation is a linear equation and the average y-value of a
straight curve equals any two points divided by 2. But the place for this



thought to fit somewhere and mean something is very vague.

Then I found that his statement wouldn't even apply to 3rd degree
equations etc. Instead I discovered that if y = xn, then yn/x = dy/dx, which
seems like a simpler version of the power rule for derivatives, if there is
any application for it.

I have very little experience with calculus because mostly I get stuck on
enigmatic remarks that writers make and spend a lot of time trying to
figure out how it is important and how it could be said better to be easily
understood. And so its significance could be more helpful in teaching the
topic. If anyone can tell me the significance of this remark or of the whole
passage, or of my version of the power rule, I'd appreciate it.

ANSWER
If y = xⁿ, then: dy/dx = n · xⁿ−1 = n · xⁿ/x¹ = n(y/x).

∴ if δy is the change in y corresponding to 

... an infinitesimally small change δx in x, then 

... δy/δx ≈ dy/dx gives δy/δx ≈ n(y/x)

∴ δy ≈ n(y/x) · δx

∴ (δy)/y ≈ n · (δx)/x

∴ [(δy)/y] · 100 ≈ n[(δx)/x] · 100

∴ (Percentage Change in y) = n · (Percentage Change in x)

His reason for changing dy/dx to δy/δx once again: if dy and dx are
infinitesimally small, then it might not work to separate them from each other in
an algebraic expression because their quantities are inexpressible.  However if
we change them to notions that we can express, the real quantities δy and δx,
(which are results of the teeny change dx in a real condition) then they’re just
numbers and can be manipulated every which way.

The first thing I noticed in his argument is that the index or exponent n that
makes y out of its base x is a kind of counter, thus in a different version of the
same math, it becomes a multiplier instead of an exponent.

…which means that if I had looked in this, my own book, for the significance of
yon cryptic remark, instead of looking on the internet, I would have found part
of the answer (the question part!)  Here’s the selection from an earlier chapter of
this book:



Now instead of pictures, numbers, graphs, expositions, or proofs, I’ll just
present a simple interplay of units or their representeds as a
demonstration of the power rule of calculus at work in the physical world,
free of numbers.  Being about units, this is about phenomena….Notice
that the power rule is not being used here, it is being proved here, by
proving true when it comes from a different approach.

Notice also—and you might remember this from reading Chapter 8—that a truly
simple and obvious proof of the power rule as an easy intuition was not exactly
the result of that earlier chapter, outside of those based on geometry.  So here is
the real answer, and it’s just simple algebra.  The last two lines (see above
contribution from internet genius) about percentage weren’t necessary so I
highlighted the real conclusion: when you say something true as a mathematical
function, the quipple counter that uses the changer as its quippler or base is
going to end up as a multiplier of the same base in another version of the same
mathematical truism which we call the “derivative”.

I am making the bold sweeping statement that a function and its derivative are
the same mathematical truism.  In order to be able to say that, I have to say
that a whole chain of derivatives such as position, velocity, and acceleration with
respect to time—which are derivatives and anti-derivatives of each other—are all
saying the same thing in a different way.  It is the nature of reality that truths
unfold from each other, and that is also the nature of calculus; it’s what
calculus has to show us about reality.

I can accept that a function and it’s derivative are the same thing.  I think it’s a
good perspective to have.  Enough of teaching math as a bunch of unrelated
factoids.  I know it increases the university’s profits, but if we care to teach, then
let’s teach as if we cared.  (Not me, I only teach myself.  The higher education
clique blew me out its back door many years ago, and after numerous
masochistic attempts at re-entry I finally got the message and stayed out.)

To re-state more simply the main point from above—which is also the solution to
the quest in Chapter 8 for an intuitive proof that the power rule of diff-ation
really is a core definition of diff-ation—

If y = xⁿ, and…

dy/dx = n · xⁿ−1 (power rule of differentiation)

…then:

dy/dx = n · xⁿ/x¹

dy/dx = n(y/x) (substitute y for xn)

dy = n(y/x) · dx



(dy)/y = n · (dx)/x

The usual power rule is the easy, do-it-in-your-head, unenlightening version of
something we’ve been searching for that we hope will be more enlightening.  And
that thing is this beautiful bottom-line statement:

If y = xⁿ, then 
x

dx
n

y

dy
 . The Real Power Rule of Calculus!

So finally, after all this semi-fruitful head-scratching, I have found the Real
Power Rule of Calculus, and this is what it states in words:

If y = xn, then the ratio of 
itself 

in  change resulting the

y

y
 is equal to n times the ratio

of 
itself 

in  change initiating the

x

x
.

A quick visual inspection of the Real Power Rule of Calculus informs us that the
index n is a proportionality factor that incorporates the nature of the change
instigated by dx.  No such revelation occurs when we gaze upon the power rule
that we use every day; witness the many pages in this book devoted to making it
reveal something about itself; or am I just hard of head?

And there is a version that applies to integration; naturally, since we have now
found the basic statement that the power rule is trying to make, the power rules
of diff-ation and integration no longer seem so very different except in superficial
appearance.  Symmetry rules the day; it makes my heart sing to announce that
both the power rule of diff-ation and the power rule of integration…

If y = xⁿ, and n = m + 1, then 1 nnx
dx

dy
and     

1

1






m

x
y

m

.

…can be derived from the same ultimate identity of what calculus is and how
calculus works:

If y = xⁿ, then 
x

dx
n

y

dy
 . The Real Power Rule!

Why on earth isn’t this the first thing anybody ever gets taught about calculus?
It ties together my suspicion that the power rule is very basic, core information
about the relationship of function to derivative to integral with the statements I
made about exponents being counters of quantiples or quipples.



If n is exponent of changer in the original function, then n is multiplier of
changer in the derivative of the function.  Here ends our quest for proof that the
power rule of differentiation is the core proof of differentiation.  You don’t need
limits to understand this simple bit of algebra.

You just have to understand that since dx is infinitesimally small, it has been
rejected by mathemagicians who don’t want to juggle rationalizations of its
existence and usefulness by using δx and Δx when needed to slide past the
objections of rigorism.  I do this mentally, and all throughout this book (unless I
remember to go back and change it), I have failed to “differentiate” between dx,
δx, and Δx, preferring to use dx a lot and just let it slide.

We can now restate the derivation of the power rule of diff-ation from the Real
Power Rule by starting with a statement about integration instead of starting
with the statement y = xn.

If y′ = xm, and n = m + 1, and…
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(power rule of integration)
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 The Real Power Rule of Calculus

For those who may suspect that I am harping on a familiar theme, let me assure
them that they are correct.  Why didn’t we learn the Real Power Rule of Calculus
in first year algebra instead of studying how far due south of Poughkeepsie Dick
and Jane will be when they meet again, if Jane flies out of New York City at 4:30
pm and Dick crawls out of a bar in Buffalo at 2:00 am, with corrections for time
zones and daylight savings time.

I don’t know what the application of this new power rule might be since I’ve
never seen it in a book (only alluded to near the bottom of page 157 in
Thompson 1910).  I believe its usefulness lies in the adage that the longer you
stalk your prey, the better you will know its habits, so when you finally go in for
the kill (open a “real” calculus book), the more likely you are to get what you are
after.

Now those of you who have read this book carefully will be wanting to know
when I am going to set aside what I’m doing to show that this new Real Power
Rule of Calculus is another interpretation of the Linear Equation y = mx + b.
Well, I’m not going to do it.  You are.  It’s your homework.

Like many algebraic expressions, the Real Power Rule of Calculus has a variety
of equivalent expressions, which I am calling identities since I don’t know any
better.  First of all, the Rule itself, accompanied by its wordful identity with the
rest of the group tagging along behind:



If y = xn then:

x

dx
n

y

dy
 The Real Power Rule of Calculus

The Rule solved for relevance and intuition: The
proportional change in y equals the proportional change in
x times a proportionality factor n.  The proportional
change in y is dy/y, for example, because it is a ratio of
how much y changes compared to the value of y itself.
The more general statement—since the letter y doesn’t
have to be used for the changee and x doesn’t have to
be used for the changer—is this: The proportional
change in the dependent variable equals the proportional
change in the independent variable times a proportionality
factor n.

n

x
yy  the Rule solved for y
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 the Rule solved for x
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y the power rule formula for differentiation
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the power rule formula for integration

(If y′ = xm, and n = m + 1.)

Notice in the top four identities that one of two proportionality factors is
included, which I have set off as multipliers to make them stand out; they are y′
and n.  Each identity is comprised of a ratio with a proportionality applied to it.
With nary a quipple to be found, it is becoming more and more apparent that at
its core, calculus is all about ratios.  Proportions of one thing to another.  The
last two formulas are the power rules generally taught in school because they
are so useful and easy to do in your head, and because being familiar with them
is not likely to put you into any shape for competing for your Professor’s job.
They are handy tools, equally as true as any other identity of the Power Rule,
and I call them “just formulas” because they are translated into a convenient



form that gets the job done without speaking of their source.  Once exponents
get involved, the average person’s inclination to intuitively probe the heart of
something shuts down and they go into “just give me something to memorize”
mode.

Returning finally to the passage (bottom of page 157, Thompson 1910)… at this
point in my investigation, the word “average” appears to be an irrelevant point
made by the author in passing.  He got it by dividing x by 2 and this is not
because he needed to be averaging something; it appears to be a coincidence
and if not, then it’s a trait that only accompanies second-degree functions.  If
you look at the passage in light of “the Rule solved for y” directly above, you will
see that dividing by 2 in Thompson’s example = dividing by n.  So if the function
that generated the derivative was 2nd degree, you will divide by 2; if linear, you’ll
divide by 1; if 3rd degree you’ll divide by 3, etc.  So you see, a stray comment by
a master mathemagician in a fairly excellent “easy calculus” book forced me to
study a single paragraph in said book for several days, post queries online, and
finally emerge with a glimmering of new understanding about what he wasn’t
saying.  And still wondering why he said it.  I don’t know what “average” has to
do with it.  But thanks to the online commentator who answered my question at
http://answers.yahoo.com, I was able to finally see that Thompson was solving
the power rule for y.  He didn’t need to spell this out to his audience in 1910,
because back then teenagers were needed to work the farm, and your only way
out of that would have been to master algebra by the age of 10 so your pa would
let you stay in school in hopes you might pull the whole family out of poverty
with some kind of fancy degree.  Thompson’s audience was much better
educated than today’s TV brats, me included.

Now for some examples of the Real Power Rule of Calculus using its alternate
identities.  These functions are perfectly contrived and meaningless, but I’ll try
to make up for it in my next life by becoming able to read and understand real
engineering books.

EXAMPLE OF POWER RULE IDENTITIES

If y = x3, then dy/dx = 3x2; that’s easily done in your head in either direction by
using the power rule formula for diff-ation or by starting with dy/dx and using
the power rule of integration to find the founding function; now let’s test the
other identities to see if they work:

y = x3

n = 3
y′ = dy/dx = 3x2

solve for y y = y′ * x/n y = 3x2 * x/3
y = 3x3/3
y = x3



solve for x x = n * y/y′ x = 3 * x3/3x2

x = 3x3/3x2

x = x

solve for y′ y′ = n * y/x y′ = 3 * x3/x
y′ = 3x3/x
y′ = 3x2

solve for n n = y′ * x/y n = 3x2 * x/x3

n = 3x3/x3

n = 3

Well that’s enough examples.  I tried some harder-looking ones but they were
just as easy and I don’t want to uglify my book with easy stuff that looks hard.
For applications, just keep your eyes open and let me know what you see.

A FEW MORE RULES FOR INTEGRATION

I’ve been meaning to slip this in, and here is as good as anyplace.

I spoiled the surprise by mentioning earlier that differentiation and integration
do the same thing with a multiplied coefficient (multiplier) like the 7 in 7x9:
nothing.  The 7 stays and is included in the derivative.  If the derivative is
integrated, the 7 stays untouched again and lands back in its original form
where it came from:

y = 7x9

dy/dx = 9 * 7x8 = 63x8

y = ∫63x8 dx = 63/9 * x9 + C = 7x9 + C 

Remember to add the + C when doing indefinite integrals since there is that one
item of non-symmetry between diff-ation and integration: when we start with a
function and find the derivative, we know whether the function has an added
constant (a starting place on the y-axis other than zero) but since added
constants are dropped when diff-ating, the information is no longer available
when integrating.  That’s what makes it indefinite, as well as the fact that it is
not a definite integral, and a definite integral applies the antiderivative to a
definite range of values on the x-axis to find a corresponding definite y-value.
You always have to add + C when you find an indefinite integral and never when
you find a definite integral.



The slope field of ƒ(x) = (x3/3)-(x2/2)-x+c, showing three of the infinitely
many solutions that can be produced by varying the arbitrary constant C.
From wikipedia’s article “Antiderivative”.

Notationally speaking, the integral sign has a top end and a bottom end.  Little
numbers or variable letters can be planted somewhere near the top and bottom
ends of the elongated S or ∫ to indicate the two values of x that are of interest, if
it is a definite integral.  Otherwise, it’s an indefinite integral.  The difference
between an indefinite integral and an anti-derivative is just a bit of nit-picking
that someone wouldn’t have dreamed up if someone hadn’t named the dang
thing twice.

As for divided constants, they’re the same thing as multiplied constants.  When
you see x/2 you can always change it to ½ * x and call it multiplication.

Added terms are integrated separately and the results added together.  Same as
when you differentiate added terms:

y = 5x4 + 2x2 + 9 the known function

dy/dx = 20x3 + 4x the found derivative

y′ = 20x3 + 4x the known function

y = ∫(20x3 + 4x) dx the indefinite integral
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the anti-derivative

y = 5x4 + 2x2 + C same

Now about those little numbers at the top and bottom of the integral sign.  They
are supposed to come in a certain order, and since the default order when a and
b are used to make generalities is to put b on top and a on the bottom, I think





it’s safe to assume that these two x-values are generally arranged so that x2 or
the final value or upper bound or “upper limit of integration”—no relation to
limits—goes on top because it tends to be the larger number and x1, the number
on the bottom of the integral sign, the initial value or lower bound or “lower limit
of integration” has to be subtracted from it, like this: x2 − x1 = a distance on the
x-axis for which a corresponding y-value must be found by integrating or finding
the area under the curve:

12 yydxyA
b

a

  The b and a are really x-values…

…so in my world:
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  fundamental theorem of calculus

However, it is also possible to subtract a larger number, such as 6, from a
smaller number such as −6, and for whatever reason, there will be times that
you want to subtract b from a instead of the other way around.  Then you have
the Sign Switch rule of integration which works like this:
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dxydxy sign switch rule of integration

I suspect that any rule of definite integration can have A = inserted in front of it
since definite integrals are equal in value to areas.

The last two rules will intertwine quite a bit in application so I’ll write out the
rules first and then launch into one of my tangential episodes.  It’s doubtful that
I’ll actually get back to the point.
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Here are some things to remember about my notation.  If you look at other “easy
calculus” books—which I heartily recommend that you do—you’ll see FunkNot
such as f(x) − g(x) as the integrand in the final rule listed above.  The prime
marker in general would not be used.  I am using it consistently during my
learning process because it reminds me that the function such as y′G that is
included in the integrand is a derivative of a founding function yG.  Why the
redundancy?  Well the prime stroke is easy to type, it doesn’t take up much
space, it speaks directly to my soul about the purpose of integration and the
relationship of what we have and what we’re looking for…it helps.  On the other
hand, compare it to FunkNot, which would have informed us with an expression
such as [f(x) − g(x)] dx that f is a function of x (already knew that and dx at the
end is already there to remind us!), that g is a function of x (ditto!) and it would
have done this with four (unmathlike) (parentheses) which further forced us to
use two brackets around the [(whole) (mess)].  While forcing beginners like me to
also try to remember that f(x) isn’t x, it’s y…or whatever the dependent variable
is…but so is g(x)…which makes me wonder why we call them f and g when they
are values on a y-axis…and round and round we go.  It’s not that any of it is
wrong; it’s that most of it is confusing and redundant, so unneeded and
annoying.  It’s yuck.

So in deference to the functions f(x) and g(x), I have called them yF and yG.  I
hope you don’t mind.  After you learn calculus, if necessary you can then go
back and learn all this silliness.

IS THIS WHY THEY NAME FUNCTIONS?

On the work table directly to my right there are at this moment four “easy
calculus” books open to the same topic, up to ten large pieces of used-up
scratch paper that I’m afraid to throw away, a do list (untouched since I started
writing this chapter), my non-reading glasses for not looking at computers
(seldom needed) and my favorite new tool, a rechargeable electric mosquito
swatter that looks like a small tennis racket.  Because mosquitos know when
you’re not looking, and that’s when they poke you.  Which makes it necessary to
kill them when you see them, if it’s not already too late.  And since I’ve spent the
better part of the past 19 years staring into a computer monitor, I can’t see them
anyway.  So I love my new tool.

In the process of creating the large picture on integration terminology—“Give Me
an Integral” (above)—I found that there was a certain amount of confusion when
I went to label the graph’s vertical axis “y” and found I was getting ready to label
the curve itself “y” also.  So I ended up labeling the axis “y-axis” and the
function that drew the curve, “y = function that drew the curve”.  That seemed to
solve the problem of redundancy in naming, but now I’m up against trying to
deal with integrating between two curves on the same chart…so what do I do?

I thought of calling one function y1 = (blah blah ex to the blah) and calling the
other one y2 = (ex to the blah blah blah), but in all fairness, I have already gotten



a lot of use out of the convention of using y1 and y2 for two different y-values on
the same curve.

FunkNot would have me calling one function f(x) or “a function of x named f”
and the other one g(x) or “a function of x named g”.  But then I’d be hooked into
using these goofy labels every time I say something, with a pair of meaningless
parentheses each time, and no thanks to that.

What if I called them both y?  After all, they are both values on the same y-axis,
right?  For example, the x-axis itself is a straight curve whose function is y = 0.
(Literally.  This is straight up useful information, I’m not exaggerating, and I’ll
prove it shortly.)  So let’s say I have a curve named y = 6x2 and on the same
graph another curve named y = x4?  Sounds like a bad naming scene to me.

But they are both y-values; a y-value is the changee or solution of each function
and x is their changer, and the graph is plotted on an (x, y) coordinate.  Am I
getting this point across?  The horizontal graph plotting device is the x-axis.  The
vertical graph plotting device is the y-axis.  The y-values are all—every one of
them—a result of x having a certain value which is done something to by a
function.  That’s why the function is called “y”.  Because to find the y-values
corresponding to the x-values on this (x, y) coordinate system, you need the
function, such as y = x2 + 9.  So the natural name of the curve or function is y.
Unless there are two functions on the same graph, in which case we need some
kind of function notation.  But not FunkNot.

The best method, despite its drawbacks to typists and people who can’t see
teeny letters, is the old fashioned way of using subnotations of letters.  (Notice I
had to expand the size of my definite integral formulas because the little
numbers at top and bottom of the integral sign, in my system, will themselves
also have an even smaller subnotation.  Make it bigger, you can see it, all is well.
That’s what computers are for.)  This is a compromise between using FunkNot
and doing nothing at all.  It just occurred to me that FunkNot is more than a
little easier to type, but I’ll tell you how to make subnotations easy to type too.
Not as easy as FunkNot (assuming you actually think typing parentheses is
easy), but still better than mousing around for a font formatting menu, and it
works for supernotations (you know…quipple counters).  Use the chart at the
end of this chapter to install (one at a time, the old fashioned way, if you don’t
know how to make a macro to do it) easy hot keys for common math typing
dilemmas.  For example, I will type a line of symbols without lifting my fingers
from the keys, looking for the mouse, or gazing upon a menu:

y3x2xδγμ∫÷•√ etc.

Negative areas.  Think about it.  What can you say about the broad side of a
barn if its surface area is negative?  You better have an anti-matter bazooka if
you want to hit it.



But in calculus, remember that in general it is not ultimately areas that we are
after, but definite integrals.  It just so happens that we are drawing a two-
dimensional picture of a function called a curve on a graph, and since an area is
a two-dimensional thing, the value of the area under the curve when you
multiply its width by its effective height is the same number as the definite
integral we are looking for.  That’s why approximating integrals can be done with
geometric shapes whose area we can easily find with geometry tricks.

So if you have an area below the x-axis, it is a negative area, and you are not to
worry about antimatter, just subtract the negative part of the area from the
positive part of the area to get the net area.  Like any values added together,
when one value is negative, adding it to something else amounts to subtracting
it.  Definite integrals are values first; areas secondarily.  As a tool of calculation.

So when we talk about finding the area under a curve, we’re really talking about
finding the area between two curves, and that’s why the shaded part or the area
zone between the bounds stops at the x-axis.  A positive area goes from the
curve down to the x-axis.  A negative area goes from the curve up to the x-axis.
The point being: you already know calculus.  We’re about to learn how to find
the area between two curves, and you already do it all the time.  The x-axis is a
straight curve that literally draws the function y = 0.

Remember that my consistent use of x for the horizontal axis or independent
variable or changer, as well as my consistent use of y for the vertical axis or
independent variable or changee, are just ploys to keep the symbols down to a
minimum so we can focus on the main point instead of having our heads
swimming in peripherals.  In reality, the changer will often be time or some
other instigating variable.  In such an event, the changee will likely be position
or its derivative with respect to time, velocity, or velocity’s derivative with respect
to time, acceleration.  For any founding function, for example position as a
function of time or p = blah times t to the blah blah blah plus blah, you won’t
have an x-axis and a y-axis; you’ll have a t-axis and a p-axis.  Then for velocity
you’ll have a different curve, with the same horizontal (changer) axis: time.  But
a different vertical (changee) axis: velocity.  If you wanted to, you could put two
changees on the same graph, for example by putting a scale for position on the
left side and a scale for velocity on the right.  I’ve seen a graph in a compressed
air textbook with volume change as the independent variable plotted from the
horizontal axis.  Don’t say “x-axis” unless you’re calling volume “x”.  Call it V.
The V-axis.  On one side, a vertical axis was scaled off for plotting pressure
changes.  On the other side, a vertical axis was scaled off for plotting
temperature changes.  This could be done because pressure and temperature
changes are both dependent on volume changes.  So two curves on one graph
can be done, especially if intimately related by having the same changer.

The reason I brought this up right now is that we see in our search for a definite
integral or area under a curve, the integrand y′ used on one side of the equation
and the founding function y used on the other side of the equation as y1 and y2.
And we have corresponding values of x—x1 and x2—used as bounds…where?



On the current graph, the graph of y′.  The question is: if this curve is drawn by
the function y′, then why don’t we call the independent “changer” values x′?

Because x is the changer, it is independent.  You won’t see anything like “x′”
unless x happens to get used as the changee, which is legal as long as it’s
plotted on the vertical axis.  Remember y′ is shorthand for something: dy/dx.  If
you see an integrand, you know it is a ratio, a dependent change with respect to
an independent change.  The changer doesn’t get changed by anything, you
select relevant values for it to find out what those changer values will do to the
changee when plugged into the function.

Consider the volume of air being compressed, that’s a good changer.  We know
that pressure is going to change dependent on volume changes.  This
relationship is described by the derivative dP/dV or just P′.  Imagine a set of
graph, each one separate.  Pressure is plotted as a function of volume on the
first one, and on the second one, P′ is plotted.  As a function of what?  Volume.
I’m walking on thin ice right now because I don’t know the application, so let’s
change horses midstream and talk about position with respect to time.  The
derivative is velocity.  With respect to time.  OK, now, the time line is going to be
the same for both graphs, unless the derivative happens in some other universe.
The time doesn’t get changed, so t2 on one graph is t2 on the graph of its
derivative too.

That’s why the Almighty Theorem Of Calculus or whatever the heck it’s called
has two kinds of dependent values but only one kind of independent values.
When you define the bounds x2 − x1, you are talking about the current graph,
the one with the curve under which you’re getting an area.  In spite of it’s not
being marked x′ to make it match y′.

Of course this whole little tangential topic was brought about by my insistence
on using y′ as the integrand instead of settling for y as other books do.  My
insistence is all about teaching diff-ation and integration at the same time.  It’s
rude to talk about y′ as if its antiderivative y doesn’t exist.  The usual trick is to
talk about y or f(x) as the integrand and then concoct this variable Y or F(x) as
the founding function.  I’m here to tell you that this is confusing.  The y and its
derivative y′ are two different functions and just capitalizing something doesn’t
make that abundantly clear and worse, there’s no inherent message to the parts
of my brain that still function as to which is which.  I even think I remember
different books using f and F differently.  I wouldn’t be a bit surprised if I’m
wrong about that, nor would I be surprised if I am right.  Which proves I am old,
because when I was young I could never believe I was ever wrong.  It still ain’t
easy by I keep trying.

To sum up: the curve under which an area is found by definite integration is the
curve of the integrand being integrated, y′.  The purpose of integrating is to find
the total of the changes of y′ between the two values of the changer that is being
used as an interval.



Back to negative areas and related finnagling.

Take any run-of-the-mill definite integral.  Start with a negative one, because
they’re no harder than positive ones:

A = ∫x

finding area between curves

I realize that by this late date most of my dear readers are full-fledged devotees
who would never question anything I ever said, but in case there is still a single
free-thinking person out there who doesn’t believe everything I say without
bothering to think about it, that person may be wondering how I am going to
explain the near total similarity between the linear equation and the
fundamental theorem of calculus and the approximation thing for derivatives,
whatever that was called.  And why it is that the difference between two values
of the founding function y should equal an AREA in the graph of the slope-
generating function?  (If you don’t care, you’re reading the wrong book!)

What if it’s like this.  We already learned that what we have been calling the
“area under the curve” is really the area between two curves; generally meaning
that one of the curves is the x-axis which equals the function y = 0.  So the
bottom curve (on a positive graph) is y = 0 and the top curve on the same graph
is some y-function such as y = 137x2 * √289x + B17 or whatever.

That’s ALSO two y-values, isn’t it?  I wonder if there’s a connection?  And
besides, the one y-function is going to be subtracted from the other.  In this case
the answer has to be positive, or you’ve subtracted the wrong one from the
wrong one.  But are these two y-values the same kind as the two y-values that
manifest as y2 − y1 in the fundamental theorem?

Well, think about it.  In the fundamental theorem, y2 and y1 are two values of
the same function; two values on the same curve.  But when finding the area
under a curve (really the area between one curve and the x-axis or y = 0), it’s
more like we’re subtracting one whole function (not just a value of its curve)
from another whole function (the y-axis or vice-versa).  BUT this is also about
the fundamental theorem, literally.  So the connection might still be there even
though it might not be obvious.

Is there some kind of thing like, “Something that is a point on one curve (the
derivative) is a whole curve on another curve (the founding function)”?

?Hint: Watch out: we’re about to catch a calculus teacher in an unintentional
lie.   To paraphrase: “If a function is always zero, as is the x-axis or y = 0, then
its integral is 0.”   (wrong…)  Think about it: for example, if a rocket ship to the
end of the universe travels exactly the same speed the whole way, then its
acceleration is 0 and its graph is a horizontal line (the t-axis or time scale).  The
vertical scale is the a-axis or acceleration scale.  Acceleration is a function of



time.  The integral of acceleration with respect to time is velocity with respect to
time.  The rocket ship is going a jillion miles per hour, it just never speeds up or
slows down.  So in what way does the integral of acceleration—velocity—equal
zero???

Aha!  I caught an “easy calculus” writer making things difficult by not being
precise.  He should have said that the DEFINITE integral of a zero function is
always zero.  Obviously the indefinite integral or anti-derivative isn’t zero
because that is velocity and the rocket ship is going very fast.  So v2 − v1 = 0
because v2 and v1 are the same number.  Therefore, no matter how big that
number is, the curve will be flat and straight and coincident with the t-axis.  But
the area under the zero acceleration curve is always zero because the so-called
acceleration curve—a straight horizontal line—is the same thing as the t-axis or
a = 0.  I swear, if these “easy calculus” writers could think like raw beginners,
which I have no trouble doing, this book would have been written a hundred
times already.

But no: you’re stuck with me!

But what we really want to know is: what is it about the horizontal axis of the
graph that has Jack Diddlypoo to do with anything, and is that even relevant to
the ultimate question: “Is the subtraction of two y-values from each other…in
the fundamental theorem…the same thing as, or related to, the subtraction
of…two curves from each other…when…”  Confused yet???

WHAT IS THE CONNECTION BETWEEN THE PRIMITIVE AND THE INTEGRAL?

I have been under the surface holding my breath and searching for fresh air to breathe
on this question for days and days.  I hope the light I think I see at the end of the
tunnel isn’t some idiot using his cell phone as a flashlight, as lost as I am.

What is the connection between the indefinite integral and the definite integral?  I
mean the deep connection, not just the fact that they’re given similar names and use
similar notation.

While everyone knows that diffation (finding the derivative) and antidiffation (finding
the primitive) are inverse operations, there is some question as to what antidiffation
should be called and whether the so-called “indefinite integral” even exists.  Well it has
to exist because it’s in all the books, but there is the argument that it’s not an integral,
because integrals represent areas and the “indefinite integral” has no bounds so can’t
be an area.  It’s obviously a function that’s found by antidiffating another function.
Instead of “indefinite integral,” it’s better to call it a primitive or an antiderivative, the
result of antidiffation, and to note in passing that it has co-opted the integral notation
but barely uses it since the bounds are usually written at top and bottom of the
integral sign ∫.  So with no bounds x1 and x2, is there really any such thing as an
“indefinite integral”?



There is no obvious connection between the definite integral (finding the area under a
function’s curve) and the indefinite integral (primitive).  A pragmatic or obvious
superficial connection exists in the use of the Fundamental Theorem of Calculus to
solve a definite integration by anti-diffating the function that’s being integrated and
then evaluating the primitive thus found in terms of the two bounds of integration as
x-values.  There must be a reason why the primitive is used to find an area, and you
can’t just say, “Because one is the indefinite integral and the other is the definite
integral.”  The procedure for using the indefinite integral to find the definite integral is
pragmatic, it works, but the deeper connection between the two is not possible for a
beginner to guess.

With many-named values flying in at least two directions, it should help if we rebuild
the foundation of the question: what is all this stuff anyway?

A changee or variable such as y is a dependent variable.  It is dependent on the
changer or independent variable such as t.  When t changes, y changes as a result,
and the function y (example: y = t2) is a function of t.  Something is done to t and the
result is y.

When y changes as a result of t changing, the separate rates at which each one
changes concurrently (instantaneous change) are compared by a ratio dy/dt or for
short y′.  This y′ is another function—the derivative of y with respect to t—and it too is
a function of t.  Because as t changes, y′ will also change.  An example is velocity,
which is the derivative of position with respect to time.  Position and its derivative
velocity both change when time changes; they are both a function of time.

The inverse of diffating y to get y′ is to antidiffate y′ to get y.  Say you know the rate at
which the position y changes as time t changes, which is the function v = y′ = dy/dt =
velocity, but you want to find the function for y = position.  Knowing the function for
velocity can help you find the primitive of y′, which is y.  What we used to call the
indefinite integral must instead be called the antiderivative or primitive.

A lot of confusion is introduced into learning calculus because it is well known that
the two main parts of calculus are differentiation and integration, and then this true
statement is made problematic by further statements that the two are inverse of each
other.  It should be becoming clear why this is a problematic statement.  Once you
eliminate the misleading* nomenclature “indefinite integral” we see that the two parts
of calculus, differentiation and integration, are not each others’ inverse.  This explains
a lot of things, such as why courses traditionally start by teaching diffation and not
the other way around.  The teaching of integration has been made more confusing
than necessary by the confusing nomenclature which generates false beliefs.

* I was 45 years old before I realized that the word “misled” was not the past tense of a verb “misle” pronounced “mizle”.  Go
ahead, try it.  Look up “misle” in the dictionary.  My confusion was a function of only reading while not hearing people talk.
No, I’m not deaf.  I was born with a full brain, full of meaningless electromagnetic discharge.  So it’s hard enough to process
one of many sounds; if two things are making sound at the same time, good luck processing either sound.  That’s why I tried
tuning pianos for 22 years: for the challenge.  My customers did not agree with my reasons for being in that business.  NOTE:
giving it up enabled me to quit smoking!



The real two parts of The Calculus are Differentiation/Anti-differentiation (that’s one
thing) and Integration (and that’s definite).

We’ve defined a founding function y = t2 and its derivative y′ = 2t, and the anti-
derivative of y′ = 2t which is y = t2 + C.

The changee in the founding function is y = position and the changee in the derivative
is y′ = velocity.  But that was just an easy example as a reminder of where these
functions sit in relation to each other in the great scheme of things.

What if we had the velocity function and wanted to find a distance?  This is an
application of integration, the other branch of calculus, which is not the inverse of
diffation.  You already knew v = y′ = dy/dt when a neighbor phoned in an unfriendly
tip to the effect that your family automobile had been seen hurtling past his house at a
certain speed at a certain time the night before, with drunken people of all ages and
genders practically falling out the windows and an old biker chained to the roof.
Before confronting Junior about what he was doing drag racing through residential
neighborhoods while entertaining questionable company, you will want to squeeze the
neighbor’s tip for as much info as you can get.  We want to know where Junior was
really going last night when he borrowed the car, and based on his speed and direction
reported, we can just guess.  Or we can do the math and have some real evidence.
Only then can we hope to get away with accusing him of taking his girlfriend to the
local Hell’s Angels “Bonking Brawl Beer Bust” which you have so vigorously
campaigned against allowing in your community ever since you stopped attending
them yourself with your pregnant girlfriend who is now Junior’s worried mother.

Leaving behind any extraneous details, we know we can use the Fundamental
Theorem of Calculus to integrate the known velocity “90 miles per hour” as reported by
your neighbor Ed.  Let’s do the easy arithmetic.

v = y′ = 90 the known velocity

∫y′ dt = ∫90 dt = 90t + C the primitive for y′ = 90

Since position is in miles and time is in hours, as in “90 miles per hour,” we’d kinda
like to know where Junior was two hours after the time reported by Ed, which Ed had
called “oh-dark-thirty” and we are going to estimate to be around 22:00 hours or 10:00
pm, which is the time when Junior’s worried mother stopped pacing and went
downstairs to sit in the driveway in her pajamas and have a nervous breakdown.

Getting down to brass tacks, the integral that we now want to find is the one that tells
us how far Junior would have driven if he stayed on Ed’s road and continued driving
at the same speed.  To do this we antidiffated y′ = 90 and got the antiderivative 90t +
C.  Based on the estimate that “oh-dark-thirty” meant exactly 22:00 hours, we’ll say
that the starting point on the scale t for time was 22.  The reason for wanting to
integrate the velocity is to find the distance traveled between t = 22 (10 pm) and t = 24
(midnite).  Because when you integrate a velocity you get the difference between two
positions, which is a distance.  Not because integration is the opposite of diffation, but



because anti-diffation is the opposite of diffation, and the antiderivative is used by the
Fundamental Theorem of Calculus to find the integral.  That’s the area on the graph
under the curve between t = 22 and t = 24.  We now have all the information we need
including the starting point 22 = C.  Here is the easy integral we are about to perform
in hopes of prooving that Junior is worse than you ever were:

24

2 1

22

90 A y y dt   
Knowing that the antiderivative 90t + 22 will now be evaluated at t2 and t1 to find the
value of the distance in miles y2 – y1, we do the easy arithmetic…

y2 – y1 = [(90 * 24) + 22] − [(90 * 22) + 22]
= 2160 + 22 − (1980 + 22)
= 2160 − 1980 + 22 − 22
= 2160 − 1980
= 180 miles

…proving WITH CALCULUS that a car driven 90 mph goes 180 miles in 2 hours, but
that’s why we start slow, so we can check our results without getting a doctorate in
higher math to do it.

Which leads to the inescapable conclusion that your son is not like you after all: he
was not going to the drunken annual beer brawl which you know from personal
experience is 2.5 hours away from Ed’s place going 150 mph the whole way: he was
only dropping his girlfriend and her father (the drunken biker chained to the roof of
your family car) at Rowdy’s 7-11 Midwife Clinic.  The good news is that you have
raised a responsible son who always does the right thing.

Continuing ever onward…

OK, so we got the right answer.  So what?  This whole section is based on my
pestersome inner need to know why a method gives the right answer, which in this
case boils down to, “What is the connection between the primitive (formerly known as
the indefinite integral) and the only integral there is, which is the definite integral.
Why did our ability to find a primitive of the function velocity = 90t0  make us capable
of finding a specific distance on the graph of the founding function (anti-derivative,
primitive), and why did that linear distance on the y-axis of the position function’s
graph equal an area under the curve of the velocity function’s graph?”

“Because the Fundamental Theorem of Calculus says so” is not an answer.  It is a rote
formula, a shortcut procedure.  Now let’s figure out why it works, so we’ll be smarter
than the meritorious chaps who write textbooks that don’t explain anything!

As usual when I am trying to organize information that is trying to swim in circles in
my head, I feel inspired to gaze upon rows and columns instead of the turbulent
eddies that are more natural to the way my mind wants to do it.  I feel a chart and/or
spreadsheet coming on.  But first, here’s a picture; yes, in hopes of keeping my
audience, I am starting from here with the answer, which I will try to explain.



But first, notice that carrying through with the simple arithmetic we did above
cancelled out the pair of unknown constants + C since y2 − y1 includes the terms
+C − C.  The explanation of why C − C = 0 is included in the larger explanation from
the best source I can find on this privileged information*, but for our purposes I think
that C − C = 0 can just be assumed so we can focus on the part of the explanation that
addresses the question, “What is the connection between the primitive and the definite
integral.”

Upon drawing the picture, I found that the first question I had was: does A = y2 − y1

still hold true?  Remember, this picture is the answer.  However when copying from
the format used by my source (Courant is unquestionably a master mathemagician)
into the format I use in this book, I wanted to say everything I thought I knew about
areas and integrals.  The most important of which is the Fundamental Theorem of
Calculus:
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the Fundamental Theorem of Calculus

But I’ve taken on a special case, and since I’m a beginner, my assumptions can be
assumed to be as bad as any bad guess.  Since I set off down this path, I can’t be
satisfied with a guess for the final answer.  I have to try to force the Answer—the next
function—to give me some real numbers.  Despite all that is lazy and good, I must
devise another confounded example.  So here is the Answer again:
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The Answer: the connection between integral & primitive.

Just to up the intimidation factor, this is called “the first part of the Fundamental
Theorem of Calculus” or even “The First Fundamental Theorem of Calculus” if you
want to make it sound real scary, like it shot straight out of the Big Bang on the
Seventh Day while You-Know-Who was trying to rest, and eventually missed Newton
by millimeters, and now it’s up to you to figure out what in the blazes it’s supposed to

* Richard Courant, Differential and Integral Calculus, Vol. 1, 2nd Ed., 1937: Blackie & Son, London, p. 109+; Richard Courant
and Herbert Robbins, What is Mathematics, 2nd Ed., 1941: Oxford University Press, p. 436+



be saying that is so easy and obvious.  Yes, this is The Answer, which numerous
sources including Richard Courant’s textbooks call “easy”…

…but what does it mean???

Well here’s that picture I promised you, and if you’re lucky we’ll get this thing figured
out before I am forced to go back to work on the spreadsheet I started last night at
bedtime.



And in reference to the last line in the graphic above, why ever did a vertical distance
on a graph y equal an area on a corresponding graph y′?  That was one of the
questions that started this campaign for honesty in mathvertising, lo these long pages
ago.  Is this special case of that question true or not, and why or why not?
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I predict that it will be true once I do the math.  Actually doing math is something I
must work up to.  I am waiting for the computer to do the math for me but lo and
behold, the computer doesn’t know how till instructed.  That’s something me and my
computer have in common.

OK I did the math and it appears that the so-called “indefinite integral” is in fact a
special case of the definite integral as claimed by those who also claim that the
indefinite integral doesn’t exist.  In other words, what all integrals are definite integrals
including indefinite integrals.  Here is the math.

Recall the investigation above in regards to the nocturnal activities of one Junior K.
Roxroth of 99 Suspicion Alley, Bloomington, Iowa, USA.

WHAT IS THE CONNECTION BETWEEN PRIMITIVES AND INTEGRALS?

Investigating this question led me to a number of complicated jumbles of FunkNot* in
textbooks and websites, most of which declared themselves to be “easy” or “obvious”
explanations.  In the course of spending more than a week of my precious short life
trying to figure out what the mathemagicians were trying to say, I learned a lot about
the relationship between primitives and integrals that I already knew and gained some
insight and a sort of familiarity that I didn’t have before I started asking the question.

Math is as much about questions as it is about answers, and if you can find the
answer but don’t understand it, then perhaps you don’t understand the question.
This is what happened to me this week, so I will spare you the frustration of having to
try and analyze expansions on x = x that don’t teach anything new, and I will just tell
you what I did learn that was new.

This will involve starting over from the very beginning.  Some core beliefs about
calculus need to be re-evaluated, re-stated, or just plain tossed out.

Calculus is about differentiation and integration…Wrong!...well…Right!...well…let’s
look at the details a little longer because we have to redefine some things.

* One offshoot of this week’s quest is the feeling that, “What can’t be expressed in FunkNot is better expressed in words
(because it’s not math!) and what can be expressed in FunkNot can be said more completely and less redundantly with
subnotations.”  For example, “Y is a function of x” is not math, it is a description of two related things as to the pecking order
that exists between them: which is input, which is output.  If you must say y(x) then what happens is that we are all of us
forced to say y(x) every time when all we wanted to say was “y”.  As for two functions with different names, yG and yF work
for me.



Integration no longer means “indefinite and definite integration”.  Integration is a sum,
a product, a value, a number, a definite thing, and on a graph it is represented by an
area, which is the very definition of definition because an area is bounded on all sides
by a defining line beyond which the integral does not exist.  There’s nothing indefinite
about an area.

Yes, calculus has two parts.  But finding the primitive or anti-derivative or founding
function is no longer going to be called “indefinite integration” because there is no
such thing as an indefinite integral.  The existence of primitives is unquestioned of
course, but integrating a function means finding its value between a set of bounds, the
bounds of integration.  From now on, the act of finding a primitive is going to be called
anti-differentiation or antidiff’ation (till I think of a better word), and it is important to
see diff’ation and antidiff’ation as two sides of the same coin, or inverse functions that
fold into and out of each other.  And even though what you see on the heads side and
the tails side look different—the antidiff’ation side has a “+ C” and the diff’ation side
doesn’t—it’s still the same coin.  The two are manifestations of the same thing.

This thing—this singularistic thing—is one of the parts of calculus.

Diff’ation/antidiff’ation is one of the parts of calculus.

The other part of calculus is integration.  And all integration is definite.  The function
we used to call “indefinite integration” is not part of this thing “integration”.  It is part
of the other thing, “diff’ation/antidiff’ation”.

You might say that “diff’ation/antidiff’ation” is Differential Calculus, while “definite
integration” is Integral Calculus.

So what you say?  Well…I had to rewrite a lot of earlier chapters of this book, that’s
what, because so many teachers are using the term “indefinite integral” for something
that is no kind of integral at all, and I only found this out a week ago.  You don’t have
to boycott those books; the math is still right.  But this book had to be rewritten (or
should I just go back and footnote every occurrence of the illegitimate words?) because
my standards are different: if there is an easier description to understand, it’s because
it’s more obvious, direct, intuitive and correct.  And that’s the description that belongs
in this book.  Along with a bunch of bad jokes and chicken cartoons.

Now that we’ve got that settled, and we know what the two parts of Calculus actually
are, we see that the greater calculus is not comprised of two things devoted to undoing
each other, but rather to two things which have no obvious relation to each other.
Which is interestingly unsymmetrical.  Integration doesn’t undo anything, it is not
anything’s functional inverse.  It finds answers to real physical problems.

We already know that the two do meet somewhere, and that meeting place is the
Fundamental Theorem of Calculus.  But that doesn’t make them the same thing.



I should mention in passing that a hall of mirrors has been set up around what is
called the first and second parts of the Fundamental Theorem of Calculus, or even
more engagingly, the First Fundamental Theorem of Calculus and the Second
Fundamental Theorem of Calculus.  Well boys love to name their toys, don’t they?  We
will only take a quick peek at the Almighty Theorem of Calculus I and ignore Almighty
Theorem of Calculus II since this book is not meant to replace or displace the existing
literature, but only to serve as an appetizer for it.

Why do I call it a hall of mirrors?

The argument goes something like this.

Let’s call x something else and see who we can confuse.  Maybe everybody!

OK let’s do.  What should we call it?

Let’s call it t.

No, I want to call it u.

Ok let’s call it u.

No, you’re right, let’s call it t.

Well it doesn’t matter, does it?

No.

So let’s call it x.

But I want to call it z!

…and on and on.

The result of all the hoopla was what I already knew: the Almighty Theorem of
Calculus connects the two parts of calculus to each other…(1) diff’ation/antidiff’ation
and (2) integration.

But I did learn something this week.  Here’s a hint.

What is an evaluated primitive?

We know that in order to integrate a function using the Fundamental Theorem of
Calculus, you have to…

—know or find a primitive for the function you want to integrate
—evaluate the primitive at the upper bound of integration
—evaluate the primitive at the lower bound of integration



—subtract the two evaluations of the primitive function from each other

…and that’s the answer.  A definite number, an area.  The integral.

But what is an evaluated primitive?

Well let’s get physical.

Say you’re planning to compress some air, so you turn on your compressor and then
slow down time so we can watch it work.  The piston starts to retract out of the
cylinder, which causes outside air to fill the cylinder.  At the end of this intake stroke,
freeze the action.  Measure the air’s volume and pressure.  Pressure is a function of
volume.  Say how with a function.  This is an initial condition.

Now start time back up and watch the piston move back the other way, this time
pushing air toward the tank into which it won’t flow because the tank is at a higher
pressure than the cylinder contents.  So instead of flowing, the trapped air gets
smaller.  It has no choice; as long as the force moving the piston is up to the task, the
piston will keep moving and the air will keep getting smaller.  Same number of air
molecules squished into a smaller volume.  You might say the volume is a function of
the piston’s motion.  Or not.  That isn’t math.

What is a function of something is that the increasing pressure inside the cylinder is a
function of the decreasing volume.  So you can find the relevant function in a
compressed air textbook (such as the one I wrote, Compressed Air Power Secrets) and if
you look at it you will see that pressure change is in fact a function of volume change.
If you look at the graph or PV diagram (see below), you’ll see that the changer V is
plotted from the horizontal axis and the changee P is plotted from the vertical axis.
You can even draw the piston and cylinder at the bottom of the diagram, moving
horizontally, because piston stroke is proportional to changing volume.  I guess that
makes pressure a function of percentage of completed piston stroke too, and that’s
another thing you can find in charts of computed values.

Having started from one end of the graph with an initial condition, and passed
through a multitude of constantly varying intermediate conditions, we finally reach a
condition where the air in the cylinder is the same pressure as the air in the tank.
The nature of the curve will now change, as it will be ruled by a different function
which states mathematically that the air is no longer being squeezed into a smaller
space inside the cylinder but instead is being transferred at constant pressure from
the cylinder to the tank.  This last part of the stroke corresponds to a horizontal
straight curve since pressure is now constant, whereas the earlier part of the curve is
really curvy, because the function of pressure vs volume draws a curvy line while
volume is changing its changee.

Anywhere on this chart you can draw a vertical from a V-value on the horizontal axis
(a specific value for the air’s volume) to the curve.  The length of that vertical tells you
something.  It is the pressure corresponding to that volume.  It is a condition, and if



this point V is important to you, then if you want you can call it a final condition or an
initial condition or whatever is important to you.

For our purposes we can just choose two points on the horizontal “changer axis”.  The
one on the left will be our initial condition.  The one on the right will be our final
condition.  Both points should be selected within a continuous portion of the curve,
because integration is supposed to be used with continuous curves*.  So for example
you could choose any two points in the curvy part of the curve or any two points in the
straight part of the curve, but not one of each.

From each of the two chosen points, draw a vertical line up to the curve.

Now what on God’s Green Earth is going to be defined by the area between these two
conditions and between the curve and the horizontal axis?  Well, I don’t want to give
away too much, because I want you to buy my other book to find out, but pressure *
volume—and that’s what we’re talking about—happens to be equal to the work done in
compressing the air!  I get a big kick out of that!  Because it hauls this whole topic of
integration out of the hellhole of abstraction and into the light of day where it can do
some good!

For example, I am at this very instant diabolically engaged in a conspiracy with some
dudes who understand engineering a lot better than I do, and we are going to design a
way of compressing air that will require much less work than a conventional
compressor, so we can sell our invention, then retire and move to a tropical island!
Well I already live on a tropical island, but you get the idea.  Without the ability to
read and understand a number of technical publications—unless we happened to be
mechanical savants, which we’re not—we’d be sitting in a stew of undoable fantasies.
But with a little integration here and there, who knows what we can do?  Why not?
It’s just simple arithmetic.

I feel that I should show you a copy of the so-called Fundamental Theorem of Calculus
Number I.  So I will.  First the FunkNot version that occupied my week, then another
version translated into easy-to-understand notation which I won’t have to explain.
The thing to remember about this function is that it isn’t telling you anything you
don’t already know.  You do already know calculus, don’t you?

Anyway, back to the example.  We have a changer, a changee and an area PV = work of
the piston.  PV is different depending on where you draw your uprights to represent
your initial and final conditions, the bounds of integration.

What did I just say?

The piston’s work or PV (an area) is a function of the bounds of integration.

Now that is quite obvious, which is what I mean when I say you already know
calculus.  Here, on the other hand, is the same thing in FunkNot.

* You should read about continuity and discontinuity of curves in any easy calculus book or study an online tutor such as Khan
Academy or BestDamnTutor.com.  This topic is so boring to me I will not cover it in my book.



When F’(x) = f(x),
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  Fundamental Theorem of Calculus I

This, in all its ugly splendor, is saying that the area of integration is a function of the
upper bound of integration, b.  Why not both bounds, a and b?  Well, to be perfectly
honest, area really is a function of both bounds of integration, but to make this
Chasing Our Tail description less impossible to squeeze out of a bunch of unnecessary
mathematicaloid notationalism, we’re telling the lower bound of integration—x=a—to
keep still.  In that case, only the upper bound of integration or x=b is a variable, so it
alone is the changer and its every unique value generates a corresponding unique
value for its changee, area or A.  I feel that I should apologize for including a function
in my book that is written in FunkNot, but instead of apologizing I will try to translate
this Rapture of Redundancy into notation that reads right off the page and means
what it says…

…Nope, couldn’t do it.   But I can say it: When you integrate the derivative dy/dx of the
founding function y (a function of x), the resulting area is a function of the bounds of the
integral.

Does that mean FunkNot is necessary?  No, it means words are necessary!  That
notationwise statement above is a poofy abstraction, and all it’s saying is that the area
of integration changes when the bounds of integration change.  Well duh.  What else is
new?  Does that kind of obvious statement need to be encoded just to make non-
mathematicians feel stupid?  And let me assure you, the notation above is over-
simplified just to keep you from experiencing the same confusion that occupied my
week.  In fact this version is downright understandable, if you know how to read
FunkNot.  The more authentic version, I am afraid to show you.

And I also assure you that the Fundamental Theorem of Calculus you already learned
is the only one you need to know, because it’s the math version.

So let’s work a real example.

But first…

…what IS an evaluated primitive???

I bet you thought I’d never ask.

An evaluated primitive is a former primitive.  A function that used to be a primitive.
Because as soon as you evaluate a primitive—which is rightly called “indefinite” even
though it is wrongly called an “integral”—it is no longer a primitive because it has
become the bounds of an integral.



An evaluated primitive is a condition, a specified state within the domain of a
function’s possible values.

But returning to our example of PV = work, it has been nagging at me, as if an
important aspect of it had been overlooked.  And this is it: I really really want to do
some math.  I want to integrate something!  Only, the problem is, doing calculus is so
much fun, I’m afraid once I start, I won’t be able to stop.  I’ll just have to take my
chances.

PV = work.  It’s a definite number.  And it’s very easy to represent symbolically
because it’s not some confounded abstraction.  So let’s look at the whole picture in the
kinder, gentler encoding that a saner kind of function notation provides.

from Compressed Air: Theory and Computations by Theodore Simons
2nd ed. 1921, p. 32

First we have a function of volume which gives pressure, and for something called
adiabatic compression, that function is this:

PVn = P1V1
n = P2V2

n = constant



P = P1V1
n/Vn = P2V2

n/Vn function for adiabatic compression

Now if you look at the PV diagram above, you’ll see the two curves I told you about: the
curvy curve labeled adiabatic and the straight curve after that, labeled delivery.  Ignore
the isothermal curve, that’s a different kind of compression plotted on the same chart
for the sake of comparison since they have the same changer and changee but a
different function.

The bottom horizontal line is the V-axis, whose function is P = 0 or absolute zero
pressure, that is, a vacuum, the absence of air.  You’ll see V-values at points labeled M
and R which rise vertically to meet the curvy curve at points A and B.  And ignore the
shaded area.  That is not the area we’re concerned with.

The area we want is the area between the curvy curve and the vacuum line.  With
volume as the changer and pressure as the changee, we are going to seek the value of
the work (a PV area) corresponding to the portion of the stroke when volume and
pressure are changing.  That’s the curvy curve.  We’ll ignore the latter, delivery part of
the stroke.  The area we are after is MABR.  Since M and R are on the V-axis (that’s
the “volume axis” and coincidentally the “vacuum line” where P = 0), the bounds of the
integral are going to be at M and R.  Integral bounds are always values of the
horizontal (changer) axis.

Here is a generalization of what we intend to accomplish, and remember that this is
not math, it’s just integral notation with no instructions yet, not even a function yet,
just the label for a function P as a function of V.

1

2

  
V

V

area MABR P dV  generalization

So we’re going to integrate a pressure function with respect to volume.  Didn’t we
decide that we needed to have a founding function or primitive for P in order to use the
Fundamental Theorem of Calculus to integrate P?  Don’t panic, remember the power
rule of anti-differentiation?  That’s right: “You Already Know Calculus”.  But we won’t
try it on this general statement of intent; we need the real function for adiabatic
compression, which we copied above.  Just substitute the function that’s equal to P for
P in the general form.  Since P = P1V1

n/Vn:

1

2

1 1  
V n

n

V

PV
area MABR dV

V
  substitute adiabatic function for P



The next step is easy too.  Use the rule of integration that tells us that multiplied
constants can be set aside till needed, since they won’t effect the integration we are
preparing to do:

1

2

1 1  
V

n

n

V

dV
area MABR PV

V
  constant multiplier rule for integ.

Nothing hard about this next part, just more easy algebra.  Get rid of the fraction.

1

2

1 1   
V

n n

V

area MABR PV V dV  more easy algebra

Finally, the moment of truth.  It’s time to integrate the function, and now that we’re
where we wanted to be, we see that the function we actually get to integrate is V−n.
Never would’a guessed it.

But it’s true.  Now that we have to consider the actual steps of using the Fundamental
Theorem of Calculus, we look at the bounds of integration, V1 and V2, and see that we
haven’t given them a second thought till now.  We know that the bounds are at M and
R on the V-axis, but which is which?  If you look at the picture, the initial volume V1 is
bigger than the final volume V2, because pressure goes up as volume goes down.  So
the bounds are going to be V1=M and V2=R.  That also ensures that the smaller
number R will be subtracted from the larger number M.

The steps, once again:

—find a primitive of the function that’s to be integrated;
—evaluate the function using the value of each of the bounds of integration;
—subtract the lower bound from the upper bound;
—that is the integral or area.

Finding the primitive of V−n is simple: just use the power rule of antidiff’ation.  The
primitive of V−n with respect to V, in good old-fashioned “indefinite integral” notation,
is:

1 1

 
1 1

n n
n V V

V dV C C
n n

  
    

   power rule of anti-diff’ation

Now evaluate the primitive at M and R.  Since we’re not working with number values,
just stick with the symbols and do the algebra.  Earlier we replaced the P from the
general statement with the real value of P from the adiabatic function.  We will now



replace the indefinite primitive in V with evaluated primitives which are real conditions
1 and 2.  These will be marked 1 and 2 with subnotations, that is, function notation of
the old school variety.  Notice also that the + C could have been left off each of the
evaluated primitives since, when you subtract one from the other, the two constants
cancel out.

1

2

1 1   
V M

n n

V R

area MABR PV V dV






  define the bounds

1 1
1 2

1 1 -
1 1

n n
n V V

area MABR PV
n n

  
  

  
Fund’l Theo. o’Calculus

1 1
1 2

1 1
1

n n
n V V

PV
n

  
  

 
keep it clean

Remember the original adiabatic function was a constant…

PVn = P1V1
n = P2V2

n = constant

…so because the writer I copied this from is infinitely intelligent compared to me, we
now know that the next step is to more perfectly define our two conditions by
performing a perfectly legal substitution:



1 1
1 1 1 2 2 2 

1

n n n nPV V PV V
area MABR

n

 



a clever substitution

Combine like quipplings by adding quipple counters:

1 1
1 1 2 2 

1

n n n nPV PV
area MABR

n

   



add exponents

1 1 2 2

1

PV PV

n





simplify

2 2 1 1

1

PV PV

n





tie a ribbon round it

Since condition 2 is the final condition, in the end we want to subtract condition 1, the
initial condition, from it.  Even though when we did the Fundamental Theorem of
Calculus, the subtraction was smaller from larger.  This is still the case but more stuff
is involved—while V2 is smaller than V1, P2 is much larger than P1, so in the end, a
simple algebra trick gets everything twisted around so that the area we come up
with—an amount of energy used; a quantity of work done—is positive.

The formula on the bottom line is the standard formula for determining the amount of
work done in adiabatic compression during the changing volume portion of the piston
stroke.

This is so cool.

Wow, look at the upper bound’s length minus the lower bound’s length…that’s
absolute pressure minus atmospheric pressure.  That’s the gauge pressure inside the
tank!  Didn’t I warn you that calculus was the key to reality?  Did you really think that
real calculus was a bunch of underworked* assistant professors showing off to each
other on wikipedia by writing articles no normal person could ever hope to
understand?  Hell no, real calculus is about real stuff.  That’s why engineers won’t talk
to inventors; they want to keep all the fun to themselves.  (Inventors won’t talk to
engineers because they can’t afford to.)

Just a few words of benediction before we file solemnly out the door to reconvene in
front of the big screen TV where we will watch our government drop bombs on brown

* I hope nobody’s reading this…I’m sure that all teachers everywhere are overworked and correspondingly underpaid.



people all over the world…while chowing potato chips and guzzling beer…and
searching for the remote so we can change to the sports channel…

Change is an initial condition minus a final condition.

The missing element in teaching basic calculus is the difference between y2 and y1, or
Δy.  This thing has no name, only notation.  It is an evaluated primitive, and alone all
by itself, it is yuck, because there have to be two of them.  Example: position is a
function, velocity is its derivative, position is the antiderivative of velocity, but the
integral is p2 − p1.  Two evaluated primitives.  “Distance” on the position scale or
“duration” on the time scale.  What about other scales?  No word for the general thing,
just “difference between the two volumes” or whatever.

It seems that a vertical distance on the graph of the founding function has the same
value as the area under the graph of the derivative, between corresponding values of
the changer.  Hmmm…I’d like to cover that too…or did I just do so?

Let’s hear it for the Almighty Theorem of Calculus.



area between curves relates to all definite integrals

there is only the definite integral and the indef integ is really antiderivative 

contiguous intervals

curves that trade places
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THIS WILL MAKE IT POSSIBLE TO TYPE A LOT OF MATH WITHOUT USING MENUS SO YOU
CAN JUST KEEP TYPING AND LAY OFF THE MOUSE

SUB SUB SUB SUPER GREEK MATH
symbol type symbol type symbol type symbol type symbol type symbol type

A .a. N .n. 1 .1. 1 ..1.. α ,a. ψ ,ps.
B .b. O .o. 2 .2. 2 ..2.. β ,b. ω ,o.
C .c. P .p. 3 .3. 3 ..3.. γ ,c. Δ ,dd.
D .d. Q .q. 4 .4. 4 ..4.. δ ,d. ∫ ,ss.
E .e. R .r. 5 .5. 5 ..5.. ε ,e. √ ..rt..
F .f. S .s. 6 .6. 6 ..6.. η ,n. ≠ ..not..
G .g. T .t. 7 .7. 7 ..7.. θ ,th. ≈ ..abt..
H .h. U .u. 8 .8. 8 ..8.. λ ,l. ′ ..prm..
I .i. V .v. 9 .9. 9 ..9.. μ ,m. ± ..plus..
J .j. W .w. 10 .10. 10 ..10.. π ,p. ° ..deg..
K .k. X .x. 11 .11. 11 ..11.. ρ ,r. ÷ ..div..
L .l. Y .y. 12 .12. 12 ..12.. τ ,t. • ..dot..
M .m. Z .z. 13 .13. 13 ..13.. φ ,ph. ∂ ..pd..

If you like to type but hate to click a mouse…(I have MS Word 2003)
 for each pair of columns, start on the right
 highlight cell or its contents
 ctrl+c or copy
 highlight the symbol in the cell to the left
 open tools/autocorrect options
 ctrl+v or paste
 check “formatted text”
 enter, enter, enter
 go to next row, start on right



CHAPTER FOURTEEN
Partial Differentials, Maxima and Minima

and other Curvaceous Phenomena

There's a general belief according to which math is the most difficult science, when in fact
it is the most simple. The cause of this paradox is that, because of its simplicity, wrong
mathematical arguments are really obvious.  In a complex discussion about politics or
arts, there are so many factors in play that it is hard to distinguish truth from falsehood.
The result is that any fool feels capable of discussing politics or art (and they do), while
they look at math from a respectful distance.

—Ernesto Sábato

It is unworthy of excellent persons to lose hours like slaves in the labor of calculation.

—Gottfried Wilhelm von Leibniz
an Inventor of Calculus

Up to now we’ve been working with functions of one changer.  But what if a function
has two variables that affect the outcome?  To differentiate multiple-variable functions,
we do partial differentiation and there is a new symbol to learn, which you should not
get mixed up with other similar-looking symbols.  Here are several symbols, can you
tell which one refers to partial differentiation?

∂ partial differentiation

δ small change

d infinitely small change

Δ any change

0 no change

That’s right!  The first one is partial differentiation!  See, I told you calculus was easy!
Just remember that ∂ and δ both started life as different ways to write the Greek letter
delta, so you just have to remember which is which.

We will say goodbye to the standard changer x for the first example and replace it with
two changers u and v.  Now in order to say that y is a function of both u and v, even
an old master of  teaching calculus the easy way, like Silvanus P. Thompson, might
use something that looks suspiciously like FunkNot, but only for a moment; only to
make a point:



y = f(u, v) “y is a function of u and v called f.”

This is on page 146 of Thompson’s book Calculus Made Easy, and it’s the first time in
the whole book that he’s used any FunkNot.  It’s also the last!  You see what I mean?
If you need to say, “This is a function of that,” and you hate words, well all right then,
use some function notation if you have to, but once you’ve made your point, stop
already!  Don’t you hate it when someone is always piling extra information on you
and repeating themselves?

Except for the new symbol, partial diff’ation is in the same class as the standard rules,
and is really a special case of the ordinary rules of diffation.

Start with the “Silvanus P. Thompson Approved FunkNot” from above and you’ll see
what I mean.

y = f(u, v) “y is a function of u and v called f.”

You might remember the chapter on how one geometrical shape is the derivative or
anti-derivative of another.  There were some shapes that were a little trickier than the
circle, which has only one changer—it’s radius—so it is very straightforward to diff-ate.
Take another look at the picture of the rectangle below, which has both a height and a
width.  If you change the height and/or the width, then the area changes.  So the area
of a rectangle is a function of both its width and its height.  Do you want me to
translate those simple words into FunkNot?  You don’t?  See, you’re learning!

But we can look again at the picture, and also recall how we dealt with this very same
situation in the previous chapter by telling one of the bounds of integration to hold
still so that all the results showing up in the answer would be dependent on only one
change.  They also call this the scientific method.  If Experiment A fails, and you
change three things and then Experiment B succeeds, then you have to go back and
do more experiments, changing only one thing at a time, to find out whether or not a
single change had been the cause of the improved results which are a mystery to you
since you got in a hurry and changed several things at once.  So you might as well
stick with changing just one thing at a time, because it’s cheaper.

Here is that picture of how a two-variable situation can be simplified by holding one
variable constant and only changing one thing at a time.



Assuming that by now you are convinced, let’s take another look at that Marginally
Permissible FunkNot as spotted fleetingly within the pages of Calculus Made Easy:

y = f(u, v) “y is a function of u and v called f.”

Now winging our way as swiftly as possible away from the pestilent winding mazes of
what function notation makes you think about when you’re actually trying to think
about doing some simple arithmetic, take a gander at this bifold parallel process:

dyv = v du OR  
y

v
u





OR v

y
dy du

u





dyu = u dv OR  
y

u
v





OR u

y
dy dv

v





The pattern that runs through the two separate patterns of differentiation above is
simple: just trade every u for a v, every v for a u, and leave the y’s alone.  Let’s take the
first of the pair, a step at a time:



dyv = v du

The changee y is presented as usual, as numerator of a ratio, and the u is chosen to
be the only changee for the time being while v pretends to be a constant.  The u is
then treated exactly like a changer, and the v is treated like a constant, as if the two
variables were part of a single-variable function.  There are other ways this could have
been presented, such as dyv/du = v = the derivative of y with respect to u.  So the
subnotation on the y means that v was kept constant and as a result got to be the
derivative.  This is just straight power rule stuff.

But instead of presenting the first version as dyv/du = v before, we put that off till now.
This time we’ll say the same thing without  the subnotation v.  Instead we’ll use the
somewhat frightening ∂.  Let me assure you that the somewhat frightening ∂ is only
frightening if you, like I, have never used it before.  The secret is to use it.  Work some
examples.  It’s actually very straightforward: it just reminds us that we are working a
diff-ation that has more than one changer influencing the answer.  The differentiation
has to be done n times if there are n independent variables, then you will have a list of
answers n items long.

y
v

u






Now we have two ways to write the same derivative.  We want to get rid of the v since it
doesn’t have any goofy symbols in front of it, and it doesn’t really feel like part of the
crowd, so the combination of the two versions of the derivative above are combined by
substituting for the v, and out pops the preferred form of the partial derivative
(preferred at least by Silvanus P. Thompson in 1910):

v

y
dy du

u





And if we did the same thing for the other half of the problem, with the u and v
switched and the y left alone, there will be two partial derivatives or partial
differentials, which are both true at the same time as instigated by the combined
influence of the two changers:

v

y
dy du

u





 and u

y
dy dv

v





partial derivatives

Now we can finally rid ourselves of those annoying little subnotations, by mentally
combining dyv and dyu as the two halves of a total differentiation to get the good old-
fashioned complete dy.  And dy will be equal to the sum of the two partial derivatives:



y y
dy du dv

u v

 
 
 

total derivative*

I see that the dy on the left is alone.  I will now open a different “easy calculus” book—
the one that said it’s always wrong for a dy to be without its dx—and see what has
changed about partial derivative notation since 1910, if anything.

…Did that—no clue.  It didn’t come up because he didn’t combine his separate partials
into a total.  Maybe that is a hint.  Look again at the total derivative:

y y
dy du dv

u v

 
 
 

total derivative

Actually this makes sense according to the restriction.  One part of the inseparable
pair is dy, and the other part is both du and dv.  Considered in that way, there is no
violation of the Mandatory Buddy System for Infinitesimals.

Checking three more “easy calculus” books…no mention of partial derivatives in the
index or table of contents.  Well there’s no accounting for some peoples’ tastes, maybe
they think this is too easy to put in a book.  There is no shortage of examples of partial
derivatives in math and science.  Here’s one I found in a recent article on
thermodynamics.  This is a total derivative regarding the dependent variable P =
pressure when the air’s temperature and volume are changing at the same time:
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P P
dP dT dV

T V

    
    

    

I am happy to report that I now know what this means: if you want to know what
happens to pressure when temperature changes and volume is held constant, the first
partial derivative is for you.  If you want to know what happens to pressure when
volume changes and temperature is held constant, the second derivative is for you.  If
you want to know what happens to pressure when temperature and volume both
change, then you can use the whole derivative.  Notice that this is not math.  It is a
template for the math you will have to do to get the answer.

But I didn’t remember my own advice, and I got confused.  The math is the two or
more separate answers, the partials.  This last thing is just notation.  I think the clue
is the infinitesimals split up on either side of the equal sign.  Obviously not much can
be done with that, and in my search through other sources, it looks like it is more
common to list the answer as the separate partials, like this:

* If there are more than two independent variables, the subnotations have to be kept, to keep everything straight.  For an
example of how this is done with a good concise explanation of partial differentiation in modern notation, see H. J. Pain, The
Physics of Vibration and Waves, 6th Edition, 2005: Wiley, p. 107+.



Progress report (in case there’s anyone who thinks I researched this book Before I
wrote it…you haven’t been paying attention…) I find that when I pick up technical
information now, if it’s about something I have an interest in, the math doesn’t scare
me as much as it did when I was writing chapter one.  Many times I can get an idea of
what the author intends to show with his math.  I want to hurry and finish this book
so I can study the physics of machinery and thermodynamics that I need to complete
my life’s mission.

Well enough of this mind-numbing narrative.  I feel like doing some calculus, although
I’m a little disappointed that it’s so easy.

Here are some examples from Thompson (1910) since his book is literally the only one
out of the seven “easy calculus” books that even covers this topic.

Horrors!  He’s using FunkNot again.  Thinks he can make a liar out of me, does
he…well there must be a reason for it or he wouldn’t have done it.  …Yep, there it is.

This example uses function labels like F and f.  The purpose of using function names
is that the functions themselves, whatever they are, aren’t specified.  F and f in this
example can “denote two arbitrary functions of any form whatsoever”.  For example,
f(w) means “a function of w called f”.  Start with the expression…

y = F(x + at) + f(x − at) y is a function of both a and t

…which can also be written:

y = F(w) + f(v) where w = x + at, and v = x − at

I’m getting confused already…time to step back and look at what FunkNot says.

FunkNot Basics:

1)—with one variable (that means one independent variable or one changer):
y = f(x) y is a function of x (y is changee, x is changer)
y = f(3) evaluate y at x=3

2)—with two variables (two independent variables)
z = f(x, y) z is a function of x and y (z is changee, x & y are changers)
z = f(2, 1) Evaluate z at x=2, y=1)

The f doesn’t mean anything mathematical; it’s not another variable.  In z = f(x, y), the
function hasn’t actually been shown; it could be z = x2 + y, for example.  Look again at
the point of confusion:

y = F(w) + f(v) where w = x + at, and v = x − at

So y is the whole thing.  The dependent variable of both independent variables.



PARTIAL DERIVATIVES TAKES CALCULUS TO THE THIRD DIMENSION (REALITY)

We’re used to (x, y) coordinates on a flat graph.  That’s a two-dimensional picture of a
function.  A two-dimensional function, like the ones we’ve mentioned in previous
chapters, is drawn as a path on the two-dimensional chart.  The path is called a curve
or even a straight curve if the function is first-order or linear.  Each point is measured
as two dimensions or distances from the origin point (0, 0).  The derivative at a certain
point on the curve is a straight line that touches the curve in only one point.

A partial derivative with two independent variables has a total of three variables: one
changee and two changers.  The graph will then have three axes instead of two, like
the real world.

INSERT PIC OF THREE AXES AND a cube facing forward edgewise

The z-axis, which is the dependent variable, is the easiest to visualize since it’s the
same as the dependent axis on the graphs we’ve already done; it is vertical.  For the
other two axes, look at the pictures.  The cube facing us edgewise shows the x-axis
and the y-axis as two edges of the cube and the vertical z-axis as the vertical edge of a
cube.

A three-dimensional function such as z = x2 – 3y, where z = f(x, y), will not plot a curve
or a line because those are two-dimensional shapes.  It will plot a surface, a 3-d
shape.  Like a cube vs. a square, it has not only width and height, but also depth.
And the derivative of a point on a surface can be depicted as a plane, or 2-dimensional
flat surface, touching the “curve” surface or the function at one point.  That point, the
tangent plane, is determined by the x- and y-derivatives as a total derivative.  Each
partial derivative on its own will correspond to a tangent line at a point in question (a
point is a set of (x, y) coordinates).  That is, when diffating the function with respect to
x, the y is held constant and vice versa, so two different tangent lines to that point on
the surface end up defining the tangent plane that touches the surface at that point.
Any two lines define a plane.  That is a good intuition (better than any damn proof) for
the total derivative that you get by combining the two partials.

What if there are three or more changers for the changee?  Then we have a 4-or-more-
dimensional graph, and good luck drawing a picture of that.  No doubt it is done all
the time, but I’ll let you do the homework on it.

This is all far beyond my experience so assume that the pictures I am borrowing for
this chapter are at least as descriptive as my description, and don’t forget to  watch
the tutorial videos from http://www.khanacademy.org/video/partial-
derivatives?topic=calculus.  I can’t help but mention that I looked at several sources
on partial derivatives before watching Sal Khan’s videos, and out of all those sources it



was only Sal’s superior intuition that brought up this three-dimensional thing, which
of course is very important.

There are plenty of ways to get a 3-d plot made.  The Khan Academy video uses a
simple applet like this one: http://dlippman.imathas.com/g1/fullgrapher3d.html.
Don’t forget the right mouse button menu.

There is also full-blown software for math, plotting, and related animation (free or I
wouldn’t mention it here) such as http://www.sagemath.org/ and



http://freemat.sourceforge.net/ and http://maxima.sourceforge.net/download.html.
People are raving about http://www.wolframalpha.com/ which is all of the above as
well as a search engine of sorts.  It made me a 3-d plot in a few seconds, but when I
tried to move the 3-d plot around to see it from all sides, I found that a “free trial” was
being offered for enabling interactivity, which means it’s not free.  But the search
engine and computation engine is free and is easier to use than Sage, FreeMat, or
Maxima.

For multiple examples of partial derivatives I suggest a tutor named Eva who has a
good casual and helpful approach to teaching math on youtube.com.  She has jillions
of tutorials, and here is her partial derivatives series:

A GENERAL CASE OF THE GOODBYES

At this point I have promised to mention the curvaceousness of curves and I will.  I
hereby assign you to read and study Silvanus P. Thompson’s Chapter 10 “Geometrical
Meaning of Differentiation,” Chapter 11 “Maxima and Minima,” and Chapter 12
“Curvature of Curves.”  All three of these easy chapters will familiarize you with what
graphs and calculus have to do with each other, and how one can be used to explain
away the behavior of the other.  The book is available for free (2nd edition) here:
INSERT archive.org link.  It is 100 years old and has never been out of print in the
100+ years of its existence!  There is also a latest edition.  It can be purchased new or
you can get a used copy from http://abebooks.com.  Or better yet, from your local Ma
& Pa’s Used Book Store.

Then you should find a copy of Michael Starbird’s video calculus course.  To find out
which library near you has it on CD, check http://worldcat.org.

You should watch all of Saul’s lectures at http://bestdamntutoring.com.

http://khanacademy.com has more calculus lectures than you will need.

Don’t forget what’s her name.  INSERT LINk She uses a lot of examples and has a
relaxed attitude that will help you dig the info.

Learn about differential equations.  That’s just an equation with a derivative in it.
Knowing what to do with them is supposed to be one of the crown jewels of applied
calculus, but I don’t know enough about it to comment, except that it apparently
involves finding anti-derivatives and stuff.  And knowing when a precise answer is
findable or not; when to approximate; what method to try; etc.  I guess it’s an art form
or something.

All of the easy calculus books in the bibliography and more are useful resources, and
if you master two or three of them you’ll know more calculus than most professional
engineers.

I am not going to try teaching any more basics of calculus at this point because I
haven’t reached the skill level to where I can keep up with the information, without



first going back and doing a lot of exercises and applications.  If I ever have cause to
do those things, then who knows?  Maybe I’ll write another calculus book someday.

Right now I have a new project started in which I will be learning the physics of
acoustics pertaining to the build-up of pressure in compressed air due to resonance.

So for now, I will have to be satisfied with having written the best-ever introduction to
learning calculus.  And I review: the success of the enterprise was not because I know
so much, but because I know so little.  Every chapter in this book contains peeks and
perspectives and even major revelations of things from the fresh approach of someone
who had just figured it out in spite of not knowing what the hell he was doing:
someone who knows all too well what was so hard about it and why it is really so easy.
These are things that some seasoned teachers have forgotten.  That’s why they have
tutors in schools.  I’m not even a tutor.  Tutors have more time for you.  I have no time
for you whatsoever, so I took a year off from my life and wrote my experience with
trying to study calculus into book form or “a journal of complaints” form, and you can
try to learn something from it on your own time.

Now before I start getting sentimental, I shall fare thee well and urge you to read the
epilogulous material as I no doubt saved my best jokes for last and I won’t be able to
sleep tonight if I think that you didn’t savor and relish every last word of this mighty
and inimitable tome.



EPILOG
Why Save the Best for Last?  Life’s Too Short…

How to Teach Calculus to Kindergarteners

The math section had 60 questions. I knew the answers to none of them, but managed to
guess ten out of the 60 correctly…I have a bachelor of science degree, two masters
degrees, and 15 credit hours toward a doctorate.  I help oversee an organization with
22,000 employees and a $3 billion operations and capital budget, and am able to make
sense of complex data related to those responsibilities.  I have a wide circle of friends in
various professions. Since taking the test, I’ve detailed its contents as best I can to many
of them, particularly the math section, which does more than its share of shoving
students in our system out of school and on to the street. Not a single one of them said
that the math I described was necessary in their profession.

—anonymous school board member of one of the largest school systems in the US

The better you are at learning math, the worse you are at teaching it.

—Uncle Aspie

As you must have guessed by now, I am well aware that math and engineering as
academic sports are two fields wherein communicating as little as possible is supposed
to be some kind of manly virtue, a minimum criteria for getting a would-be textbook
writer’s foot in the door at his friendly neighborhood publishing house.  Once a writer
manages to fill several hundred pages of perfectly good paper with useless unreadable
formal proofs and laws and every kind of impractical fluff posing as deadly seriousness
that could fit the image of the Overpaid, then he has some chance of getting his
textbook “published”.

That means thousands of college students will get grants and more likely loans to pay
the school ten to twenty times any reasonable amount for the book, thus loaning his
borrowed money back to the school.  I call that a loan because he has no intention of
keeping the book a day beyond buy-back time at the end of the semester.  Instead he
will recoup part of the loss that his education really is by getting some fraction of his
money back, reselling the book to the school.  The school’s educational program does
not extend so far as to inform the student that he has just borrowed money at interest
and loaned it to the school but paid more interest for the privilege of having the school
borrow his expensive borrowed money.  Back in the day when school books were
reasonably priced and the books were worth keeping, this charade did not exist.

The punch line of this gigantic joke—if it’s possible to reframe the educationism cult as
a joke—is that in less than ten years, the same useless overpriced textbook will be
available for forty-nine cents at selected thrift shops, garage sales, flea markets, and in
the free box at your better used bookshops; it will quickly be replaced by a worse
textbook by-and-by as fads in the façade that is professionalism as intimidation
inevitably transform.  Fraud’s face must change in order for it to continue to fool folks.



While Maxwell’s Theory of Heat and Thompson’s Calculus Made Easy are still in print
after 100 years or more.

Now who knows, I suppose I’m just a different breed of bird, or maybe I’m brain-
damaged or something, but I’ll still suggest that maybe calculus should be presented
as “easy and interesting” to children, because they have plenty of natural curiosity.  If
you let them learn calculus they’ll want to; if you make them learn calculus—say in
order to become an economist—they won’t want to.  So teach them the basics as part
of their daily ongoing early math education, the mathemathical one-third of reading,
writing, and rigor-tricks.  Also at this age, many children are intimately in touch with
the notion, “you have to”; they take this for granted and because of it, they become
able to, no matter what it takes.  Teach the basics of calculus as young as possible,
right alongside arithmetic, algebra, and geometry, in the same class.  It’s all connected
and interdependent when you go to use it on the job, and that’s how it should be
taught to five-year-olds if we expect them to someday be employable in a technical
field.

Instead we in the US wait till the precious angels are 16 or 17 and trying to figure out
what to do with their lives now that they’re perfect.  They don’t even realize that their
lives are nearly over since they have yet to be taught a usable skill in all their years of
schooling.  And here we are telling them that if they want to be great big engineers
who know how to design stuff, they have to study some great big secret books full of
nasty symbols that have been made to seem real scary by having been kept from them
their whole lives.  And to get into a career where that math will actually be used,
they’ll have to study it hard for the last two years of high school, plus 4 years of
college, plus two years for a masters, plus two years for a PhD…

Do you know how long 8 years is to a 16-year-old?  That’s right!  It’s half his flippin’
life!  Keeping calculus a secret till a kid is walking around with a hard-on and a
driver’s license is not only cruel, it’s obviously a conspiracy!  Offering trig and calc only
to high school juniors and seniors is a downright scam, purposely designed to keep all
serious college students barely hanging onto dear life by a slender thread for the last
several years of their education.  A few minutes of googling math sites will back me up
on this: math people are well aware that the educational system is being used to filter
people out.  To keep the population down within the Professions.  It’s a price fixing
club.

Being offered the golden opportunity to double up on your studies for six-to-eight more
freakin’ years is like what happened to me for the first time at the age of 48, when I
was offered pig intestines for lunch.  Naturally the young children all around me were
wolfing down their pig intestines like nobody’s business, because they didn’t realize
how grossed out they should be by the whole idea; they’d been scarfing pig intestines
as long as they could remember.  I pretended to taste them but the verdict was out of
the room before the jury: my life had not prepared me for pig intestines.  Calculus is
like pig intestines.  If children see it all around when they are trying to study hard
stuff like long division or geometry proofs, they’ll not only learn some of it by imitation,
association, to earn approval, etc., because it’s easy and because that’s what children
do; they absorb stuff readily via a variety of wide-open channels, because whatever



you offer them is drawn into a not-yet-saturated brain.  And then when they are finally
allowed to take a whole class of calculus, a lot of it will be just a coming-together of
what they already know.  They can go home and excitedly teach it to their parents
instead of pretending to do their homework in front of the TV while sending text
messages with one hand and doing bong hits with the other.

That’s really all I wanted to say.

THE END

He’s been lookin’ back to appreciate forward motion more.

—Biff Rose

ABOUT THE AUTHOR

As a child I got good grades in math because I was terrified that the
teacher would call on me and I wouldn’t have the answer.  So I paid very
close attention and never wavered.  I learned math out of fear of not
knowing it.  I am a pattern-spotter so it worked out for me, and everybody
thought I was smart, but really I was just in a blind panic.

In junior high school, the things they were teaching us about math were
way too easy.  I remember two math teachers who never smiled and that’s
all I remember.  “Math” was a big disappointment after the thrills and
spills of “arithmetic”.

In high school, I enjoyed algebra because it was new information, and
hated geometry because it required thinking about formal proofs when the
material was intuitive and simple.  But I got all As since it was easier to
learn the material than it would have been to not learn it…because if I
hadn’t bothered to learn it, then I would have had to live with gibbering
mind monkeys for not trying.  I often had to stay after school and even got
sent to the vice principal’s office for purposely being exactly three seconds
late to class every day.  The teacher had promised to discipline anyone
who was even one second late so I was purposely three times that late,
every day.  And every day I called out, “Happy Birthday!” to Dick Marr,
who sat behind me and to my left.  I sat in the front row in order to be
more annoying to the teacher when I arrived late, and I learned how to
rest my hand on the edge of my desk in such a way that my whole arm
would shake involuntarily.  The teacher asked me if I was OK, and after
that I liked him and stopped trying to ruin his life.

I had to take Elementary Algebra two more times in community colleging
attempts that were separated by a few years each.  Each time I started
back to school, whether to become a “bookkeeper” or “drafter” I was told I
had maybe forgotten some of what I had learned last time I had bought



the same class, so I would have to buy the class and book again and
again, just in case getting one of those “degree” thingies was all it was
cooked up to be and would get me where I needed to go in life.

Finally after three A’s in Elementary Algebra in 15 years, I got the
opportunity to take Intermediate Algebra in summer school, and was
horrified to learn that there was no new information.  They were literally
stretching the limited supply of things to learn as thin as they could by
pretending we had to take a class that didn’t really exist.  But I enjoyed
taking the summer night class from a teacher who looked barely awake
and who had just spent the day teaching junior high math.  Remember
what I said about junior high math teachers not smiling.  Unfortunately
he didn’t tell us that he had ignored a decree made by the curriculum
committee…

…because when I took College Algebra the next semester I bought the
required graphing calculator and I was surprised to find out that the other
children in the class already knew how to use the dang thing.  So that was
why we had been forced to take Intermediate Algebra…

I had to quit College Algebra and either buy Intermediate Algebra again—
and this time take it from a teacher who was not stoned—or do what I did,
which was to quit school in disgust.  I had a job, a live-in girlfriend, and
two dogs, and that was going to have to be my life.  I was not born with
the patience of a saint and I had long ago gotten on some kind of crusade
to disprove the notion that I “have to” do anything I don’t want to.

Some years later I was accepted in the local community college’s
mechanical engineering program.  The emphasis in the beginning was
elementary algebra, and the quantity of homework assigned the first day
would have been enough to keep me up all night regurgitating easy stuff I
already knew how to do.  Around the time my eyes started to close on an
unfinished load of stuff, I realized I was not going to be attending
engineering school.  By this time, getting financial aid for attending school
full-time, including the maximum amount of grants and loans, wasn’t
enough to keep the wolf from the door, and school alone was going to use
up 18 hours a day.  I had no job nor any time for one.  My girlfriend was
long gone but I still had the two dogs to give me solace in my
mathlessness.

The second day of engineering school I spent at home sipping really good
beer in my bathtub.  Never got interested in attending any school again.

Not that it’s anybody’s fault—(was that the mature thing to say?)—

Scott Robertson
age 56
Mindanao, 2012



The action of this principle [of evolution] is exactly like that of
the centrifugal governor of the steam engine, which checks and corrects
any irregularities almost before they become evident; and in like manner no
unbalanced deficiency in the animal kingdom can ever reach any
conspicuous magnitude, because it would make itself felt at the very first
step, by rendering existence difficult and extinction almost sure soon to
follow.

—Alfred Russel Wallace
(who inspired Darwin to publish his ideas by

threatening to get credit for them)
"On the Tendency of Varieties to Depart Indefinitely

From the Original Type"


